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ABSTRACT 
Certain new telecommunications services such as 
videoconferencing are based on the advance 
reservation of transmission channels. The 
corresponding traffic process is quite different 
to that of traditional telecommunications 
services and usual teletraffic models seem 
inadequate for syst~m performance evaluation and 
network dimensioning. We discuss implied 
teletraffic issues and attempt to describe the 
reservation process by mathematical models. In 
particular we derive formulae useful for 
dimensioning a videoconference network to a low 
blocking probability grade of service standard. 

1. INTRODUCTION 

In analysing the performance of the Telecom 1 
satellite integrated services network [1], we 
encountered a new class of teletraffic problems 
relating to telecommunications services provided 
on an advanced reservation basis. For such 
services, users ensure the availability of the 
necessary transmission channels for a planned 
communication in a preliminary dialogue with a 
system reservation centre. The interval between 
reservation and start of communication can 
conceivably range from a matter of minutes to 
several weeks. 

Such reservation services are not of course 
confined to Telecom 1. AT&T has provided since 
July 1982 a 3Mbit/s High Speed Switched Digital 
Se rvice on a reservation basis [2]. In CCITT 
I-Series Recommendations. circuit switched bearer 
services at 64, 384, 1536 and 1920 Kbit/s are 
dote d with the reservation establishment 
att ribute. Proposed videoconference networks 
[ 3,4] are naturally based on the use of advance 
reservation. 

\..Jhile the development of reservation based 
services seems then to be gathering momentum, 
little is to be found in the literature on the 
implied teletraffic issues. In [5] the author 
evaluates one aspect of a particular reservation 
service implementation; in [4J, grade of service 
standards for reserved videoconference calls are 
proposed but no indication is given of how the 
network should be dimensioned to ensure that 
these are satisfied. In this paper we hope at 
least to show how the use of reservation 
introduces important and challenging performance 
e valuation problems and to incite further studies 
by the teletraffic community. 

We begin with a brief discussion of what is 
implied by the reservation set up option before 
presenting mathematical models for analysing the 
performance of certain implementations. The 
videoconference service is an important case for 
which we have obtained some original results; 
derivations are given in an appendix. Lastly, we 
draw some conclusions from the studied models and 
suggest areas calling for further research. 

2. THE RESERVATION SERVICE 

In this section we discuss the reasons for 
creating an advanced reservation service, 
describe the way in which such a service can be 
implemented and indicate some characteristics of 
reservation traffic. 

1.3-2-1 

2.1 Need for reservation 
We identify two main reasons for implementing 
tele~ommunications services with advanced 
reservation: 

users require guaranteed service (i.e. no 
blocking) for scheduled calls; 
- it is impossible to offer certain high bit rate 
services on a demand basis in the present digital 
network. 

The former would apply, for example, to a video 
conference service where users plan a meeting in 
advance and must often book to use conference 
studios. It would clearly be intolerable that a 
conference be refused at the appointed time for 
want of available transmission channels. 

The second reason no doubt explains why, in the 
CCITT I-Series Recommendations, high bit rate 
bearer services do not receive the demand 
establishment attribute. When demand is known in 
advance the necessary trunks and paths through 
switching networks can be pre-assigned (and 
busied) in periods of light traffic. 

2.2 Implementation of reservation services 
To implement a reservation service it is 
obviously necessary to have a network reservation 
centre (or centres) with which users communicate 
in the preliminary reservation phase. This centre 
records details of the reservation request and is 
responsible for setting up and clearing down the 
transmission link at the appropriate moments. 

In dedicated networks with reservation recently 
described in the literature [2,3,4] the 
reservation centre keeps up to date a record of 
available network resources over a period (whose 
length corresponds to the maximun allowed notice) 
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and checks for access conflicts before accepting 
a new reservation request. In case of congestion 
the request might simply be refused (loss 
systems) or a new start time proposed, after 
(delay systems) or before (negative delay 
systems?) the original start time. User behaviour 
will be manifested by "repeat attempts" for 
different start times in case of blocking. 

Note in passing that, since resources are first 
allocated to calls only in the reservation centre 
logic, the use of reservation gives total 
flexibility in the choice of call routing 
strategy (dynamic routing, rearrangement, ••• ). 

In a large integrated network, it may not be 
feasible to keep a record of all available 
network resources over a sufficiently long 
period, especially if reserved calls only account 
for a small proportion of carried traffic. It is 
conceivable that the reservation centre records 
only the individual call details and attempts to 
establish the desired connection before the 
appointed start time. Set up is "guaranteed" by 
starting the attempt a sufficient time in advance 
and waiting for channels to clear [5] or by 
making a sufficient number of repeat attempts. We 
must assume here that reservation traffic is 
indeed so low compared to available capacity that 
congestion never occurs in practice. 

Existing digital switches were not designed to 
handle multi-channel calls. To set up such calls, 
in the early stages of the ISDN it can be 
necessary to assign trunks and paths through the 
swi tching network when the system is empty (the 
blocking probability would be too high in normal 
traffic conditions). In practice, reserved links 
would be set up well before the appointed start 
time in a period of light traffic and maintained 
until the end of the call. 

2.3 Reservation traffic characteristics 
If the purpose of teletraffic studies may be 
summarised as to find the functional relationship 
between system capacity, traffic offered and 
grade of service, to evaluate reservation 
services we must first ' know how to quantify this 
type of traffic and decide what grade of service 
standards should be applied. 

Telecommunications traffic is traditionally 
described in terms of an arrival process and a 
holding time distribution. To characterise a 
reservation traffic process it is also necessary 
to specify the distribution of the interval ' 

, b etween reservation request and desired start 
time. Indeed, in many practical appl ications 
(e.g. videoconference), start time and holding 
time may be deterministic (users reserve a given 
"time s lot ") and the random nature of the process 
is wholly contained in the notice interval 
distribution. 

Two view points may be considered appropriate fo r 
fixing grade of service standards for reservation 
services. For high speed digital link services, 
reservation may be seen as a way of avoiding the 
worst effects of conge~tion in an under-provided 
network in the first stages of digitalisation. In 
this case a high blocking probability for short 
notice reservations is perhaps acceptable. On the 
other hand, a purpose built videoconference 
network should arguably be dimensioned to have a 

very low blocking probability. Users who have 
, made large investments in expensive studio 
equipment and codecs will not gladly accept that 
a conference between two available studios be 
refused for want of a free transmission link. 

We believe that the teletraffic issues raised by 
the use of reservation are not trivial and, what 
is more, are not immediately amenable to analysis 
by usual methods. 

3. RESERVATION AS A GENERALISED QUEUEING SYSTEM 

Here we consider reservation traffic systems as 
continuous time processes, like classical 
queueing systems, with an infinite succession of 
arrivals and departures. In this sense classical 
queues are particular reservation systems where 
customers give no notice. We would like to be 
able to characterise the behaviour of such 
systems under appropriate simplifying assumptions 
by expressing performance as a function of 
traffic and capacity parameters. In fact it 
proves extremely difficult to say the least 
intelligent thing about the simplest non trivial 
system. 

3.1 A process with two parameters 
If the occupancy state of a system may be 
represented by a vector with a sufficient number 

' of components K, the associated reservation 
stochastic process consists in indexing the 
random value of this variable on two parameters. 
We define K(t,u) as the system state at time u 
corresponding to reservations received before 
time t (t u). The essential difficulty in 
analysing such systems stems from the need to 
account for this double time dependence. 

Even in the stationary limit when t~~ we still 
have to deal with a random function 

~(w) = lim ~(t,t+w) 

Further, to determine blocking probabilities it 
is not enough to know the distribution of ~(w) 
for any given w; we must characterise the 
evolution ,of ~(w) over an interval. 

To see the difficulty in treating such systems it 
is instructive to consider a simple example. 

3.2 A single server loss system with reservation 
Requests for a single server arrive according 
to some random process. A request at time t 
demands a service of duration D starting at time 
T. D and the notice interval T-t are independent 
random variables with distribution functions: 

F(d) = Pr(D<d) and G(x) = Pr(T-t<x). 

System state takes one of two values: 

K(t,u) ={O, if at t the server is not 
reserved for u, 

1, otherwise. 

If a request cannot be satisfied (Le. K(t,u)=1 
for some u(T,T+D)), then it is cleared from the 
system. 

Ideally, we would like to calculate the 
probability of loss as a function of D and the 
interval T-t. In fact, for a non-deterministic 

1.3-2-2 
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notice distribution G(x), we have been unable 
even to determine the probability that the server 
is busy for whatever (simplifying) choice of 
request arrival process or call service time 
distribution. 

We might attempt to consider the system as a 
preemptive priority queue where the relative 
priority of two customers is determined by their 
request arrival epochs. This approach fails for 
at least two reasons: 

with respect to a test customer, arrivals 
(i.e. start times) of higher priority customers 
constitute a non-homogeneous process, even if the 
request arrival process is homogeneous; 

the reservation process in 
"retrospective acceptance" of 
customers if a pre-empting 
subsequently pre-empted itself. 

reality allows 
lower priority 

customer is 

3.3 Reservation in a congested system 
Consider now a general reservation system where 
the notice interval has the same constant value S 
for all customers and where we exclude the 
possibility of bringing forward the starting time 
in case of blocking. It is clear that the system 
will behave exactly like the corresponding real 
time (loss, delay, repeat attempt, ••• ) system 
whatever the value of S since relative customer 
priorities are now determined, as usual, by their 
start times. 

I t also seems intuitively obvious that, again 
excluding the possibility of advancing blocked 
customers, system behaviour with a notice 
distribution G(x) will be the same as that for a 
distibution G(x-c), for any positive constant c. 
This observation has the following consequence 
when we consider the use of reservation in a 
congested system. 

\ve have implicitly assumed above that the 
distribution G(x) is independent of system 
behaviour. In reality we can expect customers to 
react to a congested system by lengthening their 
notice interval. Since all customers will 
manifest the same tendancy, we will see a shift 
in the distribution G. If this shift were 
unaccompanied by any distorsion i.e. if G(x) were 
replaced by G(x-c), the system would fall into 
exactly the same congested state as before. 
Customers have only to further increase their 
notice ••• 

Overall system performance perceived by customers 
is progressively and inexorably degraded, 
although underlying traffic volume remains the 
same. We believe the same general effect will be 
observed even accounting for distortion to the 
notice interval distribution. 

4. RESERVATION AS A BIRTH PROCESS 

In [l] we identified a class of "discrete time" 
reservation systems where the period requested 
for a given communication is assimilated to a 
dimension of the service system resources. We 
characterised the arrival process of requests for 
a given period as a state dependent 
non-homogeneous Poisson process. . This model 
applies to traffic in a videoconference network 
where conferences are reserved for one or more 

time slots of say, 1 hour each. We can also apply 
a birth process model in an approximate analysis 
of the effects of using a common trunk group for 
reservation and demand services in an ISDN. In 
this formulation the notice interval distribution 
is accounted for by the time varying arrival rate 
of requests for a considered time slot. 

4.1 Service integration 
Circuit switched bearer services in the ISDN may 
be provided on demand (i.e. with ' lost call 
operation) or with the reservation establishment 
attribute (CCITT Rec I 211). The latter is 
presently the only set up mode recommended for 
,multi-channel calls (6, 24 or 30 x 64 Kbit/ s 

·' unrestricted service). In this section we 
evaluate some of the effects of grouping the two 
types of traffic on a common trunk group. 

We assume that all reservation traffic is for 
communications with the same bit rate of d x 64 
Kbit/s and that reservations are made exclusively 
for periods encompassing the demand busy hour. By 
this assumption the reserved channels constitute 
a constant background load from the point of view 
of the on demand calls. 

. We consider a trunk group of M 30-channel .l:'CH 
systems. The arrival process of requests for d 
channels, concerning a given busy hour, is 
assumed to be Poisson with time dependent rate 
A. (t) • Demand calls are for single channels and 
arrive in a homogeneous Poisson process. 

The expected number of reservation requests is: 
T 

(4.1) R =-1 A.( t) dt 

where T is the busy hour starting time. The 
distribution of the number of requests Nr is: 

(4.2) Pn Pr{Nr=n} 
Rn -R 
-e 
n! 

We assume R is small compared to available 
capacity so that reservation blocking probability 
is negligible. The number of channels remaining 
for the demand service is 30M-Nr d. We assume 
statistical equilibrium conditions in the busy 
hour so that the expected proportion of blocked 
calls when Nr=n is given by the Er1ang loss 
formula: 

(4.3) ben) 

(30N-nd) 
A 

(30N-nd) ! i! 

30N-nd Ai 

/ { ilo 
where A is the demand traffic ' offered. Expected 
blocking probability is then 

(4.4) B = L Pn ben) 
n 

Now, if we know R and A it is possible to 
dimension the trunk group so that B is less than 
some grade of service standard. Suppose that a 
6-PCM system trunk group is offered 30-channel' 
reservation traffic and single channel demand 
traffic. We assume a loss probability of 0.01 for 
demand calls. 

In figure 1 we show the traffic capacity 
(expressed as mean channel occupancy: 
(A+30R)/30M) as a function of the percentage of 
reservation traffic. 

1.~-2-3 



ITC 11 Kyoto September 1985 

1.0 

0.4 

10 20 30 40 50 
% reservation 

traffic 

Figure 1. Traffic capacity against percentage 
reservation traffic. 

Capacity decreases from 90% to 60% as the 
reservation percentage increases from 0% to 30%. 
The 30% figure corresponds to a mean reservation 
traffic of R = 1.1 (Le. just over one reserved 
30-channel call per busy hour). 

Demand grade of service is not the same 
qualitatively as in a dedicated capacity system 
since the expected blocking probability varies 
randomly from day to day. In the table below we 
give the Pn and B(n) values corresponding to 
the case of 30% reservation traffic. 

-
n 0 1 2 3 4 5 6 

Pn .332 .366 .201 .074 .020 .004 .001 

be n ) 10-22 10-12 10-6 .016 .254 .618 1.00 

We see that in 90% of busy hours expected 
blocking is less than 10-6 • However, in about 
3% of busy hours, blocking will exceed 0.25 and, 
once or twice every year, demand service is 
effectively interrupted when all, or all but 1, 
PCM systems are pre-reserved. 

The assumptions regarding the traffic process are 
of course open to question. In particular, the 
stability of reservation traffic is by no means 
established and day to day variations may well be 
greater than those known for telephone traff-ic. 
For a 100% overload expected blocking increases 
from 1% to 8.5%. If a 100% overload were 
sustained then realised blocking would exceed 60% 
once every 13 busy hours. 

This simple analysis at least points to certain 
dangers inherent in the unrestricted mixing of 
reservation and demand traffics, especially when 
the former concerns multi-channel calls. 

4.2 Traffic in a videoconference network 
We consider here a dedicated network for setting 
up transmission links (probably at 2 Mbit/s) 
between essentially private videoconference , 
facilities. We assume links are reserved in 
advance for an integral number of time slots of 
say, one hour and consider the traffic offered 
for the busiest hour of the day (or week). 

The total population of videoconference studios 
is N and these studios are distributed among M 

zones with Ni studios located in zone i, 
1 <;i <;M. Our aim is to characterise the traffic 
between all the ·different zones with the ultimate 
aim of deriving appropriate network design 
guidelines and dimensioning procedures. The model 
presented below takes account of the finite 
population of studios (traffic sources) and their 
geographical distribution. We assume all 
conferences involve only two participating 
studios. Outline derivations of the main results 
are given in the appendix. 
Let Kij(t) ( ~ Kji(t» be the rando m number of 
conferences reserved at time t between zones i 
and j (or within zone i if i=j) and let 

(4.5) 0; = 2 Ki,(t) + E KiJ,(t) 
.... 1 i*j 

be · the number of busy studios in zone i. We 
assume that reservation requests for conferences 
between zones i and j arrive in a Poisson process 
with instantaneous rate: 

(4.6) Aij(t) = { aCt) (Ni-oi ) (N j-Oj)' i=j 

aCt) ti;Oi) i=j 

where aCt) is an arrival rate . per free pair of 
studios. 

This choice of "symmetric" traffic (Le. no 
dependence on studio locations) is a compromise 
between an accurate representation of the 
(unknown) request arrival process and 
mathematical · tractability. 

Let X(t) be the mean number of conferences 
reserved for the busy hour in question at prior 
time t: X(t) Eoi /2; Let pet) be the mean studio 
"occupancy" : 

(4.7) pet) = 2 E{X(t)} / N 

Since, in practice, we will more easily estimate 
. studio utilisation thcim the underlying arrival 

process aCt), we use pet) as an independent 
variable. 

In the appendix we show that the variance of the 
overall traffic X(t) is very closely approximated 
by: 

(4.8) vet) 

By virtue of the symmetric traffic assumption the 
moments of the individual inter- and intra-zone 
demands can be expressed simply in terms of the 
moments of X( t). 

Using the standard notation: 
(m)r = m (m-l) ••• (m-r+l), 

the factorial moments of the traffic Kij may be 
expressed: 

(4.9) 

for H=j with 

1.3-2-4 
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All the - demands Ki . are negatively correlated and 
to calculate the ~ariance of combinations (e.g . 
Kij+ Krs) we also need the following relations: 

E{KijKrs } 
4 NiNjNrNs E {(X)Z } (4 . 11) 

(N)4 
and 

E{KijKis } 
4 (N~)r N jNs E {(X)Z }. (4 .1Z) 

(N)4 

Approximation (4.8) and expressions (4 . 9) to 
(4.1Z) thus allow us to calculate the mean and 
variance of combinations of offered traffic 
streams as functions of expected studio 
utilisation. 

To approximate the demand distribution we have 
successfully fitted a discretised normal 
distribution. This approximation allows us, in 
particular, to determine the capacity required to 
carry all the offered traffic in say, 99% of 
cases. Direct use of the model to dimension a 
network to more severe grade of service standards 
(e.g. as in [4]) is probably not possible in view 
of the disruptive effects of congestion on the 
request arrival process. 

5. CONCLUSIONS 

The possibility of reserving transmission 
channels in advance for a planned communication 
is a new facility offered by existing or planned 
specialised networks (notably for videoconfer
encing) and included in the CCITT specifications 
for the ISDN. Traditional methods for studying 
traffic in telecommunication networks are not 
sufficient when reservation is used, not least 
because of the need to take into account the 
distribution of the notice interval between 
reservation request time and desired start time. 
It is however becoming increasingly urgent to 
evaluate the performance of networks with 
reservation traffic to ensure that the right 
implementation decisions are made and to provide 
the basis of network dimensioning procedures. 

In the present paper we have considered two 
approaches to modelling the reservation traffic 
process: as a generalised queueing system and as 
a birth process. The first approach proves 
extremely difficult and we have been unable to 
obtain significant analytical results for even 
t he simplest system. We are led however, by 
qualitative arguments, to question the wisdom of 
operating a reservation system with a high level 
o f congestion: users will tend collectively to 
increase indefinitely the notice necessary for a 
successful request (by each individually 
lengthening his own notice) with no change to the 
congested state of the network (cf. section 
3.3). 

The second approach, by means of a birth process, 
is more promising. We have considered the 
integration of reservation and demand traffic in 
an ISDN and shown, under certain assumptions, 
that large fluctuations in demand traffic grade 
of service can occur due to the pre-allocation of 
channels to reservation requests (cf. section 
4.1). 

Finally, we have modelled 
videoconference network as 

the traff ic in a 
a multidimensional 

1.3-2-5 

birth process. We have derived simple closed 
expressions allowing the calculation of the first 
two moments of offered traffic streams as 
functions of the number and distribution of 
studios and their expected utilisation rate. 
Fitting a normal distribution with the same mean 
and variance allows us to estimate the number of 
channels required to carry the offered traffic 
with a low blocking probability (cf. section 
4.Z). 

Further work is necessary before we can answer 
all the important questions raised by the 
introduction of the reservation facility. The 
choice of the reservation attribute for the 
establishment of high bit rate calls in the ISDN 
is largely due to technical limitations in 
existing switching systems; is the cost of 
implementation, including the cost of necessary 
trunk group · extensions, in fact, less than the 
cost of providing a demand service (with 
necessary modifications to exchange logic and 
equipment)? In the case of a videoconference 
network, what grade of service standards are 
appropriate? how can we dimension for a high 
blocking probability? what is the optimal network 
architecture taking into account the flexible 
routing strategies (e.g. use of rearrangement) 
made possible by the use of reservation? 

We hope this paper will incite others to examine 
these questions and to reflect on the teletraffic 
models which will enable their resolution. 
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APPENDIX: OUTLINE DERIVATION OF VIDEOCONFERENCE 
TRAFFIC FORMULAE. 

(Notation is ,as defined in section 4.2) 

A.I Symmetric traffic 
The choice of symmetric request arrivals given by 
the intensities (4.6) leads to the following two 
simplifications: 

- the total number of reserved conferences X( t) 
is a one dimensional birth process with arrival 
rate, when X(t)=x, of 

(A.1) 

- all microscopic states (i.e. where we identify 
individual studios) with a given total number of 
reserved conferences are equiprobable. 

That the overall arrival rate is independent of 
the individual Kij(t) and is given by (A.1) may 
be verified on summing the intensities (4.6) for 
i=1. •• H and j=i. •• M and setting Lai =2x. 

The second simplification allows the 
distributions of the Kij to be studied by 
combinatorial methods (cf. section A.5). 

A.2 Distribution of the number of reservations 
Let Px(t) be the distribution of .x(t). Px(t) 
satisfies the birth equations: 

The substitution u=Ja(t)dt yealds the homogeneous 
equations: 

(A.3) dPx 
. Tu 

with initial condition: 

Px(O) = { 1, x=O 
0, x >1. 

The direct solution of (A.3) (cL Syski, p.153) 
leads to a formula .for Px(u) which is unstable 
numerically for a value of N greater than 40. An 
alternative formulation leads to the following 
calculation method which is stable for all N. 

Let Rm(u) be the distribution of the number of 
events in a Poisson process of rate (~): 

and let px(m) be the probabilities defined by the 
recurrence relations: 

Then Px(u) is given by 

It is quite easy to verify by differentiating the 
r .h.s. of (A.6) that Px(u) so defined is a 
solution of equations (A.3). 

A.3 V'ariance of the number of conferences 
Let m(u), v(u), r(u) be the first three central 
moments of' X(u) : 

m(u) E{X(u)} 
2 

(A.7) v(u) E{[X(u)-m(u)] } 
3 

r(u) E{ [X(u)-m(u)] } 

from (A.3) we derive the following 
equations: 

(A.8) ~ = (N;2m) + 2v 

(A.9) ~ = (N;2m) - 4v(N-2m-1) + 4r 

Dividing (A.9) by (A.8) we have: 

8v 
1 - + 

8r 

two 

(A.10) 
dv 

dm 

(N-2m) (N-2m)(N-2m-1) 

4v 
1 + 

(N-2m) (N-2m-1) 

For large N the last terms in numerator and 
denominator of the r.h.s. of (A.10) are both very 
much smaller than the other terms. This suggests 
the approximation v = Vu where Vo satisfies: 

dvO = 1 _ 8vO 
dm (N-2m) 

. (A.ll) 

The solution satisfying initial condition vO(0)=0 
· is: 

N 2m 2m 3 
- (1 - -) (1 - (1 - -) ). 
6 N N 

In terms of the mean studio utilisation we have 
then, the approximation: 

(A.12) 
2 j 

v "" li (1 - p) (3p - 3p + P ). 
6 

This approximation is in fact extremely good. The 
table below gives a sample of results where exact 
values are determined directly from the 
distribution Px(u) given by (A.6). 

N = 100 N = 300 

p v p v 
exact approx exact approx 

.24 7.10 7.09 .23 20.94 20.93 

.50 7.32 7.31 .49 22.21 22.21 

.76 3.97 3.98 .75 12.33 12.33 

.91 1.54 1.54 .90 4.79 4.79 

A.4 Distribution of traffic streams 
Let Qx(~) be the probability that the network is 
in state k just after the xth reservation 
request. The Qx(~) are thus state probabilities 
of an imbedded Markov chain and satisfy the 
transition equations: 

1.3-2~ 
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These equations can be used recursively (starting 
with QO(O)=l) to evaluate all the probabilities 
Qx(~). Since we know the distribution of X 
(section A.2), we can thus calculate exactly the 
joint distribution of the Kij , at least for small 
networks. For large networKS the dimensions of 
Qx(~) are too great for practical computation. In 
the next paragraph we derive explicit expressions 
for the moments of the Kij • 

A.5 Moments of the Kij • 
The Qx(~) may be interpreted as conditional 
probabilities: 

By the second remark in section A.1, these 
probabilities may be expressed directly as: 

number of distinguishable ways of 
choosing x studio pairs so that 
the occupancy state is ~. 

(A.14) Qx (~) 
number of distinguishable ways of 
choosing x studio pairs. 

It may be verified by substitution that this 
definition is consistent with equations (A.13). 

The number in the denominator of (A.14) is: 

There are (~x) ways of choosing the 2x studios. 
For a given permutation of these studios {sl,s2· 
•• s2x} we can form x pairs by linking adjacent 
studios toge ther: {( s1 ,s2)··· (s2x-1' s2x)}· Each 
of the (2x)! permutations does not give a 
distinguishable set of pairs however since for x! 
ways of ar~anging the pairs and 2 ways of 
arranging the members of each pair we have the 
same occupancy state. The total number of 
distinguishable ways of linking the 2x studios is 
therefore (2x)!/x! 2x. 

i3 y a similar argument we derive the following 
expression for the numerator: 

where 

M Ni 

1·~1{( 2k k k 
ii H··· iM 

2ka ! 
--T .. 
k
ii

! 2 11 

11 k .. ! } 
i<j 1J 

N! 
( m1m2~··mr ) = ----------

ill1! m2!···rur ! (N-L: mi )! 

Substituting in (A.14) we find: 

( E k .. ) 
N1 ! ••• Nl1 !x!(N-2x)! 2 i<j 1J 

N! IT k .. ! IT(N.-a.)! 
i~j 1J ill 

Since, for given x, these probabilities must add 
up to 1, we deduce the identity: 

N! 

r Ni! x! (N-2x)! 

where the summation domain ~x{Ni} is su~h that 

k £ ~ {N.} <! '> E a. = 2x and 0~a1· (N1· for i Qil. xli 1 

The rth factorial moment of the traffic Knm' 
given a total of x conferences, is: 

E{(Knm)r/X=x} = I knm(knm-1) ••• (knm-r+1)Qx(~) 

~£~x{Nd 

Insertion of (A.1S) gives: 

(A.17) 

x!(N-2x)! IT Ni! I 
N! k 

( E k .. ) . <. 1J 2 1 J 

IT kij ! (knm -r)! IT(NCai)! 
i~j i 

(i,j)=(n,~) 

Writing: 
for (i,j)+(n,m), 

for i+n and i+m 
+ E k .. ', 
i=j 1J 

the sum in (A.17) may be expressed: 

2r I 
~£~x-r {Ni' } 

( L: k .. ' ) 
2 i<j 1J 

IT k .. '! IT (N!-a!)! 
i(j 1J ill 

Now, by identity (A.16), this expression is equal' 
to: 

2r (N-2r)! 
IT Ni! (x-r)! (N-2x)! 

We deduce: 

Finally then, we see then that the corresponding 
unconditional moment: 

1.3-2-7 

is given by expression (4.9). The other moment 
expressions (4.10) to (4.12) may be derived in a 
similar way. 


