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ABSTRACT 

Handling relatively simple and ~ccurate per
formance evaluation models constitutes a must for 
the decision makers in the communication networks 
management problem. This paper is adressed to the 
particular problem of circuit switched networks : 
traffic modelling and performance evaluation. A 
single moment model is derived which tries to over
come some of the limitations due to the relative 
roughness of the first moment models. 

First, the model presented enables to tackle 

in some way the different natures of telephone 
traffic: poisson, peaky and under-variant. Moreo
ver, being an overall modelization i.e., a model 
dealing with the entire network and with all the 
flows it naturally gives the point to point grade 
of service which is a very important index to test 
the quality of a routing scheme. Not all the de
tails of the presented model are rigorously mathe
matically given but most of them are derived exac
tly for simple cells and then validated by means 
of numerical simulations. 

1. INTRODUCTION 

In the present time the communication net
works are one of the most important element for 
the social and even profisional life. The paper 
we are giving is adressed to the circuit switched 
networks and more precisely to the problem of mo
delling the traffic and estimating the blocking 
probabilities. A very imp o rtant measure for a cir
cuit switched network is the point to point blocking 
which defines the grade of service for the network. 
This index fixes the probability of being able to 
establish a communication between any two points 
in the network. Of course, the point to point 
blocking depends on a number of different factors: 
first of all the load i.e. the node to node traffic 
demands, the link capacities and then the routing 
used. 

Evaluating the performance of a circuit 
switched network can be performed using event by 
event simulation programs. Such programs are ge
nerally huge programs highly time consuming when 
dealing with realistic networks. Having in hand 
some analytical means or at least aggregated mo
dels for performance evaluations is welcome. Diffe
rent approaches have been developped up to now 
and they can be classified according to the num
ber of moments for the stochastic process which 
is the telephone traffic. Among the three moment 

" This work has been done under grant DAII-CNET 
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methods the most well known is the Interrupted 
Poisson Process methodIPP [7 - BJ. Let us also 
mention some attempt based on the use of Cox 
function [sJ. 

Numerous are the two moment methods and of 
course we must first mention the pioneering work 
by Wilkinson and his equivalent trunk method [14]. 
After him, a lot of workers have proposed some 
refinements especially in the case of networks, 
in order to propose the evaluation of individual 
losses for the different flows in the network 
[3 - 4 - 6 - 11]. 

Finally, one , moment models have also been 
derived [2 - 9 - 10 - 12 - 13]. One of the main 
interest in using such models stands in the fact 
that the point to point blocking estimation is 
relatively easy to perform. Of course, they can 
be attacked on the fact that they use a relative
ly poor information concerning the true telephone 
traffic. It is to the author's opinion a criticism 
that cannot be done so easily to the model pre
sented here. In fact single moment methods are 
usually developped under the following assumptions. 

Al - Call arrival is a poisson process 
A2 - Call holding time has a negative expo

nential distribution 
A3 - The network is in statistical equili-

brium 
A4 - Nodes are non blocking 
AS - Call set up time is negligible 
A6 - Blocking calls are cleared and do not 

return 
A7 - Link blocking are statistically inde

pendant 
AB - Call arrival on any link in the network 

is a Poisson p~ocess. 

The two last assumptions are the one that 
prevent the first moment model to furnish excellent 
results. In the paper we drop A7 and we manage to 
take into account the real nature of the traffic 
crossing the links (under or over variant). Another 
interest of the method is that it provides a model 
which deals with the overall network and not in a 
link by link manner like many others methods. 

The paper is divided into four parts. In the 
second introductory section we develop a model 
concerning a network managed with a single choice 
policy at each commutation node (load sharing). 
This simple case enables us to fix the main ideas 
and to justify some approximations made. In the 
third part we consider a two choice routing policy, 
and in a same way develop a model taking into 
account joint blocking probabilities. In the fourth 
section the most general model is presented and 

remarks are made to help the realization of a ge
neral numerical algorithm. The last section pre-
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sents some numerical experiments for different ty
pes of routing policies on the same network . 

2. MODELLING A SINGLE CHOICE ROUTING POLICY 

At each commutation node, the routing is per
formed according to a load sharing policy 

O"T) ~ Fig . 

A call traffic with parameters ~ (arrival 
rate) and T (mean call duration) enters the commu
tation node C. N. 

It is divided between the outgoing links propor
tionnakly to load sharing parameters c( i with 

L O(i = 1 (1) 
i =l 

Wi th such a routing procedure the offered traffic 
t o each link ( ~ .~ T in erlangs) remains poisson . 
For the simple c~ll of figure 1 and for each of 
the links a markov chain type model can be defined 
by assuming that over an infinitely small time in
terval only one event can occur (either a call 
arrival or a call end) . 

For link i, capacity N. one has, P . ~) being 
the probability of j calls present on tHe link at 
time t. . 

(t _ i i.::.!. {O~J<'N (2) 

t 
P/t) - lX'/\Pj_1-(<</'+T)P/ T Pj +1 Pk=O if k<O 

e '\ N 
PN ( t) =di~ PN- 1 - T PN 

which in the steady state furnishes the well known 
solution 

P == 
j 

and 

A. 
1 

P j-1; A . == 0( . A T 
J 1 

the Erlang-B function, the probability of 
link being blocked 

N. 
A 1 

i 

• the losses Ai E (Ai,Ni ) 

A. 
J 
j ! 

the carried traffic Ai (1 - E(Ai,N
i

» 

fu r the mean state of link i in the transient sta
te a straightiorward calculation leads to : 
e 
X. == - X. 

1 1/ 
T 

+ o( i).. (1 - P
N

. (t» 
1 

(3) 

which shows that the mean state obeys a fluid ty
pe equation 

A. 
variation == inflow (;(l-P

N 
(t» - outflow , (X. ) 

i 1/ 
T 

Based on the fluid analogy and then equation like 
(3) it is easy to end up with a model for networks 
in the whole and not link by link models. 
The problem for (3) is the presence in it of the 
PN (t) term, the transient blocking probability 

which has been approximated (see [ 1] ) in the 
following way: 

{ 

Xi(t) == Yi(t) (1 - E(Yi(t), Ni» 
( 4) 

PN (t) == E (\(t), Ni) 
i 

This approximation becomes the true value in the 
statistical equilibrium. 
Let us now consider a more c omplex network shown 
in fig . 2 . 

,/ 

k 
n 

Fig . 2 

Each link k k is assumed unidirectional of given 
capacity sa§ N~ k and between two nodes k1kn is 

r s 
offered a traff1c ~ k • Each node routes the 

calls according to th~ Yoad sharing technique . 
Given the routing parameters, one is able to find 
all the different pathes joining two distinct 
nodes, i.e . , all the chains that can be used to 
establish a call (ex: k1 k

2
, • •• ,k

n
_

1 
k ) . For 

the part of the traffic Ak k processea through 

this path, a straightforwarJ next ens ion of equa
tion (3) furnishes : 

X 
k 1k 2·· ·kn 

·- - --+tX A (1-p 
T k 1 k 2 . • k n k k n k k2·• k

ll
) 

(5 ) 
where Xk k k is the mean state of a route 

1 2· ·· 
concerning the given flow k

1 
•.. k 

Ak k is the arrival rate Detwe~n nodes kl and 

kn tA~l k
n 

== A.kl k
n 

T) 

O(k1kn •• k
n 

== £X k k .CX k k · ··lX'k k ;lKk k is the 
2 2 3 n-1 n i j 

load sharing parameter between node i and node j. 

P is the blocking probability of the path 
kl k 2 • • k 

klK2 · · · k~ . 
In the fourth section, the calculation of P 

k 1 •• kn will be developped. 

3. MODELLING A TWO-CHOICE ROUTING POLICY 

Let us consider the cell of Fig . 3 . 

Fig . 3 

Traffics with A and A . as respective arrival 
rates are offer~d in fi~st choice to links of ca
pacity N, N. i == l, •.• k . If link (N.,i ~ l) is 
blocked,Othe1call A . is offered to1link N (over-
flowing procedure) . 1 0 

A continu'ous time Markov system is written for 
the probability P(e.) of state e . where 

J J 
. e . is the state (j •. j . .• jk)' with j. calls on 

link N. hO ••• k 0 1 1 
. ·d . is Ehe nul vector except element i equals 1: 
d ~ == (0 ••• 1 . ••• Ok) • 

1 0 1 
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_ 2 (X: 
j. (ji+1) 

+ -2:.) P(e .) +L p(ej+d i ) 
i 

~ T J i 
T 

with P(e) = 0 if 3 ji> Ni or 3 ji < 0 .... 
A :' 0 if ji ~ N. 

~ ~ 

= A. if ji N. 
~ ~ 

i\: 0 if \ N. 
~ ~ 

Let Xi be the average traffic on link Ni 

X. 
~ 

N 

2
0 

jo =0 

then (see[ 9J) : 

( Xo=_X~ +Ao (l-P
No 

(t)) + 

• X. 
x. - T~ +A.(I-P

N
), i =I,2, .•• ,k 

~ ~. 
~ 

and 

t
x . =y.(I-E(Y. ,N.», P

N 
=E(Y. ,N.) 

~~ ~~ . ~~ 
. ~ 

X.+X =Y. (1-E(Y. ,N.+N »;PN N =E(Y. ,N . +N) 
~ 0 ~o ~o 1 0 . ~o ~ 0 

o ~ 

umerical experiments proved that (7-8) gi~e an 
accurate solution in the stationnary case x=o 
(see for example [9J). 
It is easy to see that such an approach enables 
to take into account the peaky nature of the 
overflowing t~affic 

Y .> A T 
o 0 

and 
Y.>(A+,A.)T 
o~ 0 ~ 

(6 ) 

(7) 

(8) 

In (7) it is interesting to splite the equation 
concerning X into as much equations as there are 

many\ _:~.oifferegt traffics using 1 ink No. 

Xo/T + Ao(I-PN (t» 
o (9) 

Xi Xi / T + Ai(PN.-PN N~' i =I,2, ... ,k 
k ~ 0 ~ 

Xo .2 Xi· This writing points out how easy is 

the iAa~vidual evaluation of the losses for each 
traffic. It introduces the basic idea for the 
following: on the N link are merged two sorts 
of traffic:the firstOchoice traffic (A ), and 
the overflowed traffics (A., i ~ 1). 0 The idea 
to be pursued is to develop1a fluid type equation 
of type (9) for the part of each traffic passing 
through a given path. The next section is devoted 
to the general problem. 

4. THE GENERAL MODEL 

Given a network with routing policies at each 
commutation nodes (we will restrict ourselves to 
the two choice policies), the first step, before 
modelling, is to list all the distinct pathes that 
can be followed by a traffic corresponding to each 
couple origin-destination. This task depends 'on 
the network topology and on the routing strategy. 
In the case of circuit switched networks, the com
plexity in the enumeration of the pathes is redu
ced by the fact that they are restricted to have 
a low number of trunks. 

In the network of Fig. 2 we denote by 
K

1
,K2 , •.. ,K

l 
all the different pathes between the 

nodes kl and k and we first suppose that we are 
dealing with oBe (originated office control) : we 
define 0( l' ... , 0< 1 the load sharing parameters 
corresponding to the different possible pathes and 
the overflowing tables. 

By aggregation performed on the markovian 
model one is able to write down a dynamic model 
for the two choice policy of the form : 

+ 2 0( A (p -P ) 
. G J K. kl k K. K.K. 
J i J n J J ~ 

(10) 

where J. defines the set of routes K
J
. overflowing 

on rout~ K. 
~ 

P
K 

is the blocking probability of route K. 
i ~ 

P
KiKj 

~~~ ~~int blocking probability of routes Ki 

J 
P =P 

Ki k 1k 2···ki ···kn 
= prob~lk2 blocked or 

or k lk blocked] n- n 
Developping the calculations it is shown that 

1 _ pI 1 max-l 1 
P

K 
=P

1 
2 + P

3 
+ ••• (-1) Pmax 

( 11) 
i 

where P~ is the summation of the joint blocking 
probabil~ty of the combination of 1 trunks belon
ging to the same path (here K.) 
In a sim.ilar way P is wrd:ten as 

K.K. 

PK. K. 
= p2 _ p2 2 J (_1)max-2 p2 

2. 3 + P~ •.. + max (12) 
~ J 2 

where PI is the summation of the joint blocking 
probabiIity of the combination of 1 trunks with 
at least one trunk belonging to path Ki and one 
trunk belonging to path K .• 
Now some care must be takJn in computing the diffe
rent terms F~ n=I,2. It is to be noticed that 

~ 
XK represents the average number of calls from 
kIi to k on the path K .. 
XK is sBlited into as ~uch flows X as there are 

. K. 
maAy different traffics using path K~ (see for 
example equation 9). 1 
To have the state Z of a link a-b, which is ne
cessary to compute £Re different blocking probabi
lities, simply asks for a summation over C1l1 the 
pathes (X

K 
) going through the link a-b. If there 

is only lone path Kl (sections 2 an1 3) then 
Zab = xKiror the computation of terms PI (blocking 

probabillty of one trunk group), we refer to equa
tion (4). For the joint blocking probability of two 
or more trunk groups we consider two cases. 

First case : the trunk-groups belong to different 
pathes (calculation of the term p~ i ~ 2). The 
joint blocking probability of two~trunk groups 
lm and nq is computed according to : 

Zlm + Z = Ylm nq(l-E(Ylm nq' Nlm+Nnq 
) ) nq 

(13 ) 

prob (lm and nq) = E(Y
lm nq' NI +N ) m nq 

which is the direct extent ion of (8) • 

Second case : some of the trunk grougs belong to 
the same path (calculation of terms p. i ~ n). 
In that ca~e one has to tackle with c~nditional 
probabili~ies. For instance in the calculation of a 
term of P

3
, if link Im belongs to path K. and links 

nq and rs belong to path K. one has: ~ 
J 
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prob(lm and nq and rs) = prob(lm and rs/nq).prob 
(nq). 
where prob(lm and rs/nq) is given by : 

Z +Z' = Y
l
' ( l-E( Y

l
' ,N l +N ) ) 

lm rs m,rs m,rs m rs 

prob(lm and rs/nq) = E(Y'l ,Nl +N) (14) 
m,rs m rs 

where Zlm is the mean occupancy state of trunk 
group lm and Z' the mean occupancy state of trunk 
group rs takingrsinto account the fact that link 
nq is blocked : 

Z' 
rs 

Z 
rs 

+ I 
E 

nq 

N 

\ (~ - 1) 
nq 

Xl : origin-destination flow using trunk group IS 

E : set of flows Xl using also trunk group nq· 
nq 

More generally a term of P~, i> n is computed as 
1 

prob(E . ) = prob (e lE .) prob (e lE. ) ... 
1 n n-1 n 2 n-1-n 2 
prob (en ) 

where E is a ~et of r 1 inks with slinks (s < r) 
b~longing to different pathes 
e is a set of s links belonging to diffe
r~nt pathes. 

The generalization of system (10) which has been 
written for a OOC two choice control can be done, 
for other types of control (multi-choice, SaC) 
and networks (bidirectional links). 
For the sake of simplicity we consider now a redu
ced network for which the fundamental equations are 
written for some different types of control. 

5. A REDUCED NETWORK - NUMERICAL RESULTS 

Let us deal with the two level network of 
Fig. ~ which is constituted by 3 transit centers 
(CT), four origine-destination centers and unidi
rectional links. The indexes i,k,j will be atta
ched to the origin, transit, and destination no
des respectively. 

( I) Fig. 4- (J) 

Three types of experiments are performed; for 
each of them the equations are given below. 

* The first is a sac type control: for each (i,j) 
flow the call first attempts a first choice route 
i-k

1
-j; if the outgoing link (ik

1
) is blocked, 

them it attempts a second choice route i-k
2
-j. 

The equations are given by : 

X'k . = - X" k IT +A . . (1-P · k .) (15) 
1 1J 1J 1 1J 1 lJ 

)( 16) 
P ikl and ik2j 

where Pikj stands for Pi k or kj· 

~'( The second is a OOC type control: for each (i,j) 
flow a first choice route is defined say iklj; if 
ikl or k1 j is blocked, then the call attempts a 
second cnoice route ik

2
j. . • 

For the iklj first cho1ce route, equation (15) 
holds; 
Fo~ the second choice route : 

X . k . =-X. k . IT + ~ . . ( P . k . - P. k' d' k .) (1 7 ) 
1 2J 1 2J 1J 1 l J 1 1J an 1 2J 

* The third one is a sac type control where the 
transit nodes are also commutation nodes. The 
description begins as for the first control and 
is completed as follows : at node kl (first choi
ce) the call can overflow on link (K

1
k

2
) if the 

link k
1

j is blocked. 
Here one has to consider three different pathes for 
th~ routing of each flow (i-j) with: 
equation 15 for the ik1j .first choice route 
equation 16 for the ik2j route 
and for the iklk2j route 

Xik1 k 2
j = -Xik1 k 2

j IT + \j [p ikl and kl j 

- Pik1 and k
1

j and klk2j] 

(18) 

where P~ d ' k means Prob [ikl non blocked and 
1 1 an 1 2 

ik2 blocked] 

We give below some example for the calculations of 
the blocking probabilities involved in these equa
tions 

where " P' k d k and P' k d k are computed 
1 1 an i 2 1 1 an 2 j 

according to (13) 

Z'k . is computed similarly as Z'k . in (19) 
2J 1J 

• Finally : 

Pik1 a nd k 1 j and k
1

k
2

j =Pk1 j and k1k2j 
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where P 
ik1 and k1j and k1k2j 

Pik1 · [Pk1j and k1k2/ik1 +P k2j and k
1
j/ik

1 

- P k1j and k 2j/ik1 and k1k2 Pk1k2/ikJ 

Pkl-j and k1k2/ik1 , = E(Y , Nk .+Nk k ) 
1J 1 2 

[l-E(Y ,Nk .+Nk k )] 
1 J 1 2 

Z\ . +Z' = Y 
1J k1k2 

(22) 
Z\ . is given in 

1 J 

Z' Zk k +[ 
klk2 1 2 n 

and so and 
Z b in the different equations is t'he summation 
oeer all X going through link a-b. 
For the numerical experiments, the offered traffic 
in Erlangs is given in table 1, the links capaci
ties in tables 2, 3 and 4 and the routing table 
(first and second choice nodes) in table 5. 

i* 
1 2 3 4 ~ 1 2 3 

1 - 13. 19. 25. 1 20 25 30 

2 12. - 10. 17. 2 25 20 15 

3 15. \25 . - 16. 3 20 20 35 

Table 1 Table 2 

k"k 
1 2 3 4 k:'X. 1 2 3 

1 11 19 15 24 1 - 5 -
2 19 9 10 19 2 - - 5 

3 5 22 14 28 3 5 - -

Table 3 Table 4 

i-j 1-2 1-3 1-4 2-1 2-3 2-4 3-1 3-2 3-4 

Is t cho ice : k1 1 2 3 2 3 1 1 3 2 

2nd choice : k2 2 3 1 3 1 2 2 1 3 

Table 5 : routing table 

The mean occupancies of the trunk-groups obtained 
by the model (first line) and by the event by 
event simulation (second line) are given in ta
bles 6.1 and 6.2 for the first experiment, in 
tables 7.1 and 7.2 for the second experiment and 
in tables 8.1, 8.2 and 8.3 for the last one. For 
the event by event simulation, the trust interval 
is computed for a trust level of 0.9. The effi
ciencies are given in table 6.3 for the first ex
periment, in table 7.3 for the second and in ta
ble 8.4 for the third. 
Table 9 gives the overall carried traffic for 
the three policies. 

~ 1 2 3 

1 
13.05 9 . 46 22.47 
12. 90~0. 41 9.18~0.06 22.77~O.42 

2 
16.65 11. 88 9.41 
16. 58~0. 48 11.99~0.45 9.43~0.30 

3 
9 . 63 14.33 19.91 
9.64~0.11 14. 71~0. 29 19.60~0.19 

Table 6.1 

5.2B-2-5 

¥ 
1 

2 

3 

¥ 
1 

2 

3 

X 
1 

2 

3 

* 1 

2 

3 

~ 
1 

2 

3 

1 2 3 4 

~: ~;:':O. 11 g:~~:':0.41 
0 . 28 16.92 
0.0 16.58~0.48 

~ ~: ~~:':O. 45 
0.28 9.18 14.46 
0.0 9.17~0. 06 14. 71~0. 29 

0.09 ~.~: ~~:':O. 19 
9 . 31 22.92 

0.0 9.42~0.30 22. 77~0. 42 

Table 6 . 2 

1 

0.986 
0.984 

0.641 
0.636 

1 

13.91 

2 3 4 

0.982 0.483 g:~i~-r-0.969 0.481 

0.959 0.971 
0.955 0.978 

0.779 0.923 
0.765 0.918 

Table 6.3 

2 3 

10 . 80 25.40 

model 
simulation 

14.35~0.40 11. 53~0. 34 25. 77~0.30 

18.02 11. 95 8.07 
18. 20~0. 41 12.42~0.42 7. 92~0. 27 

13.07 16.29 21. 49 
14.03~0.36 16. 69~0 . 27 22.10~0.36 

Table -7.1 

1 2 3 4 

9.57 14.83 .. 2.42 18.18 .. 
9.62::0.11 - 15.30-0.38 2. 82:!:0.30 18.83-0.38 

14.21 1. 62 .. 9.18 14.04 .. 
14. 75:!:0.41 2.38-0.33 9 . 15=0.06 14.37-0.31 

0.76 19.46 12 · 91 22.73 
1. 03.±:0. 17 19.52~0.19 12.14±0.17 23.11~0.36 

Table 7.2 

1 2 3 4 

0.731 mod 0.996 
0.997 0.765 g: ~~~- el 

ulation r--s-rm 
0.984 0.973 0.971 
0.990 0.989 0.988 

0 .849 0.918 0.948 
0.891 0.943 0.976 

Table 7.3 

~ 1 2 3 

1 13.18 12.96 23.19 
13.15±0.39 12.77±0.22 23. 10±0. 48 

2 
16.64 11. 55 9.04 
16.67:!:0.50 11. 72:!:0. 40 8. 82:!:0. 33 

3 12.37 14.67 21. 78 
12. )2:!0. 27 14. 81Z0. 36 22.19Z0.39 

Table 8.1 
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~ 1 2 3 4 

9.61 13.98 1. 16 17.64 1 
9.581:0.12 14.481:0.40 . o. 98i O. 16 17.40iO.46 

14.03 0 . 64 9.18 14.71 .2 
14.12:0.42 0.661:0.16 9.li1:0.07 14.831:0.32 

0.27 19.47 11. 49 23.19 3 
0.321:0.09 19.501:0 . 20 11.36i O.25 23.15iO.41 

i~ 1 

1 

2 
0.958 
0.957 

3 1
0

•
827 

0 . 828 

offered traffic 

carried traffic 

CONCLUSION 

Table 8.2 

3.21 
3.51:0,15 

3.83 
4.031:0.10 

3.42 
3.81:0.15 

Table 8.3 

2 3 4 

0.984 0.666 g:~~;-0.973 0.673 

0.918 0.973 
0.898 0.979 

0.851 0 . 945 
0.848 0.959 

Table 8.4 

model 

152 Erlangs 

case 1 126,79 Erl. 
case 2 138,99 Erl. 
case 3 135,38 Erl. 

Table 9 

~ s 1 

del 
mulation 

simulation 

126,80 Erl. 
143,06 Erl. 
135,56 Erl. 

We have derived a first moment model for 
telephone traffic and the point to point blocking 
estimation . Due to space limitation, we have 
restricted the numerical experiments. However 
the ones given show the concordance in the flow 
efficiencies between a monte carlo simulation 
and the first moment model. This is certainly 
due to the consideration of assumption A7 and 
A8 of the introduction. Furthermore, we would 
like to insist , on the fact that it is a global 
model that enables to give at once the point to 
point blocking. As for the numerical resolution 
of the model it can be simply done using stan
dard numerical integration technique to reach 
the steady state point or to use by means of re
laxation techniques the non linear algebraic sys
tem corresponding to the steady state. 
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