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ABSTRACT 

In this paper, we consider a transportation 
type bulk arrival bulk service queueing system 
with composite bulk service discipline as a 
fundamental research on future communication 
networks. In this system, customers arrive in 
group and customers in a group have an identical 
attribute. From the head of the queue, 
customers with the same attribute are served 
within a finite bulk size at the same time. 

For such bulk service queueing system, the 
average queue length of customers in the system 
is approximately analyzed. In our approach, 
each class of customers with the same attribute 
is assumed to form their own queue. ' An 
approximation method for obtaining queue length 
of each queue just before the service occasion 
epoch, where probability generating function 
approach and embedded Markov chain method are 
utilized. Numerical examples show our 
approximation results are well verified by the 
simulation ones. 

1. INTRODUCTION 

This paper considers a queueing system 
where customers arrive in group according to 
compound Poisson process and form a single 
queue. Customers in a group have an identical 
attribute. Waiting customers are served by a 
single server in a bulk service fashion 
according to the predetermined discipline. 
From the head of the queue, customers with the 
same attribute are served within a finite bulk 
size at the same time. Customers in a group 
may not be served simultaneously, then a group 
is divided into two or more subgroups. 
Customers having arrived in different groups can 
be served in the same bulk if they have an 
identical attribute. A service is carried out 
during a time interval between service occasion 
epochs. The time intervals between service 
occasion epochs are independently and 
identically distributed with an arbitrary 
distribution. 

This kind of queueing system can be applied 
to analyse some of stochastic behaviors in 
communication system as a mathematical model. 
Examples are following. In a packet switching 
network, each switching node assembles several 
packets. having the same attribute as a common 
destination into a frame with fixed length. And 
gate nodes perform almost 'the same role to 
connect multiple local area networks through 
terrestrial global network or satellite 
communication network, and in the case of ISDN, 

all external interface will play the same role. 
Even in satellite communication system 
terrestrial stations can be considered to have a 
similar discipline to increase the utilization 
factor in the future. In those cases, a 
customer, an attribute, a server and a service 
time are regarded as a packet, a destination or 
a kind of packet, a switching equipment for 
framing and a time interval of sending a frame, 
respectively. And a service occasion epoch is 
regarded as a time epoch that a gate opens, or 
as a time boundary point of a slot in a 
synchronized system (in this case, the time 
intervals of service occasion epochs are assumed 
to obey a constant distribution). 

The already published works for bulk 
. service queueing systems are almost concerned 
with the systems where all customers have an 
identical attribute, called HBQS(homogeneous 
bulk queueing system). Bailey [1] derived the 
equilibrium distribution of queue length in a 
HBQS, where customers arrive individually, by 
the embedded Markov chain method. Jaiswal [4] 
solved the same problem as the one of Bailey 
except that the maximum number of customers to 
be served at the same time is not constant and 
obtained time-dependent solution by phase method 
[5] Miller [6] studied group arrival and group 
service, namely MX/GY/1 queue. Many researchers 
(Bhat [2] Cohen [3] Neuts [7] et al.) considered 
various versions of HBQS. Watanabe et al. [8] 
proposed Exclusive Group Service (EGS) 
discipline in MX/GY/1 type bulk queueing system, 
where arriving groups have different attributes 
though customers in group have an identical 
attribute. Our model proposed here has a 
composite bulk service discipline which allows 
different groups to have the same attribute. 

For such bulk service queueing system, the 
average queue length of customers in the system 
is approximately analyzed. In our approach, 
each class of customers with the same attribute 
is assumed to form their own queue. There exist 
as many queu.es as the number of different 
attributes. An approximation method for 
obtaining queue length of each queue just before 
the service occasion epoch, where probability 
generating function (p.g.f.) approach and 
embedded Markov chain method are utilized. Our 
approximation results are well verified by the 
simulation results but have tendency to 
underestimate the average number of customers. 
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2. MODEL 

Let us consider a transportation type bulk 
arrival bulk service queueing system model under 
composite bulk service discipline. 

Customers arrive in group according to 
compound Poisson process, that is, the groups of 
customers arrive according to Poisson process 
and the sizes of groups, the number of customers 
in a group, are independent and identically 
distributed with an arbitrary distribution. 
Furthermore ~ll customers of a group have the 
same attribute. The service, which is in batch 
of fixed capacity, begins just after a service 
occasion epoch and the time intervals of service 
occasion epochs are independently and 
identically distributed with an arbitrary 
distribution. The server is able to accommodate 
as many customers as possible within the 
capaci ty if at the back there are the groups of 
customers whose attributes are the same as the 
first one in the que'ue. If there are no 
customers in the queue at the time of completing 
the service, next service does not start as soon 
as the customers arrive at the system but starts 
after a next service occasion epoch. 

In Fig.l, a symbol stands for a customer 
and the same symbol means ,an identical 
attribute. The number figured in a symbol is 
the group number arriving the node. Fig.l-(a) 
shows a situation just before service starting. 
The queue consists of four groups and the number 
of customers of the head group is 2. Customers 
of the head group in the queue have a claim to 
be served at first within the bulk size which is 
4 in this figure. If the server can serve more 
customers yet, he accommodates the subsequent 
customers who have the same attribute as the 
head group. Then, the system state changes as 
Fig.I-(b). In our approach, each class of 
customers with the same attribute is assumed to 
form their own queue (see Fig.2). There exist 
as many queues as the number of different 
attributes. The service discipline is put 
another way as follows. Customers in the queue 
in which the earliest arrival group have joined 

C: Capacity 
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Server Server 

(a) Before service (b) After service 

Fig. 1 Bulk queueing system model 
with composite service discipline. 

are served within the capacity according to FCFS 
discipline. Note that FCFS discipline only 
applies to the customers (or groups) who have 
the same attribute. For example, in the case of 
Fig.2, group 4 is served earlier than group 2 
and 3, although he arrived later. 

Following notations are employed for the 
parameters of this queueing model. 
n: The number of attributes. 
Ai: The arrival rate (Poisson rate) of groups 

of customers whose attribute is i in 
queue 1. (i=1,2,.~.,n) 
The total arrival rate (Po is son rate) of 

b i. 
k . 

groups of customers. A = L: Ai • 
The probability that a group of customers 
whose attribute is i consists of k 
customers at its arrival, where kLl. 

c: The capacity of a server. 
Vet): The probability distribution function of 

the time intervals of service occasion 
epochs. 

cv 
(2) [2] [2] 
(2) & [2] & [2] 

( \ 
Ea Iglol 
Server Server 

(a) Before service (b) After service 

Fig. 2 Equivalent model 'for the bulk service 
quueing system model described in Fig.l. 

3. ANALYSIS 

3.1. Approximate Analysis for Mean Queue Length 

We propose approximation method of 
obtaining a probability generating function for 
queue length of customers immediately before the 
beginning of service under a composite bulk 
service discipline. The outline of our method 
is as follows. We pay attention to the behavior 
of customers who have the same attribute, that 
is, we analyse the average length of tagged 
queue under the assumption that q, the 
probability that customers in the tagged queue, 
if any, are served is obtained. Let us 
introduce the following notations (random 
variables) to formulate our queueing model. We 
assume that queue i is formed by only customers 
whose attribute is i and has an infinite buffer. 
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The time interval of the j-th service 
occasion epoch and j+1-st one. we call 
Vj as j-th time interval. 

The number of arriving customers at 
queue i during the time interval Vj • 

The number of waiting customers in queue 
i immediately before the j-th service 
occasion epoch. 

Y ji: The num ber of customers in queue i who 
are accommodated during the j-th time 
interval. 

Bk
i : The size of k-th arriving custo~er-group 

in queue i. Let us call Bkl as the 
customer-group size in queue i. 

In what follows, we pay attention to queue 
1 (i.e. customers of attribute 1) and analyse 
the queue length of queue 1. To make simple, the 
above random variables are rewritten as follows. 

1 1 1 1 Xj = Xj , Wj = Wj , Yj = Yj , Bk = Bk • 

Accordingly, the following recurrence relations 
can be provided for the queue length W. of 
customers and the number of served customerJ Yj , 
as shown in Fig. 3. 

1 

min[Wi'c] (the case where 
~ustomers can be served) 

o ( otherwise). 

(1) 

(2) 

Eq.(2) shows that the number of served 
customers, Yj , depend~ on whether customers in 
queue 1 can be served or not rather than the 
queue length Wj . Therefore, it is necessary to 
grasp not on IT the situation of queue 1 but 
also that of other queue. We must know which 
head customers of each queue arrive earliest of 

x. 
J 

t 

V. 
J 

Fig. 3 Queue length of customers (W) 

all in order to analyze this system exactiy. 
Thus, an exact analysis is extremely difficult 
for the queueing model like this. Then 
approximation method for queue length W . are 
proposed by using the p~obability that custJmers 
in queue 1 are able to be collected. 

If subscript j of the above random 
variables is omitted, it means that j need not 
be considered. 

First, the probability Pk that k customers 
arrive at queue 1 during a current service is, 

Pk = P~[Xj=k] = Pr[X=k] 

L Pr[X=kIV=t]dV(t) 
k=O 

n 
00 (A1 t ) n* 

= J L exp( -AI t)-, - bk dV( t) 
0H=O n. 

n* ] where bk = Pr[ B1 +B2+ ••• +Bn=k . 

(3) 

The probability generating function, 
p.g.f., P(z) of X is derived from both the 
p.g.f. B(z) of B, Le., the size of a customer 
group at its arrival time, and Vet). 

P(z) = L Pkzk 
k=O 

= ~oo exp( -A1t [l-B(z) ])dV( t). (4) 

B(z) = L bkzk (I zl ~ 1) (5) 
k=O 

According to Eqs.(1) and (3), the following 
equation is held. 

Pr[W j+l=k I Wj=n, Yj=m] (6) 

= Pr[xj=k+m-n] = Pk+m- n (m~n). 

Multiplying by zk on both sides of the above 
equation and adding over k, we have, 

~ Pr[W. l=k I W.=n, Y.=m]zk = p(z)zn-m. (7) 
k=O J+ J J 

Furthermore, the following equation is obtained, 
if Wj and Yj are removed. 

~ Pr[W j+1 =k]zk 
k=O 

P(z) L {Pr[W.=n, Y .=min(n,c) ]zn-min(n,c) 
n=O J J 

+ Pr[W.=n, Y.=O]zn) 
00 J J 

P(z) L {Pr[Wj=n, SV(j)]zn-min(n,c) 
n=O 

+ Pr[Wj=n, NSV(j)]zn) • (8) 

Where, SV(j) and NSV(j) denote the event that 
the customers in queue 1 can be and can not be 
served during the j-th time interval, 
respectively. We introduce the following 
assumptions in analyzing the model 
approximately. The probability that the service 
is available at the j-th service occasion epoch, 
q, is independent of the queue length W., and 
identical. Tpe approximation method fot q is 
explained in Section 3.2. 

3.2A-2-3 
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Introducing Eqs.(9) and (10), Eq.(8) is 
rewritten as follows. 

I Pr[Wj+I=k]zk 
k=O 

P(z) I {q.Pr[Wj=n]zn-min(n,c) 
n=O 

+ (I-q)Pr[Wj=n]zn) 
c-I \' n c 

P(z){q L Pr[W.=n] + q L Pr[Wj=n]z -
n=O J n=c 

+ (I-q) L Pr[Wj=n]zn} • (11) 
n=O 

Defining wk=lim(j -+ oo)Pr[ W .=k] from the 
steady state assumption, the ~.g.f. R(z) is 
gi ven as follows. 

R(z) = L wnzn A(z)/D(z), 
n=O 

where, 
c-I 

q L wn (zc_zn) 
n=O 

A(z) 

and 

D(z) = zC{P-I(z)-(I-q)}-q • 

(12) 

(13) 

(14) 

The c unknown variables wn (n=O,I, •.• ,c-I) 
can be determined from the facts that R(z) is 
analytical in IZI~l and th~t D(z)=O has the c 
zeroes in jzl ~l by Rouche s theorem. If we 
~ssume. that D(z)=O has 1 and ~ i (i=2,3, ••. ,c) as 
~ts s~mple zeroes, wn (n=u,I, ••. ,c-I) are 
obtained as the solution of the following linear 
equ?tions. 

A(1) = D(l) (15a) 
c-I 
L wn(~ ic_~in) = 0 (i=2,3, •• ,c). (I5b) 

n=O 
Eq. (15a) is derived by the equation lim (z 

-+ 1 )R(z) = 1. 
Then, the average queue length of customers 

in queue 1, E[LI] is obtained as follows. 

E[LI] R(1) 
'A(I)D(I) - A(I)D(I) 

2{D(l)}2 
where, 

c-I 
A(1) q L wn(c-n) 

n=O 
c-I 

A(I) q L wn{c(c-I)-n(n-I)} 
n=O 

bC 1) c· q-P( 1) 

and 

b·c 1) c(c-I)q - 2cP(I) 

+ 2{P(I)}2 - PCI) • 

~ 0.1 0.2 003 

Simulation 0.45 0.98 1.61 

Exact 0.45 0.98 1.60 

0.4 

2 . 40 

2.37 

(16) 

(17a) 

(17b) 

(17c) 

(17d) 

0.5 006 

3.33 4~78 

3.38 4.80 

3.2. Approximation method for q 

Introducing the probability, q that 
c u s to mer s in queue 1 can be served, the 
approximate probability generating function R(z) 
for the queue length of customers in queue 1 can 
be obtained in Section 3.1. Whether customers 
in queue 1 can be served depends on not only the 
state of queue 1 but also the states of other 
queues. So it is very difficult to calculate q 
exactly. Then, we propose the following 
approximation equation for q using c, bi(the 
mean group size of customers in queue i), Ai and 
)1 (the mean service rate). 

n A.b. n A.b. 
q ( )1- L ....!....!. )/)1 1 - L ....!....!. (18) 

i=2 c i=2 c)1 

This equation is derived under the 
assumption that a server drops in queue 1, 

~ Ai bi 
( )1- L -) 

i=2 c 
times during )1 times service occasions and can 
collect customers in queue 1. 

4. NUMERICAL EIAKPLF.S AND EVALUATIONS 

We now evaluate the approximation method by 
comparing them with simulations. 

Table 1 shows the validity of our 
s i mulation experiment, where simulation results 
are compared with exact theoretical values 
the case that the number of attributes is equal 
to one (Le., HBQS case), and the time 
intervals of service occasion epochs are 
constantly distributed. 

The following numerical results are derived 
in the case that the sizes, Bl of customer 
groups at their arrival time are according to a 
geometric distribution with the mean equal to bi 
(=I/p), Le., 

bk
i = Pr[Bi=k] = p(1_p)(k-I) (k=I,2, ••• ). 

At first, we show the numerical results in 
the case where the time intervals of service 
occasion epochs are according to an exponential 
distribution with parameter and the number of 
attributes is equal to two. 

Fig. 4 shows the relationship between the 
aver~ge queue length of customers in queue i, 
E[Li] (i=I,2) and the Poisson arrival rate of 
~roups of customers whose attribute is 1, Al 
ln the case where A2=0.I, bI =b 2=3.0, )1 = 1.0 
and c = 5. Lines and symbols present 
analytical results and simulation results 
respectively. From this figure, we find that 
the theoretical results are well verified by the 
simulation results. Further it is found that 
E[Ll] is af~ected by the change of Al but E[L2] 
is not so much. Namely, in such a case, the 
mean queue length of one queue is not much 

0.7 0.8 0.9 Table 1 Comparison between 

7.03 11.4 24.3 simulation and exact. 

7.06 11.4 24.1 
)1 1.0, b = 3.0, c = 3 • 

3.2A-24 
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influenced by the arrival rate of group
customers in other queue. 

Fig. 5 shows the relation between E[L1] and 
c in the case where ' lJ = 1.0, A ~ = 1. ;2= 0.1 and 
b1= b2 = 5.0. As illustrated 1n th1S figure, 
it is recognized that if c is sufficiently 
larger than b1 (=b4), E[L1] changes little. That 
is because all wa1ting customers in the same 
queue are considered to be served at once. 

Next, we consider the case where the 
service occasion epochs have constant time 
intervals and the number of attributes is three. 

In Fig. 6 the relationship between E[L1] 
and A 1 are shown with 1.1= 1.2= 1.3' c=5 and lJ =1.0 
under various value or b1 (=b 2=b 3). It is 
confirmed that slight increase of the bulk size 
of arriving customers causes the large queue 
length in the case of heavy traffic. 
Furthermore, even if the mean .arrival number per 
time (~.e. Ai'bi) is the same, the larger the 
bulk Slze becomes, the more the queue length 
increases. 

Fig. 7 shows the mean queue length of each 
queue as a factor of b1. Similarly to Fig. 4, 
we can say that the mean queue length of one 
queue is not so much influenced by the mean 
customer-group size in other queue. 

Fig. 8 shows the mean queue length for 
various Al in the case where Al b I is fixed to 
0.4, b;2=b 3= 4.0, c=3, lJ =1.0. The fitness of our 
appox1ma tion is not good for the case when the 
average bulk size of another attribute is too 
large. 

In general, our approximation results are 
well verified by the simulation results shown in 
these figures bui has tendency to underestimate 
the simulation ones, which is caused by the 
approxima tion of the probability, qi' that 
customers in queue i, if any, can be served next 
derived. In eq. (18), we assumed ~ bi/c as the 
mean frequency of service per time tor queue i, 
but this value is smaller than exact one because 
a server does not always serve c customers. 
Therefore, the value, q of our method is greater 
than the real one, then mean queue length is 
underestimated. 

Many examples show our approach provides 
approximation results with rather good accuracy, 
and, in general, has the similar tendency with 
these examples. 

5. roNCLUSION 
In this paper, we consider a transportation 

type bulk service queueing system with the 
composite service discipline as a fundamental 
research on future communication networks. In 
our model, waiting customers which have the same 
attribute can be served at the same time. Then, 
the number of the waiting customers with the 
same attribute is the key factor for performance 
of the systems. In our approach, each class of 
customers with the same attribute is assumed to 
form their own queue. An approximation method 
for obtaining queue length of each queue just 
before the service occasion epoch, where 
probability generating function approach and 
embedded Markov chain method are utilized. Many 
examples show that our proposed method provides 
high approximation accuracy evaluating by the 
comparison with the results of simulations. 
With the proposed method, it has become possible 
to evaluate the characteristic quantities of the 
system considered. 

Our .proposed method can be applied to 
analYse some of stochastic behaviors in 
communication system. 
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