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ABSTRACT 

In this paper a solution is given for the 
waiting times in a Markovian queueing system 
with two priority levels and N servers. The 
server hunting strategy for high-priority calls 
is nonpreemptive, that is high-priority calls 
have to wait· until a server becomes idle. The 
queueing disciplines for both priority levels 
are FCFS. We assume that calls of both types 
are associated to separate queues which are 
bounded to lengths S1 and S2, respectively. 
Furthermore we assume a common exponential serv
ice rate for both types of calls. The analysis 
is done in the steady state of the system. 
In the paper a solution is given for the expec
tation and the complementary distribution func
tion of the waiting time TW for both high- and 
low-priority calls. 
The accuracy of the method is shown by compari 
son with simulation results. 

1. INTRODUCTION 

In the past , many single-server priority 
queueing systems have been analysed, reflecting 
the strong interest in getting information on 
the performance of multiprogramming and time
sharing computer systems, e.g. [COHE82J , 
[CONW67J,[KLEI76J. For multi-server systems 
very few solutions exist, e.g. [GAMB83J, 
[KAWA83J,[TAYL80J. To our knowledge there is no 
solution for the waiting time distribution in 
the case with bounded queues. 
An important case is a queueing system with two 
priority classes, (approximately) Markovian 
arrival processes and negative exponentially 
distributed service times. There are numerous 
applications for queueing systems with two 
priority classes, e.g. a trunking system where 
mobile-to-fixed-station calls are prioritized 
over fixed-to-mobile-station calls. In real 
life systems queue lengths are usually bounded, 
especially when delay time bounds are given. 

In the paper we derive an analytical solu
tion for the complementary distribution func
tion (CDF) of the waiting time TW for both 
high- and low-priority calls. 

The outline of the paper is as follows: 
After the definition of the queueing system 
(sec. 2) we calculate the state probabilities 
of the system (sec. 3). In sec. 4 the CDF of 
the waiting time of high-priority calls is cal
culated. In sec. 5, the central part of the pa
per, we present an analytical solution for the 
CDF of the waiting time of low-priority calls. 

Sec. 6 concludes the paper with some numerical 
results and a comparison with simulated values. 

2. THE QUEUEING SYSTEM 

The queueing model is shown in fig. 1. 
There are two independent traffic sources for 
high-priority calls (HPCs) and low-priority 
calls (LPCs). The interarrival times of both 
traffic streams are assumed to be negative 
exponentially distributed with arrival rates 
At and A2, respectively. 
The traffic streams are fed into separate 
queues, which are bounded to S1 and S2' Within 
each queue the queueing discipline is FCFS. 
There are N servers. When a server becomes 
idle , at first the HPC-queue is inspected; if 
it is empty, calls from the LPC-queue are se
lected. This is the well-known head-of-the-line 
strategy [KLEI76J. 
LPCs in service are not preempted by HPCs. 
The service times are assumed to be negative 
exponentially distributed and common for both 
HPCs and LPCs. The server hunting strategy is 
organized such that an idle server is always 
selected whenever calls are queued. 

HPes lPCs 

N 

Fig. 1 The queueing model 

3. STATE PROBABILITIES 

Because of the memory less processes in the 
queueing system the state space is rectangular 
with a dimension (S1+1,S2+1). 

3.3A-3-l 
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Parameters 

A=A1+A2 total arrival rate 
~ service rate of one server 
N no . of servers 
51 maximal length of high-priority queue j 
52 maximal length of low-priority queue 

5tate probabilities 

0 ... N-1 
0 ••• 51 

0 ••• 52 

probability of k servers busy 
probability that i calls are waiting 
in the high-priority queue 
and j calls are waiting in the low
priority queue and all servers are busy 

Fig. 2 5tate space of the queueing system M/M/N/5 1 /52 /HOL-NONPRE 

At the state (0 , 0) the vector of the sta e 
probabi lities (5P) Pk k=O, ... N-1 is append
ed, which represents the probabilities of k 
busy servers when both queues are empty. The 
state space is shown in fig. 2. Because of the 
steady state Markovian processes all transit ion 
probabl!ities are known. 

From the state space we can formulate the 
equations of statistical balance: 
Let 

then 

P = A I ,. 
P1 = A1 / N~ 

P' 
P2 

- pPk - 1 - (k+1) Pk+ l 
k = 1. .. N-1 

(p'+l)Po , o - P1,o - PO,l -P'PN - 1 

(P'+l)Pi,O - P1 Pi-l,O- Pi+l,O 
i = 1 ... 51 - 1 

(P2+1)PS1 ,o- P1 P51-1 , O 

(p'+l)Po ,j - P2 PO,j -l - PO,j+l - p 
j = 1. .. 52 -1 

(Pi +1 )Po ,52- P2 Po ,5'2-1- P1,52 

0 
Cla) 

0 
Clb) 

0 
Clc) 

0 
( 1 c: ~ 

0 
0 

0 
( 1£ ) 

(P'+1)Pi, j - P1 Pi-1,j - Pi+l,j - P2 Pi ,j-1-- ;:: (1 
i = 1 ... 51 -1 ; j 1 ..• 52 -1 (1g ) 

(Pl+1)Pi,52- P1 Pi-l, S2- Pi+l,52 - P2Pi, 52 -1 = 0 
i = 1. .. 51-1 Cl h) 

(P2+1)PS1 ,j- P2PS1,j-l- P1PS1-1,j = 0 
j = 1. .. 52 -1 Cl i ) 

PS1,Sl - P1 PS1- 1,Sl - Pl PS1 ,Sl-1 = 0 
Ok) 

The system of equations can be solved by 
the well-known Gauss-5eidel elimination method. 
In systems with long queues 51 or 52 we have 
large matrices which may become computationally 
complex. We therefore investigated different 
sparse matrix methods, and solution programs, 
such as [ZLAT81J. Finally we implemented an 
algorithm, which makes efficient use of the 
band-structure of the matrix. With this algo
rithm the CPU-time needed to compute all state 
probabilities of a queueing system with e.g. 
389 equations is less than 0.5 sec on a 
VAX-11/780 computer. 

3.3A-3-2 

By summing up the state probabilities at 
the vertical or horizontal end of the state 
space, we get the blocking probability B1 at 
the high-priority and B2 at the low-priority 
queue, respectively. 

52 
Bl = L P51 j (2a) 

j=O ' 

51 
B2 L Pi,S2 (2b) 

i=O 

4. WAITING TIME OF HIGH-PRIORITY CALL5 

HPCs waiting in the high-priority queue 
are not influenced by arriving or waiting LPCs. 
This is because of the overall Markovian behav
iour of the system and the nonpreemptive queue
ing discipline. 
Therefore we can calculate the waiting time TW1 
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of a HPC arriving at the state (i,x) by a 
i-times convolution of the total service 
time THt • THt is given by the output process of 
all N servers being active; it has a mean value 
of E{THt } = l/N~. 

So we get the waiting time of all accepted 
HPCs with mean 

51-1 52 i+l 
I I Pij • 

i=O j=o N~(1-B1) 
(3) 

and COF 

e-tN~ 51-1 52 i (tN~)m 
Fiu1(t) = -_. I I Pij . I --- (4) 

1 - B1 i=O j=o m=O m! 

The results are similar to a M/M/N/S
system without priority but with the differ
ence that all state probabilities also depend 
on the arrival rate A2' 

5. WAITING TIME OF LOW-PRIORITY CALLS 

LPCs proceed through the queueing system 
in the following way: 
A LPC arrives with probability P(is,js) at the 
system's state (is,js)' This results in a tran
sition to the new state (is ,js+l). Now the 
waiting time TW2 begins; it ends when this LPC 
arrives at the state (0,0) which means that it 
enters service. 
At first, the LPC has to wait until the high
priority queue becomes empty. Then a server 
must become idle before the LPC can proceed 
from state (O,j) to state (O,j-l) (LPC-down
step) • 
In the meantime HPCs may arrive and start a new 
random walk in the high-priority queue. 
In this case the total time for a LPC down-step 
is lengthened by the random walk cycle. The 
procedure of random walk cycles and LPC down
steps repeats, until this LPC has reached state 
(0,0), 
Because of the FCFS queueing discipline we have 
to take into account only the LPCs which are in 
front of the test-LPC; other LPCs which arrive 
later do not influence the behaviour of the 
test-LPC. 

From the system's behaviour the computa
tion procedure can be derived directly: 

At first we have to compute the probabili
ty P2 (b,i) that starting from state Ci,j) there 
are b-l HPC down-steps and 1 LPC down-step to 
proceed to state (O,j-l). During this random 
walk we must take into account that paths be
yond the maximal queue length 51 are not al
lowed. The probability for these fictive paths 
is included in the blocking probability Bl . 

A LPC arriving at state (is,js) has to go 
through js ..random walks; the first one starti T19-
in column is of row js+1; the other ones start
ing in column 0 of the rows 1 ... js-l. 
We call P3 (b,is ,js) the probability that b 
down-steps occur on that path. 

Weighting P3 (b) with the state probabili
ties that are allowed at the arrival of a LPC, 
we get a probability P4 (b) that b down-steps 
occurs between an arrival of a LPC and the be
ginning of its service. 

As all the down-steps are exponential 
phases with equal service rate N~, we are now 
able to calculate the COF of TW2 via weighted 
Erlang-distributions where b is the number of 
phases. 

5.1 Step Probabilities of the Random Walk 

A random walk of a LPC occurs in one row 
of the two-dimensional state space; it includes 
the transition to the next (upper) row at 
column i=O. There is a transition in upward 
direction, when an input of a HPC occurs before 
an output of a HPC or a LPC from the server 
pool and a transition in downward direction, 
when the server pool is faster. 
Because of the overall Markovian system both 
the input and the output process are independ
ent negative exponentially distributed with 
constant intensity A1 and N~. So the step-up 
probability Pu is 

Pu = J fi(r) . Fg(r) dr = Al/(A1+N~) 
T=O 

and the step-down probability Pd 

(Sa) 

Pd J fo(r) . Fr(r) dr N~/(A1+N~). (Sb) 
T=O 

There is one exception: at state (Sl,X) x=O ... 
52, there is Pu = 0 and Pd = 1. 

S.2 Number of Paths in the Random Walk 

Fig. 3 shows a possible path of a random 
walk with a starting-point i=l, a HPC queue 
length S1=S, k=2 touches of the bound 51, b=10 
down-steps and a total of n=17 steps. The end
ing-point at "altitude" -1 denotes that the 
transition of a LPC into service is included in 
the random walk. 

i 

t 

I u I u I ~ I u I u I u I ~ I u I: I: I u I: I: I: I: I u I: 11~1 ~ 

Fig. 3 Typical path of a random walk 

There are M(i,Sl,k,n) possible paths of 
length n to go from starting-point i=0 ... 51 to 
the ending-point -1 under the condition that 
the upper bound 51 is touched k times. 
M can be computed very effectively by methods 
of coding theory. 

3.3A-3-3 
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5.3 Random Walk 

The probability P1 for a LPC to select a 
definite path of the random walk depends on the 
number of up-steps Nu, down-steps Nd and k. 

(6) 

Rewriting eq. 6 in n and i we have 

P 1 (n, i , S1 , k) = Pu ( n - i ) 12 • Pd ( n + i ) 12 - k • (7 ) 

Now we can calculate the probability that 
any path of length n starting at i occurs, re
gardless of k 

k max 
P2(n,i,S1) = I P1(n,i , S1 ,k) . M(i,S1,k,n) 

k=O (8) 

kmax = n-(2S1-i)-1 

It can be shown eas ily that P2 is normalized to 
one. 

Because only the down-steps contribute to 
the waiting time TW2, we rewrite P2 in 
P2(b,i,S1). Obviously, the number b of down
steps is b = (n+i+1)/2. 
Now we can interprete P2 as the number of down
steps which occur when there is a transition 
from state (i,j) to state (0,j-1), i=O .•. Sb 
j=1. .. S2. 

5.4 Chaining of Random Walks 

A LPC which arrives at state (is,js) ini 
t i ates a transition of the system's state to 
(is ,js+1 ) . From (is ,js+1) there is a first 
random walk with starting-point i = is ending 
at (O,js). Then the next random walk starts 
with i =O and ends at state (0,js-1). This pro
cedure repeats js-1 - times until state (0,0) 
has been reached. Fig. 4 shows an example of 
t his chaining of random walks for is=2 , js =2 
in the state space of a S1=5, S2=4, N=4 system. 

• • • • • • • • • 
i ......................................... 
i is, js ......................................... 
i l ......................................... 
• • • • • • 

Fig. 4 Chain of random walks in a state space 
S1=5, S2=5, N=4. 
Starting point (2,2) 

Because of the Markov property of the 
queueing system all random walks are independ
ent; so the number of down-steps on a chain of 
random walks is the sum of the number of steps 
of the involved random walks. This is the con
volution of P2(is ) with the js-times convolu
tion of P2(D). 
We calculate the probability function (PF) 
P3 (b,is ,js,Sl) that b down-steps occur: 

P3 (b , is , js , S1) = ( 9 ) 

conv{P2(b,is,S1),con~S-tP2(b,0,Si),P2(b,0,S1)}} 

P3 is normalized to one. 

5.5 Probability Function for the Number of 
Down-Steps 

By weighting P3 with the system state 
probabilities we get a total PF P4 (b) 

Si 5 2 -1 
P4 (b) = I I P3 (b,is ,js,S1) . Pis,js 

i.=O j.=o 

N-1 
= I Pk 

k=O 

b=l ... co 

b=O 

(10) 

which gives the probability that b down-steps 
occur for any LPC that is accepted by the 
system. The row jS=S2 is excluded, because LPCs 
which arrive at these states are blocked. 

5.6 Complementary Distribution Function 

All down-steps occur when all servers are 
busy. So, during the chain of random walks, a 
LPC "sees" a constant service rate Np. 
Therefore we finally calculate the CDF as the 
b-times convolution of exponential service 
phases weighted with P4 (b). 

e-Npt b-1 (Npt)r 
F~U2 (t) = -_. I P4 (b) • I (11) 

1-B2 b=O r=O r! 

The normalization condition is introduced 
by the denominator 1-B2 , which regards the 
omission of row 52 in PF P4 (b). 
As we can see, this stepwise analysis does not 
give a compact formula for the CDF of TW2. But 
the solution procedure is straightforward and 
computational tractable . . For instance, the CDFs 
of a system with S1=S2=10, N=5 and A1=A2=2 can 
be computed in less than one minute . 
We further see that the traffic intensity of 
LPCs does not explicitely appear in eq. 11, its 
influence is hidden in the state probabilities 
Pij • The traffic intensity of HPCs is intro
duced by the step-probabilities of eq. 5 • 

6. NUMERICAL EXAMPLES 

We will now give some numerical examples 
and compare the results with results from 
[TAYL80J and simulation runs. 
Fig. 5 shows the PF P4 (b) in a queueing system 
with _syrrunetri4- offered traffic _A1 =A2=2,queue 
lengths S1=5, S2=15 and N=5 servers. 
We see an excellent agreement between our 
calculation and the simulation results. 

Fig. 6 shows the CDFs of the waiting times 
of this system. 
We have chosen the parameters so that the 
blocking probabilities are below 1 percent in 
order to be able to compare the results with 
the formulas of [TAYL80], which are valid for a 

3.3A-3-4 
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Fig. S Queueing system M/M/S/S/lS/HOL-NONPRE 
Probability function P .. (b) (eq. 10) 
Al=2 A2=2 
Solid line : calculation 
Dashed line: simulation 

system with infinite queues. 
We see an excellent agreement of the TW1 

curves. Because of the small blocking probabi
lity B1 this is true also for the [TAYL80J 
curve. 
The TW2 curves show that in the infinite queue 
system there are bigger probabilities for long 
random walks and therefore there is a bigger 
coefficient of variation. We think that the 
deviation of the simulated from the calculated 
TW2 is induced by inaccuracies (correlations) 
in the random number generators of the simula
tion; the means E{TW2 } of calculation and sim
ulation, however, agree very well. 

7. CONCLUSION 

We presented a method to calculate the 
complementary distribution function of the 
waiting time of low-priority calls in a 
M/M/N/S 1 /S2 /HOL-NONPRE queueing system. 
The method _is _ strajghf~rwarQ and_ ~an ~asily be _ 
implemented. It is very accurate with respect 
to the mean value and also the probability 
function of the number of down-steps occuring 
during a random walk induced by arriving high
priority calls. 
We think this method can be extended to the 
cases 

- more priority classes 
- different service rates per priority class. 
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Fig. 6 Queueing system M/M/S/S/lS/HOL-NONPRE 
CDF of waiting Times TW1 and TW2 
Al=2 A2=2 
Solid lines calculation 
Short dashed lines: simulation 
Long dashed lines : calculation from 

[TAYL80J 
(infinite queues) 
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