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ABSTRACT 

Approximations are discussed for a single 
server queue with a Branching (Clustered) 
Poisson arrival process. In this queue, 
customers arrive in the system in clusters which 
form a Poisson process. For simplicity, we assume 
that the size of the cluster is deterministic and 
the arrival interval of customers in the same 
cluster is a constant length. We also assume that 
the service time of customers are i.i.d •• 
Interesting feature of this model is the 
dependency in the arrival process, which causes 
the difficulty in analysis. In this paper, a new 
type of approximation formulas for the mean 
number of customers in the system are obtained by 
using Benes' formula for a queue with a general 
input. It , is shown that those approximations have 
good asymptotic properties. Also, their numerical 
values are compared with simulations and other 
approximations. 

1. INTRODUCTION 

This paper considers approximation formulas 
for a single server queue with a branching 
Poisson arrival process and the i.i.d. 
(independently identically distributed) service 
times. We denote this queue by BP/GI/l. We are 
only concerned with the mean number of customers 
in the system in the steady state. 

In the present paper, a branching Poisson 
process means a special case of a Poisson cluster 
process such that each cluster is composed of 
finite number of points. We call the first 
arriving customer in each cluster a parent and 
call other customers in the same cluster 
children. We assume that parents form a 
stationary Poisson process with a parameter A and 
the interarrival times of customers in the same 
cluster is a constant length a. For simplicity, 
we assume further that the number of children in 
the same cluster is a constant number k. Thus, 
the arrival rate of our input process is A(k+l). 

A BP/GI/l queue appeared in teletraffic 
problems (cf. [7]). But, it is also interesting 
as a queue with a non renewal input. Its arrival 
process is very different from a GI-type input 
such as in a GI/GI/l queue. In general, the 
analysis of this type of a queue is very 
difficult since we need very complex state space 
to apply Markov' process to it. So approximations 
for BP/GI/l are needed. For it, Murao [7] tried 
to get an approximation by replacing the input 
process with a GI-type input by matching the 
distribution of the interarrival time. This is an 
only result as far as the author knows. In this 
paper, we propose two types of approximations. 

The first one is a simple approximation by using 
a batch arrival queue, but it is only efficient 
for small a. The second one is an approximation 
by using Ben~s' formula for a queue with general 
input (cf. [1]). 

This paper is composed of five sections. The 
basic properties of BP/GI/l is considered in 
Section 2. Approximation formulas are obtained in 
Section 3. Numerical values of various 
approximations and simulations are compared in 
Section 4. And, in the final section, some 
concluding remarks are given. 

2. BP/GI/l QUEUE 

Firstly we mention the notation and basic 
assumptions for our BP/GI/l queue. The service 
discipline of the queue is allowed to be 
arbitrary if it satisfies that the server is busy 
when customers are in the system. It is 
convenient to use a point process to describe the 
arrival process of customers (cf. [4] and [5]). 
Let {N(.)} be a stationary point process. Then, 
N(A) denotes the number of points in the set A 
for any Borel set A in the real line, and the 
joint distribution of N(Ai+t) for i=l, •.• ,n dose 
not depend on t, where A+t = tx;x=a+t for any 
aEA}. We denote the arrival process of customers 
of BP/GI/l by {N(.)} • As introduced in Section 1, 
we assumed that {N(.)} is a stationary Poisson 
cluster process, where each cluster contain k+l 
points (one parent and k children) and the 
intervals of points in the same cluster is a. We 
denote the arrival rate of parents byA, and so 
EN«O,l])=A(k+l), where E denotes an expectation. 
All informations on a point process is given by 
its gfl. (generating functional). For {N(.)}, we 
can easily get its gfl •• But we can also obtain 
our interested characteristics by an elementary 
calculation, and so we do not use gfl •• Let S be 
the service time of the n-th customers, wherenthe 
first customer after time 0 is numbered 1. We 
assume that Sn is i.i.d. and independent of the 
arrival process. The distribution of S is denoted 
by G, where G is assumed to have the first two 
moments, and the suffix of S is abbreviated. The 
abbreviation of suffixes is always done in the 
later if there is no confusion. The mean and 
variance G are denoted by m and ~2, respectively. 
Related to N(.) and Sn' we introduce the count 
N(t) and the total work load K(t) for any t~O by 

N(t) 

K(t) 

N«O,t]) 

Sl+" ,+SN(t) 

(1) 

(2) 

Those two quantities can be easily handled in the 
theory of point processes. On the other hand, we 
can also consider the arrival process by the 
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sequence of interarrival times £Tn}' where Tn 
denotes the time between the arrival epochs of 
the n-th and (n+l)-th customers. (Tn} is 
stationary under the condition that the l-st 
customer arrives at time 0. In general, this 
sequence is correlated and its joint 
distributions are very complex. But, its 
one dimentinal distribution F is very simple and 
given as follows. 

{

I _ e-A(k+l) t 

F(t) = 1 -A(ka+t) 
1 - k+l e 

(t~a) 
(3) 

In this paper, we are only concerned with 
the queueing process in the steady state. So we 
assume that p = ).,(k+l)m < 1. It is well known 
that there exists stationary queueing processes 
such a queue length process under this 
assumption. We denote them by {L(t», {V(t», {Wn\ for 
the number of customers in the system, the 
virtual waiting time, and the actual waiting 
time, respectively. Note that Wn is stationary as 
a sequence. See [6] for the details of them. 

The purpose of this paper is to give 
approximations for EL in BP/GI/l, where the 
variable of L is omitted since {L(t)} is 
stationary. As easily seen, the arrival process 
of BP/GI/l equals to the compound Poisson process 
with a constant size k+l when a=O, and it equals to 
the Poisson process with a parameter A(k+l) when 
a=+I>O. Hence, in those two extrimal cases, EL is 
well known and given as follows. 

Lemma 2.1 In BP/GI/l, we have, for a=O, 
? 2 

EL = 2 (l-p) (k+2+P(S -1» (4) 

and, for a=+OO, 

EL = 2(1~P)(1+P(~2_l» (5), 

where a = <f/m. 

By the continuity qf queues (cf. [2]), EL 
converges to those two cases as a tends to 0 or 
to infinity, respectively, since the arrival 
process converges to the compound Poisson or 
Poisson process. This asymptotic property is 
prefer to hold for approximations of EL. 

3. APPROXIMATIONS 

In the following subsections, we consider 
various approximations for EL of BP/GI/l. 

3.1 GI-type approximation 

Murao [7] proposed the approximation by 
GI/GI/l queue, where the distribution of T is 
assumed to be F. Since EL of GI/GI/l is not 
known, she considered the case that S is 
exponentially distributed, i.e., BP/M/I. Denote 
the Laplace transform of F by 1's) and the root 
in the unit circle of the equation 

z = j(P.(l-z» 

by~. Then, Murao's approximation of EL for 
BP/M/l is given by 

p 
EL(MUR) = 1-0( (6). 

EL(MUR) converges to the exact value as a tends 
to infinity but converges to 2(k+1)/(k+2) times 
of the exact value as a tends to O. Thus, this 
approximation is not good for small a. Our 
numerical test shows that it is not so good even 
for large a. Murao pointed out that this 
approximation ignores the correlation of {Tn} and 
so it is only appricable when the correlation is 

small. 

3.2 Batch-type approximation 

When a is sufficiently small against m, we 
can expect the service of customers is done like 
as in a .batch arribal M/G/l queue with high 
probability. So we consider modify EL of the 
batch arrival queue. Note that the difference of 
total waiting time of customers in the same 
cluster (or batch) between the batch arrival 
queue and BP/GI/I is ak(k+I)/2 if there is no 
idle time during their service. By Lemma 2.1, we 
give the approximation by the batch arrival queue 
by 

EL(BAT)=2(I~f)(k+2+;(~2-1»-~ak(k+I)/2 (7) 

Our numerical results show that this 
approximation is very good for a less than m/2. 

3.3 New-type approximation 

The above two approximations is simple but 
very restrictive in applications. Here we 
consider an approximation appricable for all a. 
First, one may think about the heavy traffic or 
diffusion approximation (cf. [2]). In those 
approximations, N(t) or L(t) is approximated by a 
diffusion process. There are two not good points 
of those approximations. One is that it is good 
only for a high traffic case, and the other is 
that Var(N(t» or Var(K(t» is approximated by a 
linear function of t even though it is not 
linear. This non-linearity is essential in 
BP/GI/l since Var(N(t»/t equals to A as t tends 
to 0 and to A(k+l) as t tends to infinity. Hence, 
we need to consider an approximation in which 
this non-linearity is effective. For this 
purpose, we use the interesting result obtained 
by Ben~s [1]. His result is given for the virtual 
waiting time process in G/G/I, where G/G/I denote 
a single server queue with a stationary input. He 
was only concerned with the process starting time 
o under the condition that the system is empty at 
time 0, which is not stationary. It is easy to 
extend his result to the stationary virtual 
waiting time process {Vet)} since we know the 
existence of it. Thus, the following theorem is 
slightly different from his result itself (cf. 
also p.29 of [3]). 

Theorem 3.1 (Benes [1]) In G/G/I, if the traffic 
intensity I' <"1 then we have, for any w'70, 

Sw P(V(0)7u)du 
o +00 

= (l-P») P(O<K(u)-u<wjV(O)=O)du (8). 

° In particular, 
+DO 

EV (0) = (l-P») P (O<K(u) -u Iv (0) =0) du (9) • 
o 

From the well known invariance relations 
(cL [6]), 

EL = Aa(EW+m) (10) 

EV ~ (mEW + E(S2)/2) (11) , 
a 

we have 

EL = (EV - ')..aE(S2) /2) /ro. + p (12), 

where Aa = A(k+l). Hence, from (9) and (12), we 
can get EL if the integration in (9) is obtained. 
In general, this integration is very difficult 
since the term conditioned by V(O)=O is 
contained. 

In BP/GI/I, we approximate 
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P(O<K(u)-ulv(o)=o) by P(O<K(u)-uIN«-b,O])=O), 
where b is a nonnegative constant, which is 
determined later. Then we can calculate this 
approximate value in principle since parent 
customers in BP/GI/l form a stationary Poisson 
process. However, its expression is very 
complicated and its integration is difficult even 
numerically. So we give a further approximation 
for it by assuming the normal distribution with 
the same mean and variance. This two steps of 
approximations are essential here. Thus we need to 
evaluate the mean and variance of K(u)-u 
conditioned by N«-b,O])=O. Let 

Nb(u) N(u)-M(b,u) 

~(u) Sl+ ••• +SNb(U)' 

where M(b,u) is the number of customers arrived 
in the interval (O,u] whose parent or some of 
other children arrived in the interval (-b,O]. 
The following lemma is easily obtained from 
Poisson properties of the parent customer 
process. 

Lemma 3.1 In BP/GI/l, we have 

E(K(u)\ N«-b, 0])=0) = mENb (u) 

E«K(u)-mENb (u»2\N«-b,0]=0) 
2 2 

= ~ ENb(u)+m Var(Nb(u» 

(13) 

(14) • 

The calculation of E(Nb(u» and Var(Nb(u» 
are not difficult if we note that only cutomers 
arrived in the interval (-ka,O] affect the 
arrival process after time O. The results are 
given in the next lemma. 

Lemma 3.2 In BP/GI/l, we have, for j=1,2, •.. , 
if O<u-ja~max(O,a-b), then 

ENb (u) =). (u(k+l)-bjk (2k-jk+l) /2) (15) 

Var (Nb (u» =).~ (2j k +l)k-j~+jk +l)u 

-ajk(jk+l ) (3k-2(jk-l »/3 

-bjk «jk +1) (2j k +1)+6j k (k-jk»} (16), 

and, if max(O,a-b)< u-ja~a, then 

ENb(u) = A(jk+l ) (u+a(k-j k)-b(2k- j k)/2) (17) 

Var(Nb(u» =AtU k+l)(6(jk+l )u 

+a(6k(jk+l)-2jk(4jk+5» 

-b(6k(jk+l)-jk(4jk+5»/6} (18), 

where jk min(j,k). 

The expression of (15),.., (18) may seem to be 
complex, but they are linear function of u for 
each interval. Thus, the right hand sides of (13) 
and (14) are also linear in each sub-intervals. 
We denote them c(t) and d(t), respectively. Then, 
the approximation for EV is given by 

+00 (+00 1 2 2 
EV(app) = (I-f) J) an. e -y / dydu 

+00 0 p(u) 
l-PJ _p2(u)/2 = m up' (u)e du (19), 

o 
where 

p(u) u-c(u) 
dTt0 (20). 

Hence, our approximation for EL is given by, 

EL (app) = EV(app) + P(1-S2» (21) 0 

m . 
We remark that EL(app) is exact for a=O and 

a=+oo, i. e o, its values equal to those of M/GI/l 
and the batch arrival M/GI/l, respectively. This 

fact easily proved if we note .that p(u) 
= constx[U. Further, EL(app) depends continuously 
on a and therefore EL(app) satisfies the 
asymptotic property discussed in the end of 
Section 2. Now we are assuming that b is constant 
with respect to a but arbitrary. We need to 
determine a suitable b, which is an approximated 
value for the minimum time s such that 
N«-s,O])=O implies V(O)=O. By considering this 
property of b and numerical tests, we propose the 
following value for it. 

b = p2m/ (l-P) (22) 

In the next section, we consider this case and 
the case of b=O. Except a very light traffic 
case, b of (22) gives fairly good approximations 
for all a. 

4. NUMERICAL CONSIDERATION 

We compare numerical values of 
approximations discussed in the previous section 
with simulation results. We have performed 
simulations for various distributions of the 
service time. But we consider only BP/M/I with 
3 children here since other cases are not so much 
different from this case. We consider the cases 
that m=O.l, a=O.OOl, 0.01, 0.05, 0.1, 0.5, 1, 2 
and 10. Results are given in Tables 1. In 
BP/GI/l, there is no exact result except the 
extrimal cases, whose values are given in 
Table 2. Therefore, reliability of simulation 
results is important. Our simulation has been 
done in personal computers (PC-980lF of NEC) and 
it is programed by language C (Lattice C). We 
used two series of random numbers, one for the 
arrival process and the other for the service 
time, and those random numbers, which are 
generated by multiplicable congruential method, 
are chosen so to satisfy several statistical 
tests for about 150000 runs. We determine the 
length of simulation runs by counting the number 
of busy cycles until the rate of the length of 
95% reliable interval to the mean busy cycle is 
less than 1 plus 2.5%. 

In Table 1, (sim) , (appl), (app2), (MUR) and 
(BAT) denote the simulation result of EL, EL(app) 
of b given by (22), EL(app) of b=O, EL(MUR) and 
EL (BAT) , respectively. To calculate the values of 
EL(appl) and EL(app2), we use numerical 
integrations by simple rectangle approximation. 
The reason why ¥e give (app2) is that this case 
disregards the condition V(O)=O and it is one of 
the worst selections of b. Comparing Table 1 with 
Table 2, we see that our simulations gives very 
good values in the extrimal cases. From Table 1, 
we can see the following points. 

(i) (BAT) gives very good values for a less 
than m/2 and not so bad even a less than m. 

(ii) (appl) is fairly good for all a except 
p= 0.1 and 0.9, which cases are not so bad. 

(iii) (app2) behaves like (appl) for P less 
than 0.5 and so it is also fairly good. But, for 
f greater than 0.5, (app2) is not good. 

(iv) (MUR) is not good except the case that 
a is about O.l. 

The reason why (appl) and (app2) is less 
good for? =0.1 seems to be due to the assumption 
of normal distribution. And its improvement seems 
to be difficult unless we remove the assumption. 
On the other hand, for P =0.9, we may improve 
(appl) by chosing more suitable b. 
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5. CONCLUDING REMARKS 

In this paper, we proposed two 
approximations EL(BAT) and EL(app) for BP/GI/1. 
EL(BAT) is very simple but appricab1e only for 
small a. On the other hand, EL(app) is 
complicated but appricab1e for all a. Actually, 
it takes longer time (more than 5 hours in the 
worst case) to compute EL (app1), where we use 
FORTRAN on a personal computer. Nevertheless, 
the author hope this type of approximation will 
be used furthermore since it has a possibility 
appricab1e to other queueing models. For example, 
we can apply this method to GI/GI/1 queue. In 
this case, we pot b=O, then we have 

ENO (u) = ~u (23) 
3 2 

Var(NO(u» = .A /3 (24), 

where 1/~ and ~are the mean and variance of the 
interarriva1 time T. Hence, we obtain 

EL (app) P(/JE(S2)/m
2
+().f»2-1) + p (25), 

2 (l-p) 

where p = Am. This EL(app) is known as one of 
good approximations for EL (cf. [6]). We are 
only concerned with the mean of L, but it is 
noted that our approximation is possible also for 
higher moments of L. 

Finally, the author thanks Mr. H. Miyazawa, 
M. Sasaki and T. Sumino of my laboratory for 
performing simu1ations and some of calculations. 

Table 1 Nume~ica1 results of BP/M/1 
(k=3, ES=O.l) 

Pia 0.001 0.01 0.05 0.1 0.5 

0.1 

a = 

Pia 

0.3 

0.2776 0.2645 0.2148 0.1741 0.1125 
0.2661 0.2286 0.1530 0.1234 0.1111 
0.2733 0.2381 0.1556 0.1241 0.1113 
0.4411 0.4117 0.2948 0.1952 0.1117 
0.2763 0.2627 0.2028 0.1277 

1 2 10 (MRE) 

0.1113 0.1115 0.1111 
0.1111 0.1111 0.1111 
0.1113 0.1111 0.1111 
0.1111 0.1111 0.1111 

(29.2%) 
(28.7%) 

0.001 0.01 0.05 0.1 0.5 

1.0680 1.0289 0.8814 0.7461 0.4824 
1.0593 0.9403 0.8297 0.7365 0.4626 
1.0670 1.0371 0.9173 0.8015 0.4779 
1.7015 1.5888 1.1536 0.7828 0.4314 
1.0669 1.0264 0.8464 0.6214 

a = 1 2 10 (MRE) 

0.4391 0.4255 0.4289 
0.4312 0.4286 0.4286 
0.4335 0.4286 0.4286 
0.4286 0.4286 0.4286 

(8.6%) 
(7.4%) 

Pia 0.001 0.01 0.05 0.1 0.5 

0.5 2.4814 2.4124 2.1870 1.9462 1.3516 
2.4873 2.3633 1.8317 1.8173 1.3636 
2.4974 2.4751 2.3791 2.2680 1.6564 
3.9701 3.7093 2.2794 1.9014 1.0083 
2.4925 2.425 2.125 1.75 

a = 1 2 10 

1.1514 1.0481 1.0022 
1.1459 1.0813 1.0000 
1.2983 1.2983 1.0677 
1.0001 1.0000 1.0000 

(MRE) 

(16.9%) 
(22.6) 

(sim) 
(app1) 
(app2) 
(MUR) 
(BAT) 

(sim) 
(app1) 
(app2) 
(MUR) 

(sim) 
(app1) 
(app2) 
(MUR) 
(BAT) 

(sim) 
(app1) 
(app2) 
(MUR) 

(sim) 
(app1) 
(app2) 
(MUR) 

(BAT) 

(simj 
(appl) 
(app2) 
(MUR) 

Pia 0.001 0.01 0.05 0.1 0.5 

0.7 5.8231 5.7751 5.3075 5.0763 3.9745 (sim) 
5.8188 5.6904 5.1203 4.4592 3.5604 (app1) 
5.8319 5.8183 5.7586 5.6853 5.1531 (app2) 
9.2636 8.6600 6.4543 4.6209 2.3587 (MUR) 
5.8228 5.7283 5.3083 4.7833 (BAT) 

a = 1 2 10 (MRE) 

3.4559 2.8578 2.3236 (sim) 
3.2652 2.8011 2.3219 (12.2%) (app1) 
4.6102 3.8299 2.4042 (34.0%) (app2) 
2.3335 2.3333 2.3333 (MUR) 

PIa 0.001 0.01 0.05 0.1 0.5 

0.9 22.483 22.363 21.906 21.443 19.175 (sim) 
22.479 22.348 21. 755 21.027 15.974 (appl) 
22.493 22.489 22.469 22.444 22.251 (app2) 
35.731 33.421 25.218 18.559 9.1417 (MUR) 
22.486 22.365 21.825 21.15 (BAT) 

a = 1 2 10 (MRE) 

18.402 16.402 12.924 (sim) 
12.731 12.365 10.608 (30.8%) (app1) 
22.006 21.529 18.308 (41. 7%) (app2) 
9.0009 9.0000 9.0000 (MUR) 

MRE = Maximum relative error 

Table 2 Two extrima1 cases of BP/M/1 
(k=3, ES=O.l) 

Pia 0 (Batch arrival) +00 (Po is son) 

0.1 0.2777 0.1111 
0.3 1.0714 0.4286 
0.5 2.5 1.0 
0.7 5.8333 2.3333 
0.9 22.5 9.0 
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