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ABSTRACT 

Some results for loss systems with renewal 
inputs are extended to the case of a general 
ergodic input traffic. The formulae obtained 
provide a theoretical framework which can be used 
for some practical calculations. It is assumed 
throughout that trunk holding times are negative 
exponential. For more general holding time models 
see Descloux [1] :, Le Gall [2-5] and Pollaczek 
[6,7] . 

1. INTRODUCTION 

Dimensioning problems in teletraffic are 
frequently attacked via Wilkinson's equivalent 
random method [8] or its extension to smooth 
traffic (Mina [9], Bretschneider [10]). See, for 
example, references [11-17]. These presuppose 
that Poisson traffic is offered to the trunk 
group from which the traffic under consideration 
is imagined to have overflowed. The Poisson 
assumption is not always entirely satisfactory 
and alternatives have been put forward (see Rahko 
[18-20] for the use of a normal distribution, 
Rahko [18,20] for a Weibull distribution and 
Schehrer [21], Harris and Rubas [22,23] for bi
nomial offered traffic). 

A difficulty with assuming a specific struc
tural form of offered traffic is that the traffic 
at hand may not necessarily be able to be pro
duced by the overflow of an input of the type 
considered from a finite trunk group. To cope 
with this problem Potter [24] has produced an 
equivalent non-randOm method wherein an unspec
ified renewal offered traffic is posited . 

The theoretical basis for these ideas lies 
in known formulae due to Palm [25], Takacs [26, 
27] and Cohen [28] for the distribution of carr
ied traffic on primary and secondary trunk groups 
for renewal offered traffic . See references [29-
34] . 

The implementation of the equivalent random 
method is in practice often effected by means of 
approximate formulae found by Rapp [35] from 
numerical calculations. The present author has 
shown [36] how Rapp's formulae may be derived 
analytically as heavy traffic approximations of 
exact formulae of Cohen and Takacs. In fact the 
arguments of [36] enable Rapp's formulae to be 
extended to general renewal offered traffic. 

In this paper we consider traffic which 
constitutes a general strictly stationary and 
metrically transitive stream. For brevity we 
shall term such traffic ergodic . We deal with 
some of the preliminaries required for handling 
such traffic analogously to ordinary renewal 

traffic. This level of generality provides cer
tain theoretical advantages. To begin, we recall 
the result of Palm [25] and Takacs [27] that the 
overflow traffic resulting from offered renewal 
traffic to a negative exponential trunk group is 
itself renewal. It is a severe limitation to the 
applicability of queueing models to teletraffic 
networks that the pooling of renewal streams does 
not, in general, result in a renewal stream. How
ever it is readily shown that the result of any 
sequence of pooling or overflowing of ergodic 
streams is still an ergodic stream. This is in
deed even the case when correlations exist 
amongst streams being pooled. The presence of 
correlations has normally precluded analyses 
even in the restricted context of Poisson streams 
(though see the work of Neal [37]). For a treat
ment of pooled renewal streams see Bech [38], 
Le Gall [39], Padgett and Tsokos [40], Kuczura 
[41] and the author [42]. 

The case of an ergodic stream has received 
very lindted attention in the literature. Fran
ken [43] and Neuts and Chen [44] consider a semi
Markov process. For the general case see Fortet 
[45-47] and Le Gall [4,5,48-50] who employ a 
stochastic integral approach and Finch [51] and 
the author [42,52] who proceed combinatorially. 
The cost of the generality involved is often 
that it is difficult to recover even known for
mulae for simple cases. Thus Le Gall notes that 
some of the general formulae remain extremely 
complicated even when the arrival process is re
newal. However in [50] some simple expressions 
are derived for the case of stationary Poisson 
offered traffic. In this respect the present 
combinatorial approach seems to be fairly satis
factory . 

In the next section the ergodic stream 
overflowing from a finite negative exponential 
trunk group is considered for ergodic offered 
traffic. The overflow overflow sream is charac
terised in terms of the offered stream. The 
trunk occupancy distribution arising when ergodic 
traffic is offered to a hypothetical infinite 
trunk group is determined in section three. In 
section four some initial formulae are presented 
and comments made on the practically significant 
question of peakedness. Attention is given to 
methods of deriving formulae suitable for num
erical calculation from empirical data. 

2. ERGODIC OVERFLOW TRAFFIC 

Arrivals to a group of N negative 
exponential trunks OCCUl-f"at :: instants 
T(O)<T(l)< .•. of an ergodic stream. We 
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define t(j,k)=.(j)-.(j-k), j~k>O, and denote 
by e(n) a random vari~ble with the unconditional 
distribution of t(j,n). It is supposed that 

P[O<t(j,l)<oo]=l. 

The arrival stream may then be characterized 
by the functionals 

WO(sl, •. ,s.)=E[exp(- L s t(m,l))],j~l,~(s )~O. 
J 1~m~j m m 

For clarity, first suppose that N=1. The 
arrival at time .(n+1) will result in an over
flow if the call occupying the trunk at time 
.(n)+O is still present, which for a given seq
uence of arrival instants will occur with prob
ability exp[-~t(n+1,1)], where 1/~ is the mean 
holding time. Hence conditional on an overflow 
event at time .(nO)' the next j overflows occur 
at the instants 

• (n1 )<·(n2)<··<·(nj ) 

with probability 

V(n
O

,n
1

, •• ,nj )= 

L . e -~t(nr,1) n [1-e -~t(k,1)] 
l~r~j kE(no,n. )'{n.} 

J 1 

where (no,nj ) denotes the set of integers n 

satisfying nO<n<nj. 

If the overflow stream is characterized by 
the functionals W1(s1, .• ,Sj)' j~l, then 

W1 ( s l' .. , s j ) 

n1=nO+1 n2=nl +1 n
j

=nj _1+1 

E[v(nO, •. ,n.)exp(- L s ten ,n -n 1))] 
J l~r~j r r r r-

j 
=L •• L E[exp{- L [s ten ,n -n l)+~t(n ,1)]} x 

r=l r r r r- r 

nj-no- j 

L (_1)£ L 

£=0 k1< .• <k£ 
exp [-~ t(k. ,1)]] 

k. 1 
1 

where 

u = a 

k.E(nO,n . ),{n } 
1 J r 

L 
m.=m. 1+1 

J J-

m.-j 
J £ 
L (-1) . 

£=0 

Sl.+~ if aE{m.}U«m. 1,m.)n{h }) 1 1- 1 r 

and we take mO =0. 

In the special case of a renewal iput 

Wo(~,·.,up) = n WO(u£) 
l~£~p 

a nd ( 2 .1) beco mes 

(2.1) 

j Pr-1 p -1 
W
1
(sl' •. 's.)= n L L (r )(_1)£ x 

J r=1 Pr=l £=0 £ 

P -£-1 £+1 
[~O(sr)] r [WO(sr+~)] } 

j WOe sr +~) 

r~l 1-WO(Sr)+~0(sr+~) 
This product form agrees with the known re

newal character of the overflow as shown by Palm 
and the formula 

Wo (s+~) 

W1(s) = 1-WO(S)+Wo(s+~) 

given by Tak~cs [27] for the overflow from a 
single trunk • 

By induction or by direct combinatorial 
argument, we may derive the following generaliz
ation of (2.1) to the overflow from a group of N 
trunks, with corresponding functionals 
wN(sl, •• ,Sj)' j~l. 

(N) Suppose j to be a fixed positive integer. Let 
n be a set of integers 

O=n(N)<n(N)< •• <n(N) o . 1 j 

and suppose n(p)~{n{p) n(p) } 
o ' 1 ' .. for O<p<N a.re 

similar sets, subject to the constraints 

n(p)c n(p-1) for O~p~N, with 

(0) (N) 
n ={O,l, .• ,n. } 

J 

(If we imagine the trunks to be ordered 1,2, .. ,N, 
with the overflow from trunk i being offered to 

trunk i+1, then for p>O the elements of n(p) are 
just the indexes n of the time points {.(n)} at 
which an overflow occurs from trunk p.) We rep-

resent a typical collection {n(p);o~p~N} by g and 
denote by G the class of all such g. For each g 
we define H=H(g) to be the class of all families 

h=h(g)={m(p) ;l~p~N} with m(p)c n(p-1), n(p) . The 
(p) (p-1) (p). set m may be empty even when n , n 1S 

not. Finally we take 

1~p~N 

and write the elements of (m(p)Un(P-1)), {a} as 

(p-1) (p-1) 
n a (1) < na (2) < ••• 

Then 

WN(sl, .• ,Sj)= L L L L 
n(N)=l n~N)=n~N)+l gEG hER 

1 J J-1 

£(h) (N) (-1) W
o

(U(1),U(2), .. ,u(nj )), (2.2) 

where, for a particular g and h, 
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Ir representing the indicator function 

Ir(A) = al if rEA 
otherwise 

3. TRAFFIC CARRIED BY AN INFINITE GROUP 

For convenience, we suppose that the call 
arriving at .(a) finds the trunk group empty. Let 

~ = L E[exp(-~ L e(i ))], r~l, 
r l~i < •• <i l~~r m 

1 r 

~a= 1 
r 

S h)= r,n L n , exp[-~(.-.(ii))]' 
a~il< •• <ir~n i=l 

Sa (.) = 1, ,n 

where 

8(.) = sup{k:.(k)~ .}= n. 

Suppose Q is the unconditional mean of 
r,n 

S (.) over (.(n),.(n+l)), this interval being 
r,n 

weighted in proportion both to its length and to 
its frequency in a population of intervals. We 
shall show that Qr n has a well-defined li~t as , 
n~, which may be interpreted as the expected 
value of S at a randomly selected time point 
under steaay~state conditions. If E(t(n,l)) = T, 
we have by stationarity that for r~l 

Q =E(f·((n+)l)s (.)d./(r~T) 
r,n • n r,n 

=E [L n e 
-J.l( ·r(n)-.(i

R
)) 

a~il< .. <ir~n l~i~r 

-~(.(n+l)-.(ii)) 
n e }]/r~T 

l~i~r 

r -J.l(.(n)-.(ii)) 
=E[ L n e 

a~il< •• <ir=n i=l 

r -~(.(n+l)-.(ii)) . 
L n e ]/(rJ.lT) 

a=il< .. <ir~n i=l 

Now r 
Rl~[ L exp(-J.l L e(k ))] = ~ 1 as n~ • m r-

1~k2< .• <kr m=2 

Also, by the Schwarz inequality, 

-2J.l( ·r-l) e.( 1) ~(n+l-ir) 
{E(e )} R2~ L . 

a<i2<· .<ir~ 
x 

. {E[exp(-2j:.Jie(1)]}~ x 

r -2~(i-2)e(1) ~(ii-ii 1) 
n {E [e ]}-

i=2 

~{E[e-2J.le(n+l)]}~ r~l {E[e-2J.lie(1)]}~ 
R.=l 

.;- [l-{E [e -2~ie( 1)] }~] 

-+ a as n~, 

since from the ergodicity assumption 

e(n+l) /(n+l)-+T a.s. as n~.-

Here we interpret the product over i as unity 
when r=l. 

Hence 

Qr,n-+Qr =~r_l/(r~T) as n~ for r~l. (3.1:) 

Also 

Qa n = 1. , 
The probability generating function p(z,.) 

for the number of occupied trunks at time • is 
readily seen to be 

p(z,.)= n [l+(z_l)e-J.l(·-·(i))], Izl~l, 
-r( i)~. 

so that 

k k I ( ) (d /dz )p(z,.) =k! Sk •• 
z=l ,n 

(3.2) 

Suppose that the probability that j trunks 
are occupied at time. is Pj (.), so that 

p(z,.)= L Pj(.)zj, Izl~l 
a~j~co 

Relations (3.2) may be inverted to provide 

(Cf. section three of [33].) 
An asymptotic version of this result may be . 

obtained via (3.1). Suppose the distribution of 
the number of occupied trunks at a randomly sel
ected time point in the steady-state is 

. {p j ; a~j ~co L ' Then we have 

P.=.~ (-l)r-j(jr)~r_l/(r~T), j~l. 
J J=r 

The normalization condition L~Pj=l provides 

Pa=l+ L (-l)r~r_l/(rJ.lT). 
r=l 

( 3.4) 

Equations (3.3),(3.4) generalize the correspond
ing formulae known in the renewal case (cf. 
[33] ) • 

The steady-state version of (3.2) incident
ally provides useful information about moments. 
If the distribution {Pj } has probability gener-
ating function p(z) and M,V,Z denote respect-
ively its mean, variance and peakedness, then 

M=P '(l)=~a/(~T) = l/(~T) , 

V=P"(1)+P'(1)_P'(1)2 =~ /( ' ~T)+M-if 
1 

so that 

z = ~l+l-M 

(cf. Theorem 1 of van Doom [53]). 

4 • PEAKEDNESS PROPERTIES 

By definition, we have 

~l = L E[exp(-J.le(n))] 
n=l 

(3.7) 

(4.1) 

From Jensen's inequality (see, for example [54], 
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page 152), E[exp(-~e(n))] is, for a given mean 
value n~T=n/M, minimised when the distribution 
of ~e(n) is concentrated at that mean, so that 

4>1 ~ L exp(-n/M) = l!Iexp(l/M)-l] . 
n~l 

Hence for offered traf,fic with a given mean M, 
we have from (3.7) that 

Z ~ [l_exp(_l/M)]-l - M 

(cf. [53]). It is evident that equality obtains 
only in the case of deterministic traffic. This 
result had earlier been established in the case 
of renewal traffic (see refs [41,54]). For some 
further work on peakedness in the context of 
renewal traffic see [55-62]. 

A basic property noted in [54] is that in 
the heavY traffic limi t ~-+O the peakedness Z(~) 
converges to 

(4.2) 

where the distribution function F(.) of inter
arrival times is characterized by the functional 

~(s)=I~ exp(-sx) dF(x) , ~(s)~O. 

Here we assume the first two moments of F exist. 
The result may be written 

Z(O)= ~(l+c) 

where c is the coefficient of variation of the 
distribution of inter-arrival times. This prop
erty is, of course, inherited by the overflow 
traffic from a finite trunk group, as is readily 
seen. 

We note that this result needs some modif
ication in the case of non-renewal traffic. A 
simple example of a non-renewal traffic is pre
scribed by the finite order moving average 

p 
t(n,l)= L b x 

\)=0 \) n-\) 
(4.3) 

whe re p is a fixed positive integer, the b's are 
constants summing to unity and (x ) is an indep
endent and identically distributgd sequence of 
random variables. The b's need not all be non
negative if the support of the distribution 
function of the x's is bounded away from zero. 
Let this distribution function be characterized 
by the functional ~(s). Relations (3.7),(4.1) 
give 

Z(~)=l+ L E[exp(-~e(n))] - l/(~T) 
n~l 

(4.4) 

We may substitute for e(n) using (4.3) and imit
ate the development of [36] to show that 

~"(O) 
Z(~)~ 2[~'(0)]2 = ~(l+c') as ~-+O (4.5) 

(with the usual moment assumption). 
This result generalizes (4.2), but the 

coefficient of variation c' now refers to the 
common distribution of the x's rather than that 
of the inter-arrival times for calls. These are 
connected through 

(4.6) 

Now suppose an ergodic stream with mean, 
variance and peakedne'ss M, V ,Z respectively is 
offered to a single trunk to produce an overflow 
with corresponding quantities M',V',Z'. We have 

W ME [exp( -~e( 1))] 

Z-l E[ L exp(-~e(n))] 
n:;:l 

M 

(4.7) 

(4.8) 

The probability that the n-th overflow occurs at 
'r(k) is 

W(k)= L ' { n [l_e-~t(j,l)]} x 

O<hl< .. <h =k jE(O,k) 
n jf{k. } 

l. 
n -~t(h. ,1) 
n e l. 

i=l 

Hence if el(n) is a random variable distributed 
as the sum of n consecutive inter-arrival times 
in the overflow stream in the steady-state, then 

-~el (n) (k) 
E[ Le] = E[ L L W(k)e-~e ]. 
n~l n:;:l k~n 

We may interchange summations and perform the 
inner summation to derive 

E[ L exp(-~el(n))]=E[ L exP{-~(e(l)+e(k))}], 
n~l k~l 

where e(n),e(l) share their most recent offered 
traffic inter-event time. Hence 

Z'-l = EL L exp{-~(e(l)+e(n))}] - M' 
h~l 

In the event that 

E[ L e-~{e(l~+e(n)}]~E[e-~e(l)]E[ L e-~e(n)], 
n~l n~l 

(4.10) 
a comparison of the useful formulae (4.7),(4.9) 
provides 

Z'-l > Z-l (4.11) 
M' ' M 

(compare Theorem 4 of [53]). Relation (4.10) 
holds in the case of a renewal input as a trivial 
consequence of the Schwarz inequality, but we 
cannot expect it to obtain in general. 

If (4.11) holds for overflows from a single 
trunk then it is immediately inherited for over
flows from finite trunk groups. Since M'<M, it 
also implies the result 

Z'-l > min(Z-l,O) 

noted in [54] for the renewal case. The inequality 
M'<M in conjunction with (4.11) also implies 

Z' /M' > Z/M 

that is, the coefficient of variation of the trunk 
occupancy distribution for the overflow exceeds 
that of the offered traffic, a result which again 
is note~ in [54] for the renewal case. 

4.1 Approximate Methods 

In the context of renewal traffic, the equiv
alent random method is a convenient computational 
device to exploit "nice" properties of the Poisson 
stream. It is natural to seek a comparable device 
for non-renewal traffic. Most crudely, one can 
simply ignore correlation effects and employ the 
equivalent random method regardless. If it is 
desired to incorporate correlation effects, there 
is need for some class of non-renewal traffic 
which is relatively straightforward to manipulate 
algebraically . and can be offered to a finite 
trunk group in place of the Poisson traffic of 
the equiValent random method. Such a class is 
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provided by the moving average streams, which 
are only marginally harder than renewal streams 
to handle analytically . (see [42]). Most simply, 
the sequence (x ) of (4.3) can be taken to have 
a common negati~ exponential distribution. The 
analysis of [36] can be paralleled to derive 
Rapp-type approximate formulae. An al ternati ve 
and more direct approach is not to regard the 
non-renewal traffic of interest as the overflow 
from a fictitious trunk group but to approximate 
it directly by a moving average stream. If it is 
desired to allow for correlations between inter
vals t(j,l) and t(j-i,l) for l~i~q say, but not 
for i>q, then a moving average with p=q can be 
utilized. 

Suppose we take the simple case p=l and 
consider the heavy traffic approximation 

, i=2,3. 

A substitution from (4.3) into (4.4) yields 

-1( 2 2 2 2 ) (-2) Z(~)= u2+A b1u2+bObl+bOu2+u2-u3-u2 +0 A • 

(4.12:) 
If the distribution of (x ) is taken to be neg
ative exponential then u2

n= u
3 

= 1, and (4.12) 
reduces to 

In the spirit of the equivalent random method we 
take A as the measured mean traffic and use a 
measured peakedness Z to calculate bO,b

1 
from 

the approximation 

(4.14) 

with bO+b1=1. 

Since the support of the negative exponent
ial distribution is not bounded away from zero 
we should assume bO,b1~0. Relation (4.14) thus 
provides physical values for the coupling coeff
icients b

O
,b1 for smooth traffic with peakedness 

in the range 

Z E [l_J.;A-l,l] (4.+5) 

The above development suggests that some 
smooth traffics may actually be Poisson traffics 
with positive correlations between the lengths 
of successive inter-event times. It may bear 
fruit to examine this possibility empirically. 
In any case the above mathematical device may be 
used to handle some smooth traffics without 
departing from the use of the negative exponent
ial distribution or working with the negative 
trunks of the extended equivalent random method. 

If (4.15) is not satisfied, then a more 
general distribution for the (x ) may be employ
ed for whicb the constants u2 aRd u

3 
lead to a 

different range for Z from that g!ven by . 
4.15) • 
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