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Methods for multihour optimization of link dimensions 
and routing patterns in circuit switched communica
tion networks employing sequential non-hierarchical 
call routing strategies are presented. The accuracy of 
suggested traffic models is evaluated. Time and space 
requirements are discussed. Examples are shown. 

1. INTRODUCTION 

Simulation studies and field experiments demonstrate 
that the traffic handling efficiency of a circuit 
switched communication network can be increased 
considerably if a non-hierarchical call routing strategy 
is used rather than the hierarchical one. Thus cheaper 
networks can be designed for the prescribed grade of 
service levels if non-hierarchical routing is utilized. 

The rapidly growing number of operating SPC 
exchanges interconnected by high-speed signalling links 
makes it possible to apply non-hierarchical routing in 
existing intercity and metropolitan public telephone 
networks. In recent years two such strategies were 
proposed: a sequential strategy called the dynamic 
non-hierarchical routing (DNHR) [1] and an adaptive 
one called the advanced routing [Z]. 

Serious attempts are undertaken to implement these 
techniques in practical networks. In fact DNHR is 
already operating in a subnetwork of the AT & T 
intercity telephone network since July 1984, and it is 
announced in [3] that the entire network of 92 4ESS 
swi tches . will utilize the DNHR strategy by 1987. 

The optimal dimensioning problem for non-hierarchical 
sequential routing, i.e. the problem of finding the 
cheapest configuration of link dimensions satisfying 
the prescibed node-to-node grades of service is harder 
than the analogous one for hierarchical networks. The 
main reason is that in order to find the optimal 
network configuration, not only optimal links 
dimensions must be found, but also the optimal 
routing patterns. This is the essential difference as 
compared with hierarchical networks, in which routing 
patterns are given in advance. 
A non-hierarchical routing pattern optimal for one 
traffic matrix is not necessarily optimal for another 
one. Indeed, considerable savings may be achieved if 
the non-coincidence of busy hours is taken into 
account by the optimization procedure and optimal 
routing patterns are found for different hours. 
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In this paper we shall deal with the multi hour 
optimization problem for networks employing 
non-hierarchical sequential routing, i.e. with the 
problem of finding optimal link dimensions and 
optimal routing patterns for each traffic hour subject 
to the node-to-node grade of service constraints. We 
shall present certain new methods for solving the 
problem. 

2. NETWORK DESCRIPTION 

The structure · of a circuit switched communication 
network is represented by a simple graph G=(V,E) with 
the list of nodes V=(v 1'v Z' ... ,vM) and the list of 

links E=(e
1
,e

Z
, •.. ,eN). Each node corresponds to an 

exchange and each link corresponds to a trunk group 
interconnecting two exchanges. 
If link el interconnects nodes vi and Vj then we 

write el=(vi,v/ The number of circuits on link el' i.e. 

the- link dimension, will be denoted by nr The vector 

of link dimensions is denoted by .!:!.=(n
1

,n
Z

, .•• ,nN). The 

cost of network links, C(n), is assumed to be 
a differentiable function of n-defined for nonnegative 
real vectors. The function 

N 

C(E.) = L C
1

n
1 1=1 

( 2 .1 ) 

will be used as a cost function, where cl:s are link 
marginal costs. 

An ordered pair of nodes r=(v.,v.) is referred to as 
I J 

an origin - destination pair (OD pair). OD pairs will 
be labelled from 1 to K and denoted by r 1,r Z, .•. ,rK. 

In order to characterize the traffic offered to a 
network we use the well known multihour approach 
[4]. We choose a "typical" period of network operation 
(e.g. a day). The chosen period is divided into 
subperiods, called traffic hours, and it is assumed 
that: 

A 1. During each traffic hour the stream of calls 
offered to each OD pair is poissonian with a 
fixed mean interarrival time. These streams are 
independent of each other. 

AZ. Call holding times are independent negative -
exponentially distributed random variables of 
equal mean. 

It follows that the traffic offered to each OD pair in 

4.4A-3-1 



ITe 11 Kyoto September 1985 

any traffic hour is poissonian. The hours will be 
labelled from 1 to H. The mean offered traffic to the 

k:th OD pair in hour h will 
The vector 

h be denoted by Ak. 

h h h h !2 = (A 1 ,A2 ,··· ,AK ) 

will be referred to as the 

(2.2) 

offered traffic pattern in 
hour h. 

Having established the traffic patterns for a network 
a call set-up procedure should be defined for each OD 
pair in each hour. In this paper we shall consider for 
simplicity a class of procedures 'with 2-link alternative 
paths, in which paths are hunted in a predetermined 
order (other possibilities are mentioned in section 8). 
A call set-up procedure for OD pair r=(v"v ,) in hour 

I J 
h is defined by a routing sequence S=(t(l ), ••• ,t(m)) of 
tandem node numbers in the following way. When a 
call arrives, the direct link (v"v,) is tried first 

I J 
(provided it exists). If it is blocked (or does not 
exist), the first tandem node number, say t(s), from S, 
such that the path (vi,vt(s)'v j) is not blocked, is 

determined, and the call is set up along 
this path. If all paths correspon ding to S are blocked 
the call is rejected. 

The routing sequence for the k:th OD pair in hour h 
h 

will be denoted by \. 

Further it will be assumed that: 

A3. Call set-up times and call disconnection times 
are negligible. 

With assumptions Al-A3 a network can be treated as 
an irreducible finite-state Markov chain, and we 
finally assume that: 

A4. In each traffic hour the network is in statistical 
equilibrium. 

For optimization purposes we shall also consider a 
probabilistic extention [1] of the fixed call set-up 
procedure described above. Accordingly, to each OD 
pair k we associate a set of routing sequences 
~=(Skl "",Sks(k)) and a set of corresponding 

, b b'l' d' 'b' h ( h h ) routing pro a I Ity Istrl utlOns ~= Pkl, .•• ,Pks(k) , one 

for each traffic hour h. For a call of OD pair k in 
hour h, the direct link is tried first. If it is blocked 
(or does not exist) a sequence from~, say Sk' 

is chosen with 'probability P~q and the pat~s 
determined by Skq are then hunted in order. If all 

these paths are blocked the call is rejected. 

In the balance of the paper it will be assumed that 
the following data for any considered network are 
given: 

network's graph G=(V,E) 

(ii) list of OD pairs R=(r 1,r 2,···,r K) 

(jiO 
, h h h h 

traffiC patterns !!2 =(A
1

,A
2

, ••• ,A
K

), h=1,2, ••• ,H 

(iv) routing sequences Sh (or sets ~ in the 
probabilistic case) k 

and that assumptions A 1-A4 are fulfilled. 

Let B~ denote the equilibrium probability of 

rejecting a call of OD pair k in hour h. Such 
a probability will be referred to as the node-to-node 
grade of service (NNGOS). The set of NNGOS 

values B~ (h=1,2, ••• ,H, k=1,2, .•. ,K) will be used as the 

performance measure of the network. 

The average grade of service (GOS) in hour h is 
defined as 

h K hh K h 
B = ( L AkB

k
)/( L A

k
). 

k=1 k=1 
(2.3) 

3. OPTIMIZATION PROBLEMS 

The most general optimization problem dealt with in 
this paper is as follows: 

Multihour Optimization Problem (MOP) 

Find 

* a vector n of link dimensions 
* ,- Sh a routing sequence k for each OD pair in each 

design hour, (k=1,2, ••. ,K, h=1,2, ... ,H) 

minimizing the cost function C~) 

subject to the grade of service constraints 

h h 
Bk ::: !3

k 
' k=l, ••• ,K, h=1, •.• ,H (3.1) 

(where ~~:s are given blocking limits). 

In order to solve MOP we shall consider the following 
subproblems: 

Multihour Optimal Dimensioning Problem (MODP) 

F " Sh (k 1 K h 1 H) or given routing sequences k = , •.. " = , .•• , 

find ~ minimizing C~ subject to constraints (3.1). 

One-hour Optimization Problem (OOP) 

This problem is equivalent to MOP with H=l. 

One-hour Optimal Dimensioning Problem (OODP) 

This problem is equivalent to MODP with H=l. 

Routing Optimization Problem (ROP) 

For a given vector ~ of link dimensions and a fixed 
traffic hour h find 

h * routing sequences Sk ' k=1,2, ••. ,K 

minimizing GOS (2.3) in hour h. 

Methods for solving the above problems will be 
presented in the next sections. 

4. THE ONE-PARAMETER TRAFFIC MODEL 

In this section we describe a conventional 
one-parameter model [5,7] for the class of networks 
discussed in section 2. In addi tion to A 1-A4 we make 
the following assumptions: 

4.4A·3-2 



ITC 11 Kyoto September 1985 

A5. The events "link el is blocked" 0=1,2, ••• ,N) are 
independent. 

A6. Traffic offered to any link is poissonian, i.e. 
characterized by one parameter - its mean. 

The mean offered traffic to link el=(vo,vo) in hour h is 
determined by the sum I ) 

ah 
= L a~~ 

1 k ~J 
(4.1) 

where ao~h denotes the mean of the traffic parcel 
I) 

offered to the considered link in hour h and origi
nated at OD pair k. 
To see how these parcels can be determined let us 
consider an OD pair rk=(v

1
,v

2
) depicted in Fig.1. 

~k = (Skl ,Sk2 ,Sk3 

Skl = (3,4, 5) 

Sk2 :: (5, 3, 4) 

Sk3 = (4,5,3) 

Fig.1. An OD pair and its alternative paths. 

Let b~ (or b~ ) denote the time congestion of link 
o I) 0 h h 

el=(vi,v j ) In traffIC hour h, and let Xl =1-01 be the 

corresponding linking probability. Using ' A 1-A6, the 
mean of the traffic parcel offered in hour h to each 
link accessible to r k can be expressed in terms of 

the linking probability vector ~h=(x~, •.• ,x~) and the 
o . b bOl o h (h ti h) routIng pro a I Ity vector ~ Pk1,Pk2,Pk3 • 

F 0 kh Ah d or Instance a12 = k an 

kh h h h h h h h 
a 13 = Ak(1-X12)X32 (Pkl+Pk2(1-xlSxS2) 

(4.2) 
h h h h h +P
k3 

(l-x
14

x
42

) (l-x
1S

x
S2

)) . 

Thus each a~ is an explicit function of xh and the 
h h h 

routing vector E. =C.e.1 , ... ,~), so we may write 
h h h h 
al=al(~ ,E. ). 

Using (4.2) and A6 a system, called the network sys
tem of equations NSE1, can be formulated for hour h: 

(4.3) 

where E(.,.) denotes Erlang's loss formula. Introducing 
an appropriate vector function F, NSE1 can be stated 
in the vector form: -

(4.4) 

h h NSE1 defines a relationship between vectors ~ ~ , E. 
for each hour h. 
In the sequel we shall frequently omit the superscript 
h when the hour h is fixed. 

Let hour h be fixed. Given x and p, vector n can be 
determined by inverting the equations of NSE1: 

(4.S) 

where n=D(b,a) is the inversion of b=E(n,a) ext~nded 
to nonnegative real n. 
Thus n=n(x,p) is a function that can be computed by 
applying-'t4:1), the generalization of (4.2) and (4.5). 
Also the partial derivatives of .!2.~'E.)' i.e. onl () xt 
(l,t=1, ••• ,N) and 1Jnl ~ Pkq 0=1, ••• ,N, k=1, ••• ,K, 

q=1, ••• ,s(k)) can be computed relatively easily using 
partial ~erivatives of al~E.!. 

Let us notice that the function n(x,p) with fixed p is 
not necessarily "one-to-one", although it frequently is. 
Network examples can be given (cf. section 6) 
indicating the existence of at least two different x 
vectors which solve NSE1 for the same n (p fixed). 
Nevertheless we shall use a function of the form 
x=x(n,p) for which the vectors n, p and x(n,p) satisfy 
NSE1.- This function is computed by an-iterative 
procedure for solving NSE1: 

~ fixed (to ~ say) 
(4.6) 

The partial derivatives of the function x(n,p) can be 
computed using the equations Obtamed by 
differentiating NSE1: 

aX
l 

aE (n
l 
,a

l
) an

l 
ant = an

l 
-- + 
ant 

(4.7) 

aE (n
l 
,a

l
) N aa l axo 

L J 1=1, ... ,N + 
aal k ant 

, 
j=l J t=l, ... ,N. 

aX
l aE(nl,al ) aa

l 
apkq 

= aal 
(-- + 
apkq 

N aa
l 

aX
j 

+ L -a- -a--)' 1=1, ... ,N (4.8) 
j=1 Xj Pkq k=1, ... ,K, q=l, ... ,s(k). 

This can be accomplished in two ways. First, after 
solving NSE1 by means of (4.6), the derivatives 
axl () nt can be obtained by forming a set of N 

simultaneous systems of linear equations. Each system 
has N unknowns: '() xl0 nt 0=1,2, ••• ,N, t fixed). 

Coefficients of the equations are obtained from 
~E(nl,al)/ ~ nI' 'd E(nl,al)/Da1 and oal CJx j 0,. j=1, ... ,N) 

computed at the point x(n,p) resulting from (4.6) (cf. 
[6,7]). ---
Then the systems are solved by standard methods. 
The d~rivatives c>xlc9Pk can be computed in a similar 
way. q 

Since for large N this approach may cause numerical 
difficulties, we suggest another one: to solve (4.7) (or 
(4.8)) iteratively, along with solving NSE1. 

Using formulae analogous to (4.2) NNGOS values can 
be computed (cf.[7]). Thus NNGOS:s and GOS for 

h h 
hour h are explicit functions of x and p • They can 

- - h 
also be treated as functions of .!:!. and E., since 

h h h 
~ =~ C.!:!.,E. ). 
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5. OPTIMIZATION METHODS BASED ON THE 
ONE-PARAMETER MODEL 

Below we formulate mathematical programs (MP) for 
solving the optimization problems of section 3. 
For this purpose we shall use the functions n=n(x,p) 
and x=x(n,p) defined in the previous section- fura 
fixed- traffic hour h. Also, in order to take the 
constraints (3.1) into account, we introduce the 
penalty function 

P(B,[3) = {(B
O

-[3)2 if B > [3 (5.1) 
otherwise. 

First we shall present programs for solving OODP and 
OOP for probabilistic call set-up procedures. The 
vectors ~ and E. will serve as optimization variables. 

MP for solving OODP 

For a fixed E. vector find a vector x minimizing 

K 

Cl (~) = C (~(~'E) ) + L WkP (Bk (~'E) ,[3k) 
k=l 

subject to O < x < 1. 

(Wk:s are penalty factors). 

(5.2) 

(5.3) 

The gradient VC1 (x) of the modified cost function can 
be determined reIatively easily and a simple version 
of Rosen's gradient projection technique [8] is 
suggested for solving (5.2). 

MP for solving OOP 

Find vectors ~ and E. minimizing 

K 

C2 (~'E) =c (~(~,.E)) + L WkP (Bk (~'E) , Bk ) 
k=l 

subject to (5.3) and 

Pkl+. · •. +Pks(k)= 1, k=l, .•• ,K 

Pkq ~ 0 , k = l, ••• ,K, q=l, ••• ,s(k). 

(5.4) 

(5.5) 

Although it is possible to solve (5.4) by simultaneous 
optimization of x and p, we propose a decomposed 
optimization scheme based on alternating solutions of 
the following subprograms: 

MP1 For a fixed ~ vector find a vector E. 

minimizing C2(~,.e) subject to (5.5). 

MP2 For a fixed E. vector find a vector x minimizing 

C2(~,.e) subject to (5.3). 

For solving MP1 we use a modification of the reduced 
gradient method described in [9]. 

The next two programs are based on the function 
~(~'E.). 

MP for solving ROP 

For a fixed n vector find a vector E. minimizing 

K 

C3 (E) = L AkBk (~(~'E) ,E) 
k=l 

subject to (5.5). 

(5.6) 

The minimization of C3 is equivalent to the 
minimization of the network's GOS. Again, the 
reduced gradient method is used for minimizing (5.6). 

MP for solving MODP 

For given E.h vectors (h=1,2, .•. ,H) find ~ minimizing 

H K h h h h h h 
C4 (n) =C (n) + L L WkP (B

k 
(~ (~'E ),E ) ,[3k) (5.7) 

- - h=l k=l 

subject to ~ ~ Q. 

For this program Rosen's technique is used. 

Finally, we propose the following scheme for solving 
MOP. 

Multihour Optimization Scheme 

Initial step 

* Solve OOP for the "cluster busy hour" offered 
. c c c c (h) traffiC pattern !2 =(A1,.·.,AK), where Ak=max Ak 

to obtain the initial .!!a vector . . 

* Solve OOP for each hour h=1,2, ..• ,H to obtain 
1 H 

initial routing probability vectors Eo' ... 'Eo . 
Multihour step (repeated) 

* Solve MODP for fixed £6, ... ,~ starting from ~ 
vector. New n vector is obtained. 

* Solve ROP for fixed n for each hour. New E.h 

(h=1,2, ••• ,H) vectors are obtained. 
h * Update .!!a' Eo (h=1,2, ••• ,H) and repeat the 

multihour step until the process converges. 

Now let us turn to the original optimization problems 
for the fixed routing stated in section 3. To solve any 
of these problems we use the following approach. 
First the corresponding problem for probabilistic 
routing is solved. Then, after obtaining a solution, the 
resulting distributions ~=(Pk1 , ..• ,Pks(k)) are forced 

to take the fixed routing form: 

Pkq = 1 for some value of q 

Pku = 0 for u*q. 

This is achieved by introducing penalty functions 
. 2 2 

Qk(E
k

)= -(P
k1

+ ••• +P
ks

(k)) , k=l, ••• ,K (5.8) 

and solving a!l additional MP involving these functions. 
For example, to solve OOP of section 3, we first 
solve (5.4). Then, for the resulting ~ vector we solve 
the following MP: 

Find E. minimizing 
K 

cs (E) = C2 (~'E) +W L Q
k 

(E
k

) (5.9) 
k=l 

subject to (5.5), 
starting from the vector E. being a solution to (5.4). 

The application of this approach to the remaining 
problems should be obvious. The approach was found 
to be efficient, since it can produce a fixed routing 
without any significant increase of the original cost 
function (C2 in the above case). 
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6. A TWO-PARAMETER TRAFFIC MODEL AND 
RELA TED OPTIMIZATION METHODS 

The one-parameter traffic model, although simple, is 
not sufficiently accurate for many network 
configurations, especially in low and medium loss 
ranges. Figure 2 illustrates the accuracy of the 
one-parameter model, and a two-parameter model 
described in this section. 

10-1 

10-3 

/ 
10-4 / 

/ 
/ 

/ 
/ 

39 t.O 41 42 43 A 

Fig.2. Accuracy of traffic models. 

A set of fully connected, one-way link networks with 
equal link dimensions and symmetric offered traffics 
is considered. Each OD pair has access to 3 
alternative 2-link paths and the routing sequences 
constitute a symmetric routing (cf. [10]). GOS is 
plotted vs A. For such symmetric networks the 
one-parameter model gives the same GOS for any 
number of nodes M as long as the number of 
alternative paths is fixed, and so does the 
two-parameter model. The one-parameter model shows 
poor results for A < 40.6 Erl. and produces double 
solutions in the range 39.4 < A < 40.6 Erl. Contrarily, 
the two-parameter model shows-rather accurate GOS 
values and no double solutions. 

We investigated many other symmetric configurations, 
too [11 J. In all cases the two-parameter model gave 
quite accurate results for the engineering loss levels 
(0.001 < GOS < 0.05 say). Double solutions were 
rarely fuund and only in cases with many alternative 
choices (e.g. 9 choices, M=11, A=40, n=51). 

The two-parameter model will be formulated for fixed 
call set-up procedures only. In addition to A1-A4 we 
shall use the following assumptions: 

AS'. All peaked traffic parcels offered to one and 
the same link encounter the same congestion. 

A6'. The traffic offered to any link is well 
caracterized by its first two moments - mean 
and variance. 

Let tl h ( or t.~ ) denote the time congestion of link 
. IJ h h h h 

el=(v.,v.) In hour h and let Yl=1-cl (or y .. =1-c .. ), 
I J 1J 1J 

h where cl denotes the common .call congestion for 

peaked parcels offered to el in hour h. Then the 

formula analogous to (4.2) takes the form: 

kh h h h q-l h h 
a 1q = Ak t12 Yq2 U~3 (1-y1u Yu2 ) ,q=3,4,5 (6.1 ) 

h 
(assuming the fixed routing sequence Sk = (3,4,5) in 
this case). 
The traffic offered to a link in 'a fixed hour h is 
computed according to (4.1), and al = al\!.,y), i.e. al 
is an explicit function of ! and '1.. vectors. 

It is also possible to express zl' the peakedness of the 

traffic offered to link el' as an explicit function of t 

and '1..: ' zl=zl\!.,Y). For a way of doing it the reader is 

referred to [121 

Thus we can formulate a system of equations NSE2, 
analogous to NSE1: 

tl =T (n
l

, a
l 

(!,X), zl (!,y» , l=l, •.. ,N 

yl=Y(nl,al(!,y), zl(!'Y» , l=l, ... ,N 

(6.2) 

(6.3) 

where T and Y are appropriate "congestion" functions. 
In our programs we calculate T from the formula (16) 
of [13] and then obtain Y from the traffic 
conservation law. 

To determine the functions !=.!.\!:!.) and y=y(n) we use 
an iterative procedure analogous to (4.6). The 
derivatives atlont and ?Jyl ant (I,t=1,2, .•• ,N) can be 

computed iteratively as well. 

Our next goal is to calculate the vector n for a given 
vector ~=(x1, •.• ,xN)' where xl=1-bl and bl is the 

overall call congestion of link er This problem is 

more difficult than the analogous one of computing 
~ = ~\!:!.) from NSE1. 

Let n=W(b,a,z) be the inversion of the function 
b=G(n,a,z) resulting from the ERT. The function W is 
obtained from 0 and Rapp's formulae. Then a new 
system of equations can be formulated: 

t
l

=T(W(l-x
l
,a

l
,zl) ,al,zl) , 1=1, ... ,N (6.4) 

y
l

=y(w(1-x
l

,a
l
,zl) ,al,zl) , l=l, ... ,N. (6.5) 

Again, this system can be solved iteratively to obtain 
!.. and '1.. vectors for a given ~. The solution yields the 
n vector 

since .!.=.!.~) and y=y~). 
It was found that using !=l-~ and y=~ as starting 
values, the iterative procedure converges rapidly 
(typically after a couple of iterations). 
The partial derivatives Cl n/ 'Ox can be determined 
iteratively as well. t 

Finally let note that h us Sk:s, too, are explicit 

functions of .!. and '1... Thus using the functions .!.\!:!.) and 

y(~ or .!.~ and y(~), we can treat each Sh 
k 

either as 

a function of ~ or as a function of x. 

Using the above defin~d two pairs of functions \!.,y)(~ 
and \!"y)(~), mathematICal programs for solving OODP 
and MODP respectively are formulated in a way 
analogous to that of section 5. These two-parameter 
methods are much more accurate, though more 
complicated and time consuming. 
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7.TIME AND MEMORY CONSIDERATIONS.EXAMPLES 

The optimization methods described in sections 5 and 
6 were implemented in FORTRAN on a NORD-100 
computer. Below we discuss problems concerning 
computation times and memory requirements and 
present some optimization results. 

To solve a mathematical program a number of one
dimensional minimization steps must be performed. 
One gradient computation and a number of objective 
function computations are performed in each step. 

To estimate the time t1 for the objective function 
computation and the time t2 for the gradient 
computation it is most convenient to consider the 
class of symmetric fully connected networks (N=K) 
with s alternative choices for each OD pair. In the 
sequel we shall keep s fixed and discuss the 
dependence of t1 and t2 on N. 

The fastest methods among those introduced above 
are the one-parameter methods based on optimization 
variables x and p (cf. (5.2) and (5.4)). The time t1 
required to compute the value of C1 (x) is proportional 
to N, and so is the time t2 for computing the 
gradient. It was found that on NORD-100 t 1 =0.02N 
sec. and t2=0.04N sec. for s fixed to 3. Thus 
assuming a certain average number J (say 20) of 
C1(x) computations per optimization step we can 
roughly estimate the time for one step to be 
t2+Jt1 =0.45N sec. This is certainly an acceptable 
figure. It makes the one-parameter method for solving 
OODP applicable to large networks as far as the 
computation time is concerned. Also the memory 
requirements are low in this case. Approximately 5N 
real variables are needed for the computations, and 
these can be kept in the main memory. 

Even lower times are achieved for the function 
C2(x,p) for fixed x, since the dependence of C2 on E
is simpler in nature than its dependence on ~. 

One-parameter methods based on .!:!.' i.e. methods for 
solving ROP and MODP are more time consuming. 
The time for computing the objective function is I 
and I· H times greater than t1 for ROP and MODP 
respectively, where I is the average number of 
iterations in (4.6), but still the time is proportional to 
N. Unfortunately the 2time for a gradient computati on 
is proportional to N . Therefore these methods are 
time consuming when applied to large networks:2 Also 
the memory requirements are proportional to Nand 
so it may be necessary to use external memory. 
These difficulties may be overcome, however, by 
introducing certain decomposition methods for gradient 
computation. Such methods will be described in a 
future paper. 

The above estimations are valid for the n vector 
based two-parameter method for solving MODP as 
well. 

Using the x vector based two-parameter method for 
salting OODP, t1 and t2 are proportional to IN and 
IN respectively, where I is the number of iterations 
required to solve (6.5). In this case I is small 
(typically 1=4). Moreover, a reasonable approximation 
may be used for the gradient computation in this 
case, since we can assume cJt/ '0 xt =0 and 

'OlyI/oxt=O for l;t. This assumption makes the time t z 
proportional to N. 

In table 1 optimization results for a 5 node network 
with N=I<=20 are shown. Each OD pair has access to 
s=3 alternative paths. In each of H=4 traffic hours 
200 Erlangs are offered to the network in total, but 
these 200 Erlangs are distributed differently in 
different hours. The cluster busy hour traffic is 284 
Erl. The marginal costs per link range from 1 to 6. 
The design loss level 13=0.01 was used for each OD 
pair in all hours. 

cost % GOS itime/step 

cluster 728 100 . 011 7s . 
h=l ~61 77 .01 2 6s. 
h=2 517 71 . 009 6s . 
h=3 561 77 . 009 6s . 
h=4 610 84 .012 6s. 
multihour 636 87 . 003,.015,.010,.014 50s . 

Tab.1. Optimization results for a 5-node network. 

It is seen that the application of the multi hour 
approach gives considerable cost savings as compared 
wi th the cluster busy hour approach (13% out of 16% 
possible). 

Similar results for a 7-node network (N=K=42,s=3) are 
shown in table 2. In this case 624 Erlangs are offered 
to the network in each of H=2 hours. The cluster 
busy hour traffic is 744 Erl. The marginal costs are 
equal to 1 or 2, and (\=0.01. 

cost % GOS time/ step 

cluster 1480 100% . 012 53s . 
h=l 1334 90% • 013 5 0s . 
h=2 1283 87 % . 012 50s. 
multihour 1392 94% . 015 ,. 0 10 200s . 

Tab.2. Optimization results for a 7-node network. 

To obtain the above results an initial solution of OOP 
was first found using the one-parameter approach in 
each case. Then the appropriate two-parameter 
methods were applied. The times shown in the last 
columns of tables 1 and 2 concern the two-parameter 
methods. 

Finally we mention an example of solving ROP. This 
time we used our method to find the optimal number 
of alternative choices in a 5-node fully symmetric 
network with n=48, A=40 Erl. and 0,1,2 or 3 
alternative paths available for each OD pair. Using 
the method we found that in this case a symmetric 
routing with one alternative path for each OD pair 
gives minimal GOS. This result was confirmed by 
simulations. 

8. DISCUSSION AND CONCLUSIONS 

In sections 5 and 6 we presented a number of 
optimization methods based on one- and 
two-parameter traffic models. Each method was 
obtained by applying a gradient minimization 
technique to a non-linear mathematical program. The 
methods are applicable for the optimization problems 
stated in section 3. 

The idea of applying the one-parameter traffic model 
for engineering non-hierarchical networks with 
sequential routing is not new and can be found in the 
early paper [14], where a heuristic dimensioning 
method is described. A one-parameter method for 
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solving OODP based on the vector of link blockings 
was introduced in [15]. In fact MP1 of section 5 is a 
modification of a program presented there. The 
alternative one-parameter approach based on the 
vector n of link dimensions was suggested in [16]. For 
OODP however, the x-based method is much faster. 
In [16] also two methods for solving ROP were 
suggested. Our method (cf. section 5 and [7]) is an 
alternative, non-heuristic approach. 

The idea of using the probabilistic routing for 
optimization purposes was introduced in [1], where a 
one-parameter method for solving MOP was presented. 
The multi hour optimization scheme described in 
section 5 is an alternative, more straightforward 
approach. 

To the best of our knowledge two-parameter models 
were not used to any greater extent in methods for 
solving optimization problems in non-hierarchical 
networks with sequential routing, except in [12]. The 
two-parameter model presented in section 6 is a 
refined version of the model from [12], however both 
optimal dimensioning methods of section 6 are new. 

All optimization methods presented in this paper were 
implemented on a computer and run for many network 
configurations of small and medium size (up to 50 
links). The following conclusions can be drawn from 
the computations. 

1. Optimal dimensioning methods based on the 
one-parameter model frequently produce under
dimensioned networks. Additional difficulties are 
encountered because of the existence of multiple 
solutions of NSE1. 

2. It has appeared, however, that in most cases, the 
routing optimization problem can be treated 
successfully by the one-parameter approach, since 
for this problem the absolute GOS level is less 
important. 

3. Optimization methods based on our two-parameter 
model seem to be accurate enough for engineering 
purposes. 

4. Since our mathematical programs are generally 
not convex there is a risk of ecountering local 
minima. In order to avoid this and save 
computation time we propose the following 
procedure: 
en Use the faster one-parameter methods 

(especially those based on the ~-vector) for 
different starting points. 

(ij) Reoptimize the cheapest solution obtained 
by use of the appropriate two-parameter 
method. 

The presented methods can be easily extended to 
cover networks employing sequential routing with 
"longer" paths (cf. [12]). In particular the two
parameter optimal dimensioning methods of section 6 
can be applied effectively (after certain modification 
of the penalty function, cf. [12]) for the optimization 
of hierarchical networks on the NNGOS performance 
measure basis. 
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