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ABSTRACf: There are 24 time slots on the OS 1 
Signal, and a user who is assigned x time slots can 
transmit at the rate of 64x kilo bits per second (bps). 
The Signal is to be shared between two types of users 
who transmit at the rate of 384K bps and 64K bps 
respectively; these need 6 time slots each and 1 time 
slot each respectively. We compare the CCnT
standards-based Fixed Scheme, which requires that the 
time slots assigned to a 384K bps call should form one 
of four pre-defined 'channels' with six time slots each, 
to the Flexible Scheme which imposes no restrictions. 
Based on this study, the CCITT Study Group XVIII 
adopted a resolution to include the Flexible Scheme in 
the CCITT standards. The queueing model for the 
Fixed Scheme may be of wider interest to computer 
performance analysis because it deals with a problem 
similar to that arising in memory allocation schemes 
using fixed partition files. 

1. INTRODUCTION 

The OS 1 Signal is a transmission system used for 
digital communication. What is transmitted on the 
OSI Signal are 8000 frames per second where each 
frame consists of 193 bits. Leaving the one bit per 
frame that is used for frame identification and 
assuming that signalling is done out of band, 192 bits 
per frame are available to the users. These 192 bits 
are divided into 24 "time slots" of 8 bits each. Thus a 
caller who is allocated x time slots on the OS} Signal 
transmits at the rate of 8000x8xx or 64x kilo bits per 
second (bps). 

One of the channel allocation schemes under the 
ISDN (Integrated Services Digital Network) standards 
permits the sharing of the OS} Signal by two sets of 
users - one transmitting at the rate of 64K bps (B
channel) and one transmitting at the rate of 384K bps 
(Ho channel). These two types of calls respectively 
need } and 6 time slots respectively, and when they 
share a DS 1 Signal, interesting questions arise as to 
how the time slots should be assigned to these calls. 
These were some of the topics of discussion for the 
Study Group XVIII of the International Telegraph and 
Telephone Consultative Committee (CCIlT) in its 
meeting in Brasilia in February 1984. 

Two schemes of time slot assignment were under 
consideration. One of these is a "flexible scheme" 
which places no restrictions on the way time slots are 
assigned, and the other a "fixed sche~e" described as 
follows. The 24 time slots are divided into four pre
defined groups, say, 1-6, 7-12, 13-18 and 19-24. When 
a Ho call arrives, the system deterniines if any of the 
four groups is idle and if so assigns one of them to that 
call. ,In addition, a "call packing" is performed for the 
B-channel calls - that is, when a B-channel call arrives 
and there is a choice of more than one group to assign 
it to, the system would assign the call to the group with 
the most number of busy time slots among those with 
at least one idle time slot. 

While it is clear that the flexible scheme would 
result in a lower blocking probability for the Ho 
channel, it is not clear how significant the difference 
between the two schemes would be. This study was 
undertaken to develop models for both schemes of time 
slot allocation and to make a comparison. Based on 
the results obtained here which show that the flexible 
scheme is significantly superior, a draft resolution was 
adopted by the Study Group recommending that the 
flexible scheme be made part of the CCITT standard. 

1. MODELUNG ASSUMPTIONS 

To obtain tractable models of both schemes we 
assumed the following: 

a) Calls of both types arrive as independent Poisson 
processes. Xl and x2 denote the rates per unit time of 
arrivals of Ho and B-channel calls respectively. 

b) The holding times of the two types of calls are 
exponentially distributed with rates III for Ho and 112 for 
B-channel calls respectively. 

c) In addition to the above, it was also assumed 
that calls which cannot be carried will be blocked. 

It is possible to relax these assumptions, and we will 
discuss this later in Section 6. 

Under the above assumptions, one obtains for each 
of the schemes a Markovian queueing model of 24 
"servers" serving two types of "customers". These 
models and their analyses are presented in Sections 4 
and 5. A numerical example is presented in the next 
section. 
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3. A NUMERICAL EXAMPLE 

Using the Markovian queueing models and the 
algorithms presented in Sections 4 and 5, we .developed 
an APL program which, for a given input of values of 
the parameters X1,xl,"lo and "2, computes a number of 
performance measures for both the flexible and the 
fixed schemes. The computed performance measures 
included the following steady state quantities: 

/ 

• The joint and marginal distributions of the 
number of calls of both types in the system 

• The expected number and variance of the number 
of calls of either t~pe 

• The blocking probabilities for each type of call 

• The conditional blocking probabilities for each 
type of call given the number of slots busy, given the 
number of type 1 calls in progress, and given the 
number of type 2 calls in progress. 

For brevity we present our results for only one set 
of sample runs that correspond to the choice of 
parameter values "1-"2-1 and XI-O.05X2 for various 
values of Xl' The superiority of the flexible scheme 
exhibited by the data below was, however, seen to hold 
for all choices of parameter values that we tried. 

In Table 1 below we present the following 
performance measures only: 

• Blocking probability for 384K bps calls (B I) 

• Blocking probabili,ty for 64K bps calls (E2) 

• Conditional blocking probability for a 384K bps 
call given that at least one such call is in progress (E;) 

• Conditional blocking probability for a 64K bps 
call given that at least one 384K bps call is in progress 
(B;) 

• Probability that at least one 384 K bps call is in 
progress (pO) 

The blocking probabilities {both conditional and 
unconditional} given in Table 1 are plotted in Figure 1 
and Figure 2 for an easy comparison. These results 
show the superiority of the flexible scheme in a number 
of ways. Consider for example the case X,-9. The 
blocking probability BI for the 384K bps calls under 
the fixed scheme is .1528, and this can be reduced to 
.0831 by adopting the flexible scheme. This 
improvement is accomplished at a negligible bad effect 
on the blocking probability B2 for the 64K bps calls 
which goes up from .0038 to .0065 when one changes 
from the fixed to the flexible scheme. The 
improvement that results by changing over to the 
flexible scheme is more pronounced in the conditional 
blocking probability B; for a 384K bps call given that 
at least one such call is in progress. Thus for example, 
when Xl -9, about 35% of the time the system will have 
at least one 384K bps call in progress under both 

schemes (33.7% and 35.1% to be precise). Under the 
fixed scheme 384K bps calls that arrive during suc.h 

FIGURE 1: BLOCKING PROBABD.JTIFS FOR 384 Kbps TRAmC 
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congested times have -a 42% chance of being blocked 
(8; -.422), whereas under the flexible scheme, this 
chance is only 23% (B; -.232). In practical terms what 
this shows is that the fixed scheme results in a system 
that can behave very badly during transient periods of 
congestion. The flexible scheme on the other hand 
results in a system wherein the deterioration of service 
that occurs under congestion is not so drastic. 

FIGURE 1: BLOCKING PROBABILITIF.S FOR 64 Kbps TRAmC 
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As mentioned earlier, the improvement that results 
from adopting the ftexible scheme shown in these data 
was seen to occur for all parameter values. Based on 
our intuitive insights backed up by theoretical 
considerations, we also believe that if the call blocking 
assumption is weakened, then the difference in 
performance between the two schemes will become 
larger. These were the reasons that led to our 
recommendation that the ftexible scheme should be 
made part of the CCITT standards. 

.c. MODEL FOR TIlE FLEXIBLE SCHEME 

The queueing model for the ftexible scheme has 24 
servers serving two types of customers. The two types 
of arrivals form independent Poisson processes with 
rates XI and X2, and have exponentially distributed 
service times with parameters 1'1 and 1'2 respectively. 
Customers of Type 1 need 6 servers each while those of 
Type 2 need 1 server each. There are no restrictions in 
allocating servers to customers. Customers who cannot 
find enough free servers are lost. . 

The Markov process describing this queue is the 
process (N" J,) where N, is the number of type 1 
customers and J, is the number of type 2 customers in 
the system at time t. The state space of this Markov 
process 

~ - {(nJ) : 0<n<4, 0<j<24, 6n+j < 24} 

consists of 65 states, as one may easily verify. It is also 
easy to see that the infinitesimal generator P of this 
Markov process is such that 

P[(n ,j) ; (m,k») -

if m-n+l, j-k 

if k-j+l, m-n 

if m-n-l, j-k 

jl'2 if k-j-l, m-n 

The off-diagonal elements of P not specified above are 
all zero, and the diagonal elements of P are such that 
all row sums of P are zero. 

The unique solution .. of the linear equations 

.. P - 0, .. e - I, 

where e is a column vector of 1 IS, is the vector of 
steady state probabilities of this Markov process. The 
element r(nJ) of .. may be interpreted both as the long 
run proportion of time spent by the system in the state 
(n,j) as well as [6] the stationary probability that an 
arrival of either type sees the system in state (nJ). 

From these, it is now easy to obtain many performance 
measures such as the blocking probabilities for either 
type of arrival, the conditional blocking probabilities 
given the number of either type of customers in the 
system etc. We do not present the relevant formulas 
which are easy to derive. 

It suffices to say that the analysis of the flexible 
scheme is routine, leads to the consideration of a 
Markov process with a small number of states, and 
poses no special difficulties. 

S. MODEL FOR TIlE FIXED SCHEME 

The queueing model for the fixed scheme may be 
described as follows. A set of 24 servers is divided into 
4 groups of 6 servers each, say, 1-6, 7-12, 13-18, and 
19-24. (The general case with NK servers divided into 
N groups of K servers each can be handled along the 
lines discussed below; for ease of exposition we do not 
consider the problem at this generality). To this set of 
servers are offered two streams of customers who arrive 
according to independent Poisson streams with rates XI 
and X2 respectively. The service times of these two types 
are distributed as exponential random variables with 
parameters 1'1 and 1'2 respectively. While the customers 
of the first type need an entire group of servers whom 
they release simultaneously upon service completion, 

each customer of the second type needs only one server. 
Customers who cannot be carried are blocked and lost 
for ever. When a type 2 customer arrives if more than 
one of the four groups has a free server, then that 
customer is assigned to a server in one of the groups 
among those which have the largest number of busy 
servers. This sort of "packing" clearly reduces blocking 
for type 1 customers. 

The server assignment rules described above are 
fairly complicated. Queueing models of this type 
naturally arise when considering memory allocation 
schemes under the restriction that the information 
contained in a record must be placed in contiguous 
locations. These models are typically quite 
complicated. However, the present problem, as will be 
shown below, has interesting simplifications making an 
exact analysis feasible. 

We describe the state of the system by the vector 

S(t} - (N(t), No(t} • ... .N6(t}) 

where N(t} is the number of. server groups serving type 
1 customers at time t, No(t} is the number of groups 
that have all servers idle at time I, and for 1 <i <6, 
Ni (,) is the number of groups at time t that have 
exactly i busy servers serving type 2 customers. It is 
clear that (S<t) : I ~O} is a Markov process with state 
space 

6 
0- {(n,no • ...• nJ: n~O. ni~O, n+~nl - 4). 

1-0 

The number of states in 0 is the same as the number 
of ways of throwing 4 indistinguishable balls into 8 
urns. Recalling l1], p38 that the number of ways of 
throwing , indistinguishable balls into c urns is given 
by the combinatorial formula c+,-ICc- h we have that 0 
contains IIC,-330 states. As done in the model for the 
ftexible scheme we can in principle compute the steady 
state probability vector of this Markov process and 
from that obtain the relevant performance measures. 
However, unlike in that case, the computational 
problem here is quite involved due to the large 
dimensionality of the state space and the complicated 
nature of the state description. We devise below a 
scheme for computing the infinitesimal generator Q of 
this Markov process recursively without listing all the 
states and computing its entries one at a time. 
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Structure of Q 

We assume that the states in 0 are listed in the 
lexicographic order that is, in the order 
(0 •...• 0.4>. (0 •.. .• 1.3>. (0 •...• 2.2> •...• (4.0 •...• 0). Denote by ! the 
subset of 0 given by 

! - ( (11.110. •••• 116> EO: 1I-k), O~k ~4. 

The subset ! consists of all states that correspond to 
situations when k type I customers are in service, and 
will be called level!. The matrix to be discussed 
below is the matrix A whose off-diagonal elements are 
the same as those of Q and whose diagonal elements 
are all zero. Having computed A, one gets Q by a 
trivial modification of the diagonal elements of A by 
noting that Qe - 0, where e is a column vector of 1 IS. 

Partitioning the matrix A according to the levels ! 
of the state space, it is easily seen that A has the block 
tri-diagonal form 

Aoo AOI 0 0 0 

Alo All Al2 0 0 

A- 0 A21 A22 A23 0 (1) 

0 0 All A33 A3" 

0 0 0 A"3 A"" 

The sub-matrix A lj in (1) contains the transition rates 
from states in level i to states in level i. Note that the 
number of states in level i is given by the combinatorial 
formula 1~/C6 which is also the number of ways of 
throwing 4-; indistinguishable balls into 7 urns; denote 
this number by ml' We have 

mo - 210. ml - 84. m2 - 28. m3 - 7. m" - 1. (2) 

In terms of these, the dimensions of the various blocks 
in (1) are obtained by observing that the dimension of 
All is mlXmj. 

The matrices AI,I+I will be called the upper blocks, 
All the diagonal blocks, and Aj,l-h the lower blocks. 
We discuss below the computation of these blocks. ' 

The Upper blocks 

Denote by level !l the set of states in 0 ' given by 

!l- ( {1I.1I0. .... 1IJ EO : 1I-i . 1Io-j}. 

and observe that level !l consists of those states 
corresponding to situations when exactly i type I 
customers are in service and exactly j groups are idle. 
The number of states in level !l is given by the 
combinatorial formula 9-/-j C S which is also the number 
of ways of throwing 4-i-j indistinguishable balls into 6 
urns. Let this number be denoted by mij' 

An upward transition in levels occurs when a type I 
customer arrives to the system while there is at least 
one idle group. Thus, a transition from i to i + 1 is a 
transition from !l to i+l.j-l for some j~1. A 
transition from i to ;+1 is not poSSIble from states in !], 
for, these states correspond to having no idle groups. 
Where possible, the rate of transition from i to i+l is 
Xh and such a transition leaves the remaining co
ordinates 111> ... ,116 of the state unaltered. From these , 
considerations and by partitioning the matrix AI,I+1 

according to sub-levels !l of i and t~ sub-Iev~ls ;+1,/ of 
;+1 it is easily seen that the matriX AI,I+I IS as given 
below where we denote ' by h the identity matrix of 
order 'kXk and by O.Xb the zero matrix of order axb. 

[
O"'ooX""+'] 

AI,I+I-

XII"..., 

; - 0.1.2.3. 

where mj are given by (2), and mlO are given by 

moo - 126. mlO - 56. mlD - 21. m30 - 6. (4) 

The, Lower Blocks 

The block AI,I_I consists of transition rates from 
states in level i to level ; -1. A transition from i to ; -1 
is indeed a transition from a sub-level !l to a sub-level 
;-1,;+1. Such a transition occurs when one of t?e .; 
type I customers in service leaves; the rate of thiS IS 
clearly ;""1' Also, such a transition leaves the other 
components 11" .... 116 of the st~te vecto~ ~n~ltered. !hese 
considerations and appropriate partltlOmngs of !. and 
; -1 lead to the formula 

At,l-I - [o""x"..... 1"11",,] I - 1.2.3.4. (5) 

ne Diaconal Blocks 

The diagonal blocks All are much more complicated. 
In fact, partioning the levels i into sub-levels !l is not 
particularly helpful in the determination of these 
matrices. We shall show' that under a different 
partitioning of the levels i, these matrices may be 
constructed recursively starting from A 33 • Note that A"", 
which is a scalar, is a diagonal element of A and 
therefore equal to zero. 

There are only 7 states in level I. These, listed in 
the lexicographic order, are as follows: 
(300 000 01). (300 000 10>. (300 001 00>. (300 010 00>, 
(300 100 00>. (301 000 00>. (310000 00). The 7x7 matrix 
A33 is easily seen to be given by 

0 6"2 0 0 0 0 0 

X2 0 5"2 0 0 0 0 

0 X2 0 4"2 0 0 0 

A33 - 0 0 X2 0 3"2 O· 0 (6) 

0 0 0 X2 0 2"2 0 
0 - 0 0 0 X2 0 "7 
0 0 0 0 0 X2 0 

We now turn to the computation of Au. ;-0.1,2. To 
this end, for ;-0.1.2, partition level i into sub-levels ilL, 
O<;k <;6, where 

Ik· - { <n.1I0. ...• 1IJ En: It-i. 1Ij-0 for O-=tj-=tk-l. 1I1>0}. 

The sub-level Ik· consists of those states which 
correspond to' the situations when i type 1 customers 
are in service (II-i) and, in addition, the remaining 4-1 
groups are such that each of them has at least k busy 
servers (110- ... -lIk-I-o) serving type 2 customers and 
that the number of groups among them with exactly k 
type 2 customers is positive (Ilk >0). The lexicographic 
ordering of n entails that these sub-levels will be 
ordered in the decreasing order of the index k. We 
now partition the matrix Au according to sub-levels 
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!L, k-6,5, ... ,O and note that we get a block tri-diagonal 
form given by 

DI6 UI6 0 0 0 0 0 

Lts Dls UIS 0 0 0 0 

0 Lt4 DI4 UI4 0 0 0 

AII - 0 0 Li3 Du UI3 0 0 (7) 

0 0 0 LI2 DI2 UI2 0 

0 0 0 0 Ln Dn Un 

0 0 0 0 0 LiO DiO 

In (7) the matrix Dlj corresponds to transitions from 
sub-level !L to itself, Llj to transitions from sub-level !L 
to sub-level i (; + 0·, and Ulj to transitions from sub
level !L to sub-level i(;-O·. Note that (7) does take 
into account the lexicographic ordering. 

Let Tlj denote the number of states in sub-level !L. 
It is easily verified that Tlj - ICH-j C6- j - 9-/-j C S- j . The 
following table of Tlj' O~i ~2, O~j ~6, is used for the 
determination of the dimensions of the blocks in (7). 

Table of T'j 

i j: 0 1 2 3 4 5 6 
0 84 56 35 20 10 4 
1 28 21 15 10 6 3 
2 7 6 5 4 3 2 

The matrix L,j 

We have noted that Lij governs transitions from 
states in !L to i (j+O·. The dimension of this matrix is 
TljXTIJ+I. Consider now any state in!L. It is of the 
form (i,O, ... ,O,nj, .. . ,nJ with njiJ!O. Clearly, a transition 
from this state to a state in ;(j+0· can happen only if 
nj-l, for, no co-ordinate can change by more than one 
unit in one transition. Also, such a transition is the 
result of a type 2 arrival which is assigned a server 
from the group which prior to that arrival had j busy 
servers serving type 2 customers. The packing rule 
described earlier implies that a type 2 customer will be 
assigned to a group with j busy servers only if 
nj+I-... -ns-O. In other words, a transition from !L to · 
;(j+O· must be a transition from the state for which 
n-i, nj-l, n6-3-i to the state for which 
n-i, nj+l-l, andn6-3-i. From these considerations, it 
follows that the only non-zero element of LIj is the 
element located in its first row and first column. That 
element is clearly "2 since "2 is the arrival rate for type 

2 customers. This characterizes the matrix Llj 
completely. 

The matrix u'j 

The matrix Ulj which governs the transitions from 
!L to Hj-I)· is of order TIjXTIJ_I. Any transition of this 
type occurs due to the departure of a type 2 customer 
from one of the nj groups each of which is currently 
serving j type 2 customers. It therefore is a transition 
from a state of the form (i ,0, ... ,O,nj,nj+h ... ,n~, "j,tO, to 
the state (i.0 •...• 0.l,nJ-1.nJ+I ....• nJ, and its rate is clearly 
jnJ~2. 

The set i6· has only one state namely 
(;.0,0,0,0,0,0,4-;). From this state if a transition occurs 
to the set ; 5· then it must be to the state 

(i ,0,0,0,0,0,1,3-0; further, the rate of this is 6(4-;)"2· 

Thus the block UI6 is given by 

Ui6 - [6(4-;)"2 0] i-0,1,2, (8) 

where 0 is a row vector of zeroes of appropriate 
dimension; the zeroes in the right side of (8) indicate 
the impossibility of entry into states in is· for which 

ns~2. 

To determine the matrices Ulj , 1 ~j ~5, it is 
convenient to partition the states in !L according to the 
possible values of the co-ordinate nj. Let the number 
of states in !L with nj-k be denoted be Tlj(k), 

1 ~k ~4-i. Clearly, Tlj(k) is the same as the number of 
ways of throwing 4-i -k indistinguishable balls into 
8-(j+2) urns and therefore given by 9-/-j-kCS-j. It is 

4-1 
easily verified that ~Tlj(k) - Tlj. One also notes that 

i-I 

'I)(k)='oj(k+;). The following table of TOj(') is used in 
the determination of the numbers of TljO. 

Table of 'OJ(k) 

k j: 1 2 3 4 5 

1 35 20 10 4 
2 15 10 6 3 
3 5 4 3 2 
4 1 1 

Consider now a state in!L. When "j-k there are k 
groups each with exactly j type 2 customers, and the 
departure of anyone of these kj type 2 customers 
results in a transition to ;(j-I).. The rate of this IS 

clearly kj"2. Also, the state so entered in ;(j-1). must 
be such that nj-I-1. These considerations lead to the 
following formula for Ulj' O~i ~2, 1 ~j ~5. 

j "21,.(1) 0 0 0 

0 2j"21,.(2) 0 0 

UIj - (9) 

0 0 (4-;) j "21,.(4-/) 0 

The last column in (9) is a block of zero columns 
which indicate the impossibility of entering a state with 
nj_I~2. The number of such zero columns is clearly 
TIJ-I-Tij· 

The matrix D'j 

We now turn our attention to the matrix D1j which 
governs transitions from !L to itself. The dimension of 
this matrix is 'ljx'lj' The main result we prove is the 
following theorem which shows that the matrix Dlj is 
simply the principal sub-matrix of Ai+I,i+1 - that is, it is 
comprised of the elements in the first Tlj rows and ' Tlj 

columns of the latter. This theorem along with the 
results in the previous two sub-sections permits us to 
compute A22 from A 33, All from A 22, and finally Aoo 
from All' 

Theorem: For' any matrix B, let B <T > denote the 
principal sub-matrix of order T of B - that is, B <T > is 
the T XT matrix formed by the elements in the first T 

rows and T columns of B. For ;-0,1,2, we have 

D'j - A'+1,l+1 <'1) > . (0) 
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Proof: The diagonal elements of both sides of (t 0) are 
zero, for, these are in turn diagonal elements of A. A 
typical off-diagonal element of DIj is the rate of 
transition from a state (i ,o, ... ,O,II),II)+h ... .nJ to a state 
(i ,o, ... ,O,mhm)+h ... ,mJ where "), m) ~ 1. It is elementary to 
see that this rate must be the same as the rate of 
transition from the state (i+I,O, ... ,O,II)-I.nj+l .... ,IIJ to the 
state (i+I,O, ... ,O,mj-l,mj+l .... ,mJ. The latter is an off
diagonal element of A,+1,1+1' Equation (to) now follows 
from the lexicographic ordering assumed by us. , 

The above results completely determine the matrix 
A and thereby the infinitesimal generator Q of the 
Markov process {S(t}: t~o}. The implementation of 
the resulting algorithm is quite straightforward. Its 
particular appeal lies in the fact that it can easily be 
generalized to the case of NK servers who are divided 
into N groups of K servers each. 

ne Steady State Probabilities 

Let I denote the unique solution of the system of 
linear equations 

IQ - 0, le -I, 

where e is a column vector of I's. The elements of the 
vector I yield the long run fraction of time spent by the 
system in the various states; these are [6] also the 
probabilities that an arrival of either type finds the 
system in various states. 

For the problem at hand, we computed I using an 
algorithm due to Wachter [5], which converts (I 1) to a 
non-singular system of linear equations. For the 
general problem with NK servers, the reSUlting system 
of equations may be large; however, one may exploit 
the block tri-diagonal structure and sparsity of Q and 
devise efficient iterative techniques of the block Gauss
Seidel type. These are well-known and will not be 
discussed here. 

PerfOl'lDaDCe Measures 

Having computed the steady state probability vector 
, one may obtain many interesting performance 
measures. These require the summation of certain 
selected elements of I, and we illustrate this with some 
examples. 

Assume that the elements of' are numbered from 0 
to 329 - that is 

I - (80. ... ,8329) 

Let B, denote the blocking probability of a type i 

customer, ;-1,2. It is easy to verify that these blocking 
probabilities are given as follows: 

125 55 20 5 

B 1 - ~81 + ~82JO+i + ~829Hi + ~8m+i + 8329 
1-0 1-0 1-0 1-0 

B 2-80+8210 + 8194+8322+8329 

Some other performance measures which may be 
derived are: the probability distributions and moments 
of the number of customers of either type in service, 
the conditional blocking probability of either type of 
customer given the number of customers of either or 
both types in service at a, point of arrival, etc. The 

formulas for these in terms of , are fairly easy to 
derive and will not be presented. 

6. RELAXA nON OF MODEL ASSUMPTIONS 

We assumed that both types of customers will be 
blocked when they cannot find the needed number of 
servers. In some cases, such as those where the 
transmission is of data, one may wish to consider 
models where waiting is permitted. Further, the model 
with waiting throws some light on the effect · of re
attempts which is usually significant. The analysis of 
the resulting models is possible by resorting to some 
recent matrix-analytic methods. 

Consider, for example, the case where one of the 
streams can be buffered. Here, besides the 
configuration of the servers/server groups, one needs to 
keep track of the number of customers waiting as well. 
This leads to a model of the Quasi-birth-and-death 
type which can be analysed by the matrix-geometric 
techniques, c.f., Neuts [2], Chapter 3. The results in 
[4] provide efficient techniques to determine the waiting 
time distribution for the stream that can be buffered. 
In such a case, the algorithm presented here can be 
use4 to generate the block matrices in the infinitesimal 
generator. We ' refer the reader to [2] and [4] for a 
discussion of the general methodology and 
computational algorithms. 

If both streams of customers can be buffered, even 
then we can apply the matrix-geometric techniques as 
long as one of the streams has a finite waiting room. 
Such models usually require the specification of some 
priority rules for deciding what type of customer will 
enter service when servers become available. These 
could be used as approximations for cases when both 
streams have infinite waiting rooms. 

The relaxation of the assumption of exponentiality 
for service times is more difficult. If one of the two 
streams has a phase type distribution [2] (these include 
well-known special cases such as mixtures of 
exponentials and generalized Erlangs), an analysis is 
still possible. The explosion in dimensionality that 
results' due to the need to keep track of the service 
phases requires substantial care as in the multiserver 
queue with phase type servers. We refer the reader to 
[3] for relevant techniques. 
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TABLE 1: PERFORMANCE MEASURES 

10'1-10'2-1, ),1-0.05),2 

(Values iD parantbeses correspond to tbe ftexible scheme) 

),2 B1 B2 B; Bi 

5 .0149 .0002 .0675 .0010 
(.0077) (.0004) (.0348) (.0017) 

6 .0317 .0005 .1232 .0021 
<'0168) (.0009) (.0653) (.0038) 

7 .0592 .0012 .2028 .0041 
(.0317) (.0020) (082) (.0067) 

8 .0997 .0022 .3054 .0070 
(.0535) (.0037) U64I) (.0116) 

9 .1528 .0038 .4224 .0111 
(.083}) (.0065) (.2324) (.0186) 

10 .2167 .0059 .5407 .0166 
(1209) (.0105) (.3110) (.0279) 

II .2887 .0087 .6486 .0238 
Cl 66 I) (.0158) (.3958) (.0397) 

12 .3666 .0124 .7390 .0335 
(.2174) (.0224) (.4819) (.0539) 

)'1- Arrival rate of 384K bps calls (Type I) 

)'2- Arrival rate of 64K bps calls (Type2) 
B j - Blocking probability for Type i calls, i -1,2 

p. 

.2200 
(.2207) 

.2562 
(.2578) 

.2885 
(.2922) 

.3159 
(.3234) 

.3371 
(.3510) 

.3512 
(.3743) 

.3566 
(.3928) 

.3524 
(.406}) 

Bt - Conditional blocking probability for Type i calls 

given that at least 1 Type 1 call is in progress, i -1,2 
p. - Probability that at least 1 Type 1 call is in progress 
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