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ABSTRACT 

The queueing system M/G/l with unit-service 
and bulk-service is analyzed from a new point of 
view. Some relations among the moments of queue 
length distribution are first found, and the n-th 
order moment, n ~ S, is derived by using the k-th 
order moments, k-< n, where S is the maximum 
batch size of bulk-service queue. It is noted 
that the above derivation is made without the 
zeros of the denominator of probability generat
i~g function for queue size. 

1. INTRODUCTION 

Queueing systems are analyzed for the 
various congestion problems occured in the tele
communication system and the computer system. 
The present paper investigates the congestion 
characteristics of bulk-service queueing system 
M/G/l(bulk), which includes the ordinary unit
service system M/G/l as a special case, from 
a new point of view. The relations are found 
among the moments of queue length distribution, 
and the n-th order moment, n ~ S, is expressed 
by the k-th moments, k < n, where S is the 
maximum batch size. 

It is noted that the formulas are given by 
the same expressions for both the bulk-service 
system and the unit-service system. 

The moments of queue length distribution, 
such as the mean and the variance, are usually 
obtained by differentiating the probability 
generating function of queue length, after the 
derivation of the probability generating 
function with the aid of zeros of its denominator. 
The present investigation is motivated to find 
a new approach in which no zeros are required. 

2. DESCRIPTION OF QUEUEING SYSTEM 

In the system M/G/l(bulk) , calls (or jobs) 
randomly arrive at the system with rate A. The 
service times are identically distributed, 
mutually independent random variable with distri
bution B(t). It is assumed that 

JOOtn dB(t) = bn < 00, n ~ 1. (1) 
o 

The calls are served by a single server in 
batches, according to the following discipline. 
Let sand S be non-negative integers satisfying 
o ~ s ~ S < 00. The server commences his 
services only if there are at least s calls in 
the queue. If the number of calls in the queue 
is from s to S (s and S are included), the entire 
calls are served in a batch, whereas, if it is 
greater than S, only S calls are taken into 

service. This discipline is called a general 
bulk-service rule [1], and the system includes 
many typical bulk-service queueing systems as 
special cases. 

If s = 0 and S > 0, the system is the 
classical bulk-service system discussed by 
Bailey [2], if s = 1 and s ~ S, the system 
discussed by Le'Gall [3], and if 0 < s = S, the 
system by Fabens [4]. If s = S = 1, the system 
is reduced to the ordinal (unit-service) system 
M/G/1, and if s = 0 and S = 1, the system 
M/G/1 with enforced idle time [5]. Since the 
paper investigates the general bulk-service 
system, the ordinal system M/G/1 is naturally 
included. 

3. ANALYSIS 

Let tk and tk be the epochs at which the 
k-th service commences and finishes, respectively. 
Put qk be the queue length at tk (qk does not 
include the calls that are about to-be served), 
and r be the number of arrivals during the k-th 
service. Consider 

qk + r, 

then there are three cases: 

(i) qk +r~ S 

(ii) S > qk + r ~ s 

(iii) s > qk + r ~o 

In the first case, S calls are served in the 
(k+ l)-st service, which commences at tk tk+l' 
The queue length is expressed as 

(2) 

In the second case, the entire calls are 
served in the (k+ l)"":st service, which 
commences at tk = t k+1 • The queue length is 0, 
that is 

qk+1 = o. (3) 

In the third case, the (k+ l)-st service is 
postponed until the queue length attained to s. 
Thus, in this case, t k+l > t

k
, and the entire 

calls are served, 

qk+l = O. 
(4) 

Define U(qk' r) the number of calls having 
. the following two properties: (1) the calls are 
served in the (k+ l)-st service, (2) the calls 
arrive at the system until the epoch t k • Then, 
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r for (i), 

U(qk' r) qk + r, for (ii), (5) 

qk + r, for (iii). 

Thus, defining 

d(qk' r) S - U(clk' r), (6) 

Eqs. (2), (3) , and (4) are unified in a single form: 

qk+1 = qk + r - S + d(qk' r). 

From Eqs.(5) and (6), ' the relation 

{qk+r- S}i{d(qk' r)}j 

= (-l)i{d(qk' r) }i+j , j > 0 

(7) 

(8) 

is obtained and, by taking n-th power of both hand 
sides of Eq. (7), 

n }n {qk+1} = {qk+ r - S 

n n n-j j 
+j~l(j){qk+r-s} {d(qk' r)} 

= {qk+r-S}n - {-d(qk' r)}n, n> 0 

(9) 

holds. 
Now, consider the Tay1or's expansion of 

f(x+n), then, with the aid of Eq.(9), 

f(x+qk+1~) = f(x+ [qk+r- S]~) 

- f(x-d(qk' r)~) + f(x) (10) 

is derived. 

f(x) = 
Put 
-x 

e 

then Eq.(10) leads to 

e -qk+1 ~ = e -(qk +r - S)~ _ e d(qk' r)~ + 1. 

(11) 

Put e~ = l+e, and denote 

(x)n = x(x-1)(x-2)·· .. ·(x-n+1), 

then the left hand side of Eq.(ll) is written as 

(12) 

and the first and second terms of the right hand 
side are written as 

(l+e)-(qk+ r - S) = 1 + 

(-{qk+ r - S})n+l 

n=O 

E 
n=O 

(n + I)! 

1 + 

(d (qk' r) ~+1 _______ en+1 . 

(~+ 1) ! 

(13) 

(14) 

Since the coefficients of en+1 (n~O) in Eq. (12) 

must coincide with the sum of the coefficients of 
en+1 in Eqs.(13) and (14), it is given that 

n+1 
(-1) qk+1 (qk+1 + 1) (qk+1 + 2)··· (qk+1 + n) 

n+1 
(-1) (qk+r - S) (qk+r - S+1) (qk+r - S+2) 

····(qk+r-s+n) 

- {d (qk' r)}{d (qk' r) - l}{d (qk' r) - 2} 

•••• {d(qk,r) - n}, 

for n~ O. (15) 

Since 

d (qk' r) 

the relation 

o or 1 or 2 or ····or S, 

d(qk' r){d(qk' r) -l} ••••• {d(qk' r) - n} 

must hold for n ~ S. Thus 

qk+1 (qk+1 + 1) (qk+1 + 2)···· (qk+1 + n) 

(qk + r - S) (qk + r - S + 1) (qk + r - S + 2) 

····(qk+r-S+n), n ~ S ~ 1 

(16) 

is derived. Using the well-known formula 

t(t+1)(t+2)····(t+n-1) 

= ¥ (_1)m+n s(n, m)tm, 
m=l 

for n~l, 

where s(n,m) is the first kind of Stirling's 
number, Eq.(16) becomes 

n+1 n m+n+1 m 
{qk+1} + m~l (-1) s(n+l, m){qk+l} 

o 

{qk}n+l + E (n-:l) (r _ S)n+1-j {q }j 
j=O J k 

n m+n+l m 
+ E (-1) s(n+l,m){qk} 

m=l 

n m+n+1 
+ E (-1) s(n+1,m)x 

m=l 
m-I 

[E m m-j}j 
j=O (j)(r-S) {qk]' 

for n ~ S ~ 1. (17) 

Now, assume that the queue is in statistical 
equilibrium, then 

for n ~ 1 

is satisfied. By taking the expectation for both 
sides of Eq.(17), it is obtained that 
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n m+n+l + L (-1) s(n+l,m)x 
m=l 

for n ~ s. (18) 

Eq.(18) is expressed in a slightly modified form: 

(n+l) E[r _ S]E[qn] + n;? (n:-l)E[ (r _ S)n+l-j ] 
n j=O J 

XE[qj] + ~ (_l)m+n+ls(n+l,m)m~l(~) 
m=l j=O J 

0, n ~ S. 

(19) 

By exchanging the order of summations on the 
third term of the left hand side in Eq.(19), it 
is obtained that 

1 n~l 1 1 . 
(n+ )E[r-S]E1qn] + L (n:- )E[(r_S)n+ -J] 

n j=O J 

XE[qj] + n~l Elqj] ~ (_l)m+n+l 
j=O m=j+l 

xs (n+l,m) (~)E[ (r - S)m-j ] 
J 

(n+l)Elr _ S]Elqn] + n~l E[qj ]x{ (n:-l) 
n j=O J 

x El (r _ S) n+l- j ] + ¥ (_l)m+n+l 
m=j+l 

x s (n+l ,m) (~) EICr - S)m-j ]} 
J 

+1 n~l . 
(n )E[r - S]E[qn] + 1: E[qJ] 

n j=O 

x 
n+l m+n+l m m-j 

L (-1) s(n+l,m)(.)E[(r-S)] 
m=j+l J 

= 0, for n ~ S. (20) 

Thus, the n-th order moment of queue length 
distribution El qn] is der'ived as 

n-l . n+l m+n+l . 
L E[qJ] L (-1) s(n+l m)(~)EICr-S)m-J] 

j=O .. m=j+l J 

(n + l){E[ S] - E [r]} 

for n ~ S ~ 1. (21) 

Eq.(2l) shows that the n-th order moment, 
(n ~ S), of queue length distribution is expressed 
by the k-th order moments, (n > k ~ 1). Then, 
by substituting the i-th moments, (1 ~ i ~ S - 1), 
into the j-th moments, (S ~ j ~ n - 1):- re-;;:urrent
ly, any moment the order of which is equal to or 
greater than S is principally expressed only the 
first S - 1 moments. 

4. EXAMPLES 

In this section, special cases when S = 1 and 
S = 2 are considered. Applying the formula derived 
in the previous section, the moments of queue 
length distribution are explicitly calculated. 
It is shown that the moments obtained by the 
formula coincide with ones by differentiating the 
generating functions in the ordinary method. 

4.1 M/G/l system 

Putting S = 1 in Eq. (21), the n-th order 
moment (n ~ 1) of queue length distribution in the 
system M/G/l with unit-service is obtained. 

For the sake of notational abbreviation, let 

r[qn] 
E[rn ] 

E[qo] 

Then, for 

Qn' 

Rn' 
Qo 1. 

n=l and n = 2, 

2 m+2 m m 
m:l(-l) s(2,m)(0)E[(r-l)] 

2(1 - RI) 

(RI - 1) + (R2 - 2Rl + 1) 

2(1 - RI) 

(22) 

(23) 

1 2 . 
L Qj L (_l)m+l s(3, m) (~)E[ (r _l)m-J ] 

j=O m=j+l J 

3Ql (R2 - 1) + R3 - RI 

3(1 - RI) 
(24) 

are obtained after a little calculations. It is 
easily verified that Ql and Q2 coincide with the 
first and second order moments of queue length 
distribution derived by the ordinary method. 

Let Pr' (r=O, 1,2,·····), be the probability 
that r calls arrive at the system during a service 
interval (tk' t k), (k=O, 1,2,·····), K(z) be the 
probability generating function of {Pr}' and S(s) 
be the Laplace-Stieltjes transform of service 
time, i.e., 

00 
e~A t 0\ t) r 

P f dB(t) (25) r 0 r! 

00 /XJ e - At(l- z) dB(t) K(z) L P zr = 
r=O r 0 

S[A(l-z)]. (26) 
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Thus, using Eq.(l), the moments of the number of 
arrivals are given by 

E[r] K' (z) I z=l 

K"(z)1 + K'(z)1 z=l z=l 

E[r3] = L r3 Pr 
r=O 

(27) 

(28) 

K"'(z)lz=l + 3K"(z)l z=1 + K'(z)lz=l 

A 3 b3 + 3A 2 b2 + A bl . (29) 

Since the probability generating function of 
queue length distribution at the epochs just 
after the services commence is given by 

G(z) 
(1- A)(l- z) 
K(z) - z 

the first and second moments are calculated as 

(30) 

+ 3 (1 - A b
l

) • 

(31) 

The well known Pollaczek-Khintchine formula gives 
the probability generating function of the number 
of calls in the system at the epochs just after 
the services commence (which is also the number 
of calls in the queue at the epochs just before 
the services commence), and also gives the mean 
number of calls. Denote the mean number of calls 
in the system just after the epochs by ml' Then, 
by Eqs.(27) and (30), it is obtained that 

(32) 

It is easily seen that the first moment Q
l 

given 
by Eq.(23) coinsides with one derived from the 
Pol1aczek-Khintchine formula. Next, denote the 
variance of calls at the same epochs by 0 2 . 
Then, by the definition, 

(33) 

Substituting Eqs.(27), (28), (30), and (31) into 
the right hand side of Eq.(33), it is shown that 

the second moment given by Eq.(24) coinsides with 
one given by the Pollaczek-Khintchine formula. 

4.2 MIDIl system with enforced idle time 

Consider the queueing system MIDIl with 
enforced idle time, which is a special case of 
the system M/G/l with the same property 
investigated by Powell et al.[5]. Let wn be the 
number of services during waiting time. Thus, 
a call is served at the (n + 1) -st service after 
its arrival. In this section, the stochastic 
property for wn is studied instead of one for 
waiting times. It is only based on the 
theoretical simplicity. 

Let gn be the probability with which the 
number of calls is in the queue at the epochs 
just after the services commence, and G(z) the 
generating function of {gn}' Let W(z), G(z), and 
K(z) be the probability generating functions for 
{wn}, {gn}' and {Pr}' respectively, then 

W(z) = ~ w zn [G(z) - (l-A)]/A (34) 
n=O n 

00 (l-A)(l-z) 
G(z) L g zn = (35) 

n=O n K(z) - z 

00 e-A(l-z) K(z) = L Pr zr (36) 
r=O 

are derived. By the ordinary calculations, the 
mean and the variance for wn are 

lim dW(z) A 
w 

z+l dz 2 (1 - A) 
(37) 

2 2 - 2 I' d W(z) 
ow 1m--- +w - (w) 

z+l dz 2 

A2 (2+A) + A 

6(1- A)2 2 (1 - A) 
(38) 

4(1-A)2 

By putting bn = 1 , (n = 1,2,' •••• ), in Eqs. (30) and 

(31), the first and the second moments of queue 
length distribution are given 

2(1-A) 

3Ql (R2 - 1) + R3 - RI 

3(1- RI) 

A3 (2+A) + 3A 2 (1-A) 

6(1-A)2 

(39) 

(40) 

for the epochs just after the services commence in 
the system MIDIl with enforced idle time. Using 
the relation between W(z) and G(z), which is given 
by Eq. (34), and Q

1 
and Q obtained by Eqs.(39) and 

(40), respective1y, it i~ derived that 
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2 
a 

w 

1. 2 (2+1.) 
------~ + -------

6(1-1.)2 2(1- A) 

These results coincide with the ~ and a 2 given by 
Eqs.(37) and (38). The higher order mo~ents of 
wn are usually derived by differentiating W(z) 
for many times (the number of times depends on 
their orders). 

It is noted that the ordinal calculation of 
the k-th order moment (k ~ 3), which is made by 
differentiating W(z), is quite troublesome. The 
present method is tractable to obtain Qn' (n~3), 
in the explicit form, because the recurrent 
computation is efficiently made. 

4.3 M/G/1 system with bulk-service 

Consider the queueing system M/G/1 with bulk 
service, the batch size of which is 2. First, the 
second order moment is derived. Putting S = 2 and 
n=2 in Eq.(21), 

R3 - 3R
2 

+ 2R1 + 3Q1 (R2 - 2R1) 

3(2 - R1) 

(43) 

is obtained with some calculation, Next, if IT(z) 
and ~(z) are the probability generating functions 
of queue length at the epochs just before the 
services complete, and just after the services 
commence, respectively, they are given by 

IT (z) 

Hz) 

L 1T zn 
n=O n z2 - K(z) 

K(z) (2 - A) (z - 1) • ~ 

z2 _ K(z) 1 - zl 

L <p zn IT (z) /K(z) 
n=O n 

(44) 

(45) 

where K(z) is the probability generating function 
of {p } given by Eq.(26), and z in Eq.(44) is a 
zerosrof the denominator of IT(zJ within the unit 
circle. 

By substituting IT(z) in the right hand side 
of Eq. (45), 

~(z) 

where 

(z - 1) (z - zl) 

z2 - K(z) 

(z - 1) (z - zl) 

A(z) 
(46) 

k = 
2 - R1 

1- zl 

A(z) = z2 - K(z) . (47) 

The derivatives of A(z) are written as 

{

AI(Z) 2z-K'(Z), 

A"(z) 2 - K"(z), 

A'" (z) K'" (z), 

and, for z = 1, 

{

AI (1) 

A"(l) 

A" '(1) 

2 - R1 , 

2 - R2 + R1 , (48) 

-(R3 - 3R2 + 2R1)· 

From Eq.(46), the first derivative of ~(z) is 

~'(z) 

and 

~ '(1) 

k· 
{2z -1- zl}A(z) - (z -1) (z - zl)A ' (z) 

{A(z)}2 

k· 
2A(z) - (z - 1) (z - zl)A" (z) 

2A(z)A I (z) I z=l 

=k· 
2A' (1) - (1- zl)A"(l) 

2{A I(1)}2 

Since Q1 = ~ '(1), Q1 is derived as 

__ 1_ _ 2 - R2 + R1 

1- zl 2(2-R1) 
(49) 

Next, the second derivative is also calcula
ted, but the precise form is to complicate to 
write down. So, the main results are only shown. 

where 

= 
2-R1 • 

~"(1) 

B" '(1) -6(2 - R1) (2 - R2 +R1) 

(50) 

+ 2(1- zl) (2 - R1) (R3 - 3R2 + 2R1) 

1 
~"(1) = ---. 
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(2 - R2 + R1) 2 

2(2 - R1)2 

(52) 
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R3 - 3R2 + RI 

3(2 - RI) 
(53) 

From Eqs.(43) and (53), it is shown that the 
second order moment derived by Eq.(2l) coincides 
with one obtained in a usual way. The derivation 
in this subsection is seem to be easier than the 
ordinal method. 

5. CONCLUSION 

The simple relation among the moments of 
queue length distribution in the M/G/l with 
unit-service and bulk-service are derived with
out use of zeros of the denominator of the 
generating function. By the relation the k-th 
order moment is expressed by j-th order moments 
,(j=1,2, •••• , k-l), recurrently. It is 
necessary, however, to obtain the first S - 1 
moments in the other methods. 

Some applications are shown for the ordinal 
M/G/l system, the MIDI 1 system with enforced 
idle time, and the M/G/l system with bulk
service. 
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