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ABSTRACT 

For fully connected, symmetrical circuit switched 
networks we study the ' problem ' how to arrange 
two-link routing in accordance with certain 
symmetry conditions. Design rules are derived for a 
certain class of symmetrical schemes that are 
successfully applied in cases where the number of 
nodes is prime. Other cases, including networks with 
two-way links, are considered more briefly. 

1. INTRODUCTION 

Most telephone networks today have, and have 
always had, a hierarchical topology. Though 
alternative routing is frequently used and meshed 
structures are found in the upper layers, the routing 
principles used are nevertheless to be characterised 
hierarchical. 

However, recent investigations [1] [2] [3] [4] have 
indicated that great advantages are to be found 
when using a non-hierarchical network structure in, 
at least, parts of the network. The advantages lie in 
a more homogeneous distribution of traffic load over 
the network. Busy-hour traffics in different 
time-zones as well as those generated in city- and 
suburb-areas could be spread over non busy parts of 
the network and thus communication resources would 
be better shared. 

We shall focus mainly on networks with one-way 
links, and discuss only briefly solutions for networks 
wi th two-way links. 

The basic conditions for meshed networks using 
non-hierarchical routing-strategies are now being 
fulfilled as we get more and more SPC-systems and 
exploit more intelligent signalling principles, like in 
number seven. 

The symmetrical, fully connected network structure 
forms a natural starting point for investigations of 
non-hierarchical routing concepts for circuit switched 
telephone plant. This paper is focused on the 
question of how to route calls in such a network in 
accordance with a proposed symmetry condition. 

2. THE PROBLEM IN ESSENCE 

Let us consider the five node fully connected 
network graph of fig. 1. Each arc between two 
nodes of the graph is to represent two circuit 
groups, one for each switching direction. The similar 
network with M nodes has M(M-1) links and OD-pairs 
(Origination Destination node pairs). Calls are 
routed by . first choice on direct links and by 
subsequent alternative choices on two-link paths. 

4 
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2 

Fig. 1. Fully connected network (M=5). 

Various schemes may be used for the selection of a 
free path among the M-2 two-link paths accessible 
to an OD-pair. With sequential hunting a link 
appearing in early choice two-link paths of several 
OD-pairs will clearly be more heavily loaded than a 
link accessed mainly by late ·choices. The routing 
schemes to be considered here have the property of 
producing equal loading on all links for any method 
of selection among free two-link paths. This is 
achieved, firstly by partitioning the M(M-1 )(M-2) 
two-link paths into M-2 disjunct sets, secondly by 
associating to each such set a routing matrix having 

. the following properties: 

en An element of a routing matrix, r.~ E (1 ,2, ..• ,M); 
IJ 

1 <i,j<M; itj; 1 <k<M-2; is the number of a 
tandem node connecting the OD-pair (i,j) 

Thus a routing matrix provides precisely one two-link 
path to each of the M(M-1) OD-pairs. On average 
each link must appear twice per routing matrix. As 
a definition of symmetric routing we propose that 

(ij) each link of the network must appear precisely 
twice in each routing matrix, once as the first 
link and once as the second link of a path. 

Routing (and loading) symmetry is thus provided by 
each single routing matrix and is consequently not 
dependent on the path selection procedure. Moreover, 
we may reduce the number of alternative choices by 
deleting arbitrary routing matrices and still retain 
routing symmetry. 
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Fig. 2. Routing matrix. 

A routing matrix for a five node network is shown 
in fig. 2. It does not fulfill the symmetry condition 
(ii), since e.g., link 31 appears three times while link 
14 appears once only. A systematic search for 
symmetric solutions is somewhat simplified if we put 
r
ii 

= i, i=1,2, ..• ,M, and require that each of the 

numbers 1,2, •• ,M appear one time in each row and 
column. 

We wish to find M-2 such matrices with ri~ =t rtj for 
ktl, itj. 

For lower values of M solutions can be obtained by 
a search procedure based on the rule given above 
(fig. 3), but the method quickly becomes 
impracticable when M is increased. Indeed, a 
network with 6 nodes required several hours of 
computer time, and no more than two simultaneous 
symmetric routing matrices were found. 

M = 3 

M = 4 

132 

321 

2 3 

342 

423 

243 

324 

1 423 

3 ~ 4 

4 1 3 2 

2 3 4 

Fig. 3. Symmetric solutions for small networks. 

Luckily, however, we have found a faster procedure, 
which seems to produce complete solutions (M-2 
matrices) whenever M is a prime number. 

3. A CLASS OF CYCLICAL ROUTING SCHEMES 

Let us consider the special array of two-link paths 
shown in fig. 4. It contains (M-1 )(M-2) sets of M 
two-link paths each connecting a particular set of M 
OD-pairs. The set of paths in position (i,j) will be 
denoted P[i,j]. The first and second links of p[i,j] are 
arranged in a simple cyclical manner defined by (j,j). 
This, of course, is just one of many possible ways of 
grouping links and paths. Possibly we may obtain 
M-2 symmetric routing matrices by cleaver 
partitioning of the P-sets into M-2 sub-sets of size 
M-1. 

Let us look into what kind of restrictions such a 
choice must obey. Firstly, any routing matrix must 
have just one node number r .. in each position. 

IJ 

SECOND LINKS 

NM~Ll"l .... M~Ll"l .... N ~Ll"l .... NM Ll"l .... NM~ 
i 

.... NM~Ll"l .... NM~Ll"l .... NM~Ll"l .... NM~Ll"l 

1 2 0 0 0 

2 3 0 0 0 

3 4 2 
0 3 

0 4 0 - 1 
4 ,5 0 0 0 

5 1 0 0 0 

1 3 0 0 0 

2 4 0 0 0 

3 5 3 0 4 0 - 1 0 2 
4 1 0 0 0 

5 2 0 0 0 

1 4 0 0 0 

2 5 0 
1 

0 2 0 

3 1 0 4 - 0 0 3 
4 2 0 0 0 

5 3 0 0 0 

1 5 0 0 0 

2 1 0 
1 

0 2 0 3 
3 2 - 0 0 0 4 
4 3 0 0 0 

5 4 0 0 0 

j 1 2 3 4 

Fig. 4. A Cyclic Array of Two-Link Paths (M=5). 

Examining fig. 4 it is seen that sets p[i,j], such that 
i+j=constant, connect the same sets of OD-pairs. A 
closer examination indicates that the same is true 
more generally for sets P[i,j] such that Ci+j)mod M = 
constant, where 

(p)mod q 

p 
q 
r 
s 

{

rq if p=sq+r 

if p=sq 

1,2, ••• 
1,2, ••• 
1,2, ••• ,q-1 
1,2, ••• 

(This differs from the standard modulous definition 
where (sq)mod q=O). 

In fig. 4 the sub-sets defined by Ci+j)mod 5 
are marked. 

1,2,3,4 

Thus, to obtain a proper routing matrix we must 
choose precisely one square from each of the 
sub-sets P[i,j] such that Ci+j)mod M = 1, 1=1,2, ••• ,M-1. 

Secondly, it is / seen that if the M-1 chosen P-sets 
belong to di fferent rows and columns, then our 
symmetry condition will be fulfilled, as well. Note, 
that for M odd the sub-set p[i,i] i=1,2, •.• ,M-1 defines 
a symmetric routing matrix. Thus we have obtained 
simple heuristic rules for the design of symmetric 
routing schemes composed of particular sets of M 
links. A formal proof of the rules is given in 
Appendix. 

4. PRIME NUMBER OF NODES 

The class of routing schemes defined above has 
proved very useful when M is a prime number. 
Indeed we have found a simple algorithm, that has 
not so far failed to produce complete symmetric 
solutions in such cases. 
To explain the procedure let us consider the solution 
for M=11 represented by a matrix (s .. ), fig. 5, where 

IJ 
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2 6 7 5 3 9 8 4 0 

3 9 2 8 6 4 7 0 5 

7 8 5 4 2 3 0 6 9 

6 3 4 1 7 9 0 2 5 8 

4 9 5 6 0 8 3 7 2 

2 7 3 8 0 1 6 5 9 4 

8 5 2 0 9 7 4 3 6 

9 6 0 3 2 4 5 1 8 7 

5 0 7 4 6 8 2 9 3 

0 4 8 9 3 5 7 6 2 

Fig. 5. 

we have written s .. =k, 1 <i,j<M-l, i+j:j:M, k=1,2, •.. ,M-2, 
IJ - - . 

to indicate that P[i,j] is used for the k:th routing 
matrix and s. M .=0, i=1,2, ••. ,M-l. 

I, -I 

For k=l we use the main diagonal, i.e. sii=l; 

i=l, ..• ,M-l. The elements s.. chosen for k=2,3,4 and 5 
IJ 

form simple patterns that are defined by the 
equations 

j= (id)mod M; 

i= (jd)mod M; 

j= [(M-i)d]mod M; 

i= [(M-j)d]mod M; 

i=1,2, •.• ,M-l 

j=1,2, .•• ,M-l 

i=1,2, .•. ,M-1 

j=1,2, ... ,M-1 

(1 ) 

(2) 

(3) 

(4) 

respectively, with d=2. 

For k=6,7,8 and 9 the same equations apply with 
d=3. 

The (general. 7) algorithm reads: 

1. sii=l; i=1,2, ••• ,M-l 

s . . =O; itj 
IJ 

2. Stop if M-2 subsets have been found. d=min(j) 
such that sl to. Assign two new values of k to 

Sij according to the patterns given by eqs (1) 

and (2). 

If the first element, sl j' determined by eq. (3) is 

not zero, then return to 2. 

3. Assign two new values of k to elements s .. 
determined by eqs (3) and (4). Return to 2. IJ 

d 

2 2,3 2-5 
3 
4 
5 
7 
8 
9 

11 
12 

M-) 5 7 

Table 1. 

k 

2-5 2-5 2-5 2-5 2-5 2-5 2-5 
6-9 6-9 6-9 6-9 6-9 6-9 6-9 

10,11 10-13 10-13 10-13 10-13 
10,11 12-15 14-17 14-17 14-17 

14-17 18-21 18-21 
18-21 
22-25 

22-25 
26,27 26-29 

11 13 17 19 23 ·29 31 

Values of d and k for some solutions 
obtained by the algorithm. 

Having determined the matrix {s .. }, the elements of 
IJ 

the k:th routing matrix are obtained from the 
formula (cf. Appendix): 

k 
r n,(n+i+j)mod M = (n+i)mod M n=1,2, •.• ,M 

where the M-l values of (i,j) are obtained from one 
of the equations (1) - (4) determined by k. 

In general, when M is a prime, it seems that many 
different symmetrical schemes may exist, and the 
algorithm developed above produces just one of 
them. Thus for M=5 we found five additional 
solutions not belonging to the class considered here. 

5. NON-PRIME NUMBER OF NODES 

The class of routing schemes defined in section 3 
seems to be strictly applicable only when M is a 
prime number. When M is an odd number, however, 
we may design "fairly symmetric" solutions in a 
simple way. The general idea should be clear from 
the following {s . . }-matrix for M=9. 

IJ 

2 3 4 5 6 7 0 

7 1 2 3 4 5 0 7 

6 7 2 3 0 5 6 

5 6 7 1 0 3 4 5 

4 5 6 0 2 3 4 

3 4 0 6 7 1 2 3 

2 0 4 5 6 7 2 

0 2 3 4 5 6 7 

Fig. 6. "Fairly symmetric" solution for M=9. 

Except for k=l, we have somewhat relaxed the 
symmetry condi tion that each k must appear 
precisely once in each column and row. 

For M even we have not yet obtained strictly 
symmetric solutions except for the case M=4 (fig. 4). 
Neither have we found any simple "fairly 
symmetrical" solution like the one shown in fig. 6. 
Networks of practical sizes, however, seldom use 
more than a few of the M-2 possible alternative 
choices and a small number of symmetric routing 
matrices can generally be determined rather quickly 
by a computer program based on the rules given in 
section 2. 

Moreover, there is a possibility of using a somewhat 
weaker symmetry condition than the one proposed in 
section 2. To assure equal loading of links in the 
symmetric network considered here, it seems 
unnessessary to stipulate that each link must appear 
once as first link and once as second link in each 
routing matrix. A wider class of useful schemes will 
be at hand if we just maintain that each link must 
appear twice in each routing matrix. 
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6. TWO-WA Y LINKS 

It is obvious, that the routing matrices obtained for 
networks with one-way links (case I) are applicable 
to networks with two-way links (case II) as well. The 
assumptions stipulated for case I are sufficient but 
not nessessary for case 11. Thus, the methods, 
presented in the previous sections, could be used, 
when we treat two-way links. This implies, that 
solutions for case 11 are of interest only if there 
does. not exist a solution for case I, or if the 
solution of the former h,as qualities (not treated 
here), that outshine those of the latter. Frorn now, 
when we talk about solutions for case 11, we mean 
solutions, that do not fulfill case I. 

Though the constraints under case 11 are lighter than 
those under case I, we have not found a general 
method to produce routing matrices for networks 
wi th two-way links. 

The presented methods for case I assume each link 
to be used twice, once as the first link in a 
twb-link path and once as the second. If we transfer 
this to the two-way link network, we must claim 
each link to be used four times, twice as the first 
link in a two-link path and twice as the second. This 
in turn leads to that our M-2 routing matrices must 
obey the following rules: 

1. In row i, at most two elements may be equal 
to k, k:f;i; 

2. If m elements in row i are equal to k, than 
2-m elements in row k must be equal to i. 

3. In column j, at most two elements may be 
equal to 1, l:j:j; 

4. If n elements in column j are equal to 1, than 
2-n elements in column 1 must be equal to j. 

Take for instance the five node network, where the 
following three matrices do obey the rules above 

4 2 3 3 5 5 2 4 

4 2 4 5 1 5 2 1 3 3 

2 4 3 5 2 5 1 3 4 

3 5 5 4 2 3 4 2 

3 2 5 4 3 4 2 5 

3 4 5 2 

3 2 5 4 

4 5 3 2 1 

5 1 2 4 3 

2 4 3 5 

Fig. 7. The five node network. 

However, similarly as for the one-way link network, 
we may relax the constraints. For the two-way link 
network, we may require just every link to be used . 
four times. Then, the following matrices for a 
six-node network form a solution. 

1 5 2 2 2 2 3 4 5 6 3 

3 2 5 6 3 3 5 2 4 5 6 4 

4 4 3 1 4 4 2 5 3 5 6 1 

5 5 5 4 2 2 6 1 4 6 1 

6 6 6 6 5 3 2 3 4 5 1 

3 4 6 2 3 4 2 3 6 

6 6 6 3 4 4 5 3 4 5 

4 2 1 6 . 2 6 3 4 5 

5 6 3 2 2 2 6 3 6 5 

3 3 6 4 3 3 6 2 4 2 5 

4 4 2 5 4 3 2 3 5 2 

5 5 5 5 2 6 4 2 3 4 6 

Fig. 8. The six node network. 

In this case we state 

1. In row i, at most four elements may be equal 
to k, k:j:i; 

2. If m elements in row i are equal to k, than 
at most 4-m elements in row 'k may be equal 
to i. 

3. If n elements in row k are equal to i, than at 
most 4-m-n elements in column i may be 
equal to k. 

4. If p elements in column i are equal to k, than 
4-m-n-p elements in column k must be equal 
to i. 

CONCLUSIONS 

We have studied the problem of attaining symmetric 
loading and loss performance in symmetric, fully 
connected networks employing two-link alternative 
routing. First a natural symmetric condition based on 
the routing matrix concept was defined for an M 
node network. It does garantee the required 
symmetry properties irrespective of the number of 
alternative choises performed (from 1 to M-2) and of 
the hunting procedure used on the two-link paths. A 
particular class of cyclical routing schemes was then 
introduced and a set of rules for its application was 
derived. These schemes appeared to be particularly 
useful for networks with a prime number of nodes, 
yielding complete solutions in all cases considered so 
far. A fast solution algorithm was found but it 
remains to have it proved. 

Moreover, the above mentioned class of routing 
schemes, could be used to design "fairly symmetric" 
solutions in a simple way, whenever the number of 
nodes is odd. For even number of nodes, however, 
the class appeared rather unsuitable. As an 
alternative we suggested a somewhat simpler, but 
still sufficient, symrr.etry condition, that will 
increase the number of useful solutions. It remains 
to investigate these possibilities. 

Finally we studied briefly the symmetric routing 
problem for networks using only two-way links. 

5.1A·3-4 
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Symmetry conditions analogous to those used for 
one-way link networks were stated and examples 
were shown. In general the two-way conditions are 
less demanding, but we have not so far found any 
general solution method, other than the algorithm 
given in section 4 for prime numbers of nodes. 
There is one, possibly important, case, however, for 
which these solutions do not apply, viz when it is 
required that each routing matrix must provide just 
one two-link path for both traffic directions between 
two nodes. This case is not considered in this paper. 

Obviously there are many unsolved mathematical 
problems con'nected to symmetrical routing. For 
instance we have proved nothing about the existence 
of solutions (just observed that M=6 is a stubborn 
number). The discoveries for prime number of nodes 
were made to a great deal by good luck and we 
have not proved the solution. 

In addi tion there are several interesting extensions 
of the problems that call for further study, i.e .. 

(i) Two- and three-link routing, etc. 

(ji) Partly connected networks. 

(jji) Sensitivity ' to non-symmetric traffic loading. 

(jv) Optimality in view of traffic intensity 
variations. 

APPENDIX - PROOF OF DESIGN RULES GIVEN IN 
SECTION 3. 

In this Appendix all additions, subtractions and 
equaliti es are taken mod M, according to the 
definition given in section 3. 

The following definitions will be used. 

01. L(n,m) is the (unidirectional) link from node n 
to node m. The length of L(n,m) is m-no 
Referring to fig. 1 it is seen that the .length of 
a link is simply equal to the number of 
by-passed nodes plus 1. 

02. The set of two-link paths using first links of 
length i and second links of length j is 

P[i,j] = {L(n,n+i),L(n+i,n+i+j) I n=1 ,2, .•• ,M } 

1~i,j~M-1, i+j4:M 

03. The set of OD-pairs connected by P[i,j] is , 

OD[i,j] = {(n,n+i+j) I n=1 ,2, ••• ,M } 

The entities defined above have the following 
notable properties: 

P1. There are M-1 possible link lengths: 1,2, ... ,M-1. 
There are M links of length 1, 1=1,2, ... ,M-1. 

P2. Since (j,j)4:(j',j') => P[i,j] n P[i',j']= <P and i,j 
1,2, ... ,M-1, 1+) 4: M, there are (M-1)(M-2) 
disjunct P-sets. Each of them contains M paths. 
Together they consti tute the set of all 
MCM-1 )(M-2) paths. 

P3. Paths of the set P[i,j] contain all links of 
length i as first links and all links of length j 
as second links. 

P4. The set OD(i,j) contains M OD-pairs. The M 
paths of the set P(i,j) connect M different 
OD-pairs. 

P5. i+j = i'+j' => OD[i,j] = OD[i',j'] 
i+j =t i'+j' => OD[i,j] n OD[i',j'] = <P 
P(j,j) sets belonging to a subgroup with i+j = 
constant connect the same OD-pairs. Otherwise 
they connect different OD-pairs. 

Theorem. Let C
1

,C
2

, ••• ,CM_
2 

be a partition of the 

set {P[i,j] I 1~i,j~-1, i+j4:M} with the properties 

en I Ckl =M-1, k=1,2, ••• ,M-2 

(ji) for each k, 

P[i,j] ECk & P[i',j'] E C
k 

& (i,j)4:(i',j') 

=> i4:i' & j:I:j' & i+j ~ i'+j' 

If all paths from P-sets belonging to C
k 

are used 

for the choice number k, then a symmetric routing 
is obtained. 

Proof. By P4 and P5 all OD-pairs are connected by 
Ck• If Ck= {P[i1,j1],P[i2,j2], ..• ,P[i M_1,jM_1]} then both 

(j1,i 2,···,i M_1) and (j1,j2, ••• ,jM-1) are permutations of 

the set (1 ,2, .•. ,M-1) and by P3 every link appears 
exactly once as first link and once as second link 
among the k:th choice paths. 

Remark 1. For M odd {p[i,i] I i=1,2, ..• ,M-1} is a 
subset satisfying conditions (j) and (ii) 
of the theorem. (Note that (2j) mod M 
= (2i') mod M in this case.) 

Remark 2. Any set C of M-1 P-sets with the 
property P[i,j] E C & P[i' ,j'] E C & (j,j) 
~ (j',j') => i+j 4: i'+j' defines a proper 
routing in the sense that all OD-pairs 
are connected by C. 

Remark 3. Any matrix {sij}' i,j=1 ,2, ... ,M-1, such that 

(ij) 

(iii) 

s, M . = 0, i=1,2, ..• ,M-1 
I, -I 

Sij E (1,2, ..• ,M-2), i+j 4: M, 

each number k E (1,2, ... ,M-2) 
appears exactly once in each 
row, in each column and in 
each of the subsets 

{sij I i+j = 1; 1=1,2, ... ,M-1}, 

defines a symmetric routing: 

p[i,j] E C k <=> Sij = k 

Remark 3 above gives the main rule for the design 
of a symmetric routing pattern. By remark 1, when 
M is odd, we may use the set {P[i,i] I i=1,2, ••• ,M-1} 
as one of the .M-2 subsets of P, say C1• Accordingly 
we put sjj=1, 1=1,2, ••. ,M-1. 

5.1A-3-5 
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