
ITC 11, Minoru Akiyama (Editor) 
Elsevier Science Publishers B. V. (North-Holland) 
© lAC 1985 

, ANALYSIS OF QUEUEING SYSTEMS VIA "MULTI-DIMENSIONAL 
ELEMENTARY RETURN PROCESS 

Haruhisa TAKAHASHI AND Haruo AKlMARU 

Toyohashi University of Technology, Toyohashi 440, Japan 

ABSTRACT 
This paper proposes a refinement method for 

the multi-dimensional diffusion approximation with 
instantaneous reflection on the boundaries. To 
this end we define and discuss a multi-dimensional 
elementary return (diffusion) process which is a 
natural extension of the one-dimensional elementa
ry return process. The forward equation for the 
steady-state density functions is derived. Ap
plying this process, an approach for modeling some 
large queueing systems is shown. Then generating 
functions for two-station queueing networks and 
preemptive-resume priority queues are derived by 
sol ving a functional equation in two variables. 
Numerical examples are shown for the preemptive
resume queueing systems. It is also shown that an 
empty queue probability for these models can be 
exactly given as well as by one-dimensional case. 

1. INTRODUCTION 
We consider an n-dimensional diffusion process 

Yt that arises in conjunction with large queueing 
systems such as networks of queues, preempti ve
resume queueing systems, etc.. Its state space 
consists of the interior and boundaries of the 
parallelotope of Rn (i.e., Ot x. t Mi' 
i=1,2, ••• n). On the interior of this stafe space, 
Yt behaves like an ordinary n-dimensional diffu
Sl.on process (Brownian motion with drift). When
ever Yt reaches one of the (n-1)-dimensional hy
perplanes (for example, xi=O) it remains there and 
behaves as an ordinary (n-1)-dimensional diffusion 
process until an exponentially distributed finite 
time lapses or until one of the (n-2)-dimensional 
hyperplanes is reached. If the exponentially dis
tributed finite sojourn time lapses before the 
process hitting the (n-2)-dimensional hyperplane, 
Yt ju~ps instantaneously to a point on the inte
rl.or of the state space with x·=l. Otherwise an 
(n-2)-dimensional hyperplane i~ reached and the 
process stays there for an exponentially dis
tributed finite time to "act as (n-2)-dimensional 
Brownian motion. In both cases the process then 
starts from scratch. The behavior of Y

t 
on the 

lower dimensional hyperplane is defined in the 
same way. The process thus defined is a natural 
extension of one-dimensional elementary return 
process [4] • 

Several works have been devoted to the diffu
sion approximation for large queueing systems 
(mainly, for open queueing networks). Kobayash"i 
[10] wrote out the forward equation for open 
queueing networks with the rough boundary condi
tion that the approximating process must be re
stricted to the nonnegative orthant. Harrison and 
Reiman [8] showed the precise boundary conditions 
for a tandem queue which the reflected Brownian 

motion should obey. It was also shown that their 
"reflected Brownian motion satisfys the heavy traf
fic limit theorem [1]. 

Although the heavy traffic limit theorem was 
proved for the reflected Brownian motion, it has 
the disadvantage of failing to approximate the 
behavior of the light traffic queues. In fact it 
is known that a serious deviation from exact 
values arises in a middle or a light traffic 
condition[10]. With this motivation refinement 
techniques of the diffusion approximation of 
queues have been proposed by some researchers[6], 
[10]. Gelenbe [6] proposed a refinement technique 
by properly modeling the effect of empty queue 
probability applying one-dimensional elementary 
return process defined by Feller. In his approach, 
the behavior of the light traffic queues can be 
approximated in a smaller error than by using the 
reflected diffusion approximation. Our primary 
goal here is to propose a refinement technique of 
the multi-dimensional diffusion approximation by 
extending his work to a multi-dimensional case and 
to derive the stationary forward equations of the 
multi-dimensional elementary return process as a 
model of more general large queueing systems than 
queueing networks. 

In Section 2 and 3 we define the multi-dimen
sional elementary return process and derive the 
corresponding stationary forward equations. Using 
the result derived in Section 3, we then derive in 
Section 4 the partial differential equations for 
queueing network with two stations. It is also 
shown that the empty queue probability for this 
model can be exactly modeled as well as one
dimensional case of Gelenbe [6]. In Section 5, we 
discuss a generating function of the two-station 
queueing networks by analyzing the Laplace 
tr~nsformation of the partial differential equa
tions derived in Section 4. In Section 6 the 
modeling technique is applied to the preemptive
resume priority queues with feedback. In Section 7 
calculation methods for mean queue size of pre
emptive-resume queueing systems are given and some 
numerical examples are shown to compare with the 
exact values. A general notation that the in
finitesimal volume elements of Rn is denoted dx = 
dx1 dx2 ••• dxn shall be used through the pap~r. 

2. DEFINITION OF THE PROCESS 
We shall define a multi-dimensional elementary 

return process Yt or Y(t), t~O. General case shall 
be discussed where the state space Sn of the 
process is the parallelotope of Rn 

o i xi ~ Mi' Li > 0 (i=1,2, ••• n). 

Note that Mi may be infinite. Sn consists of its 
interior and the lower dimensional cell s (hyper-
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planes). The number of O-cells (vertexes) of Sn is 
2n. Generally the number of (n-k)-cells of Sn is 
2k(~), k=1,2, ••• n and sum to 3n • We number these 
cells through so that the (n-k)-cells are denoted 

~ K-1 j(n) . ~ k 2j(n) f byCi , (L.. ' =1 2 j +1 ~l. ~L.. '=1 j or 
k>O and by Co for K=O. Note that ~ represents the 
interior of Sn. Suppose C. is an m-cell, (O<m~n), 
then we write C. >( t ) d. if C. is (not) an (m
l)-cell and (or ~ot) contafned i~ the boundary of 
C . • Let IT i be the natural projection map from Rn 
t6 Rn- k which is the sub-space of Rn parallel to 
the (n-k)-cel.l Ci • The index of the coordira~e 
axis on lTJ(Rn ) which is orthogonal to IT (R ) 
is denoted i*j if Cj>Ci • 

On the interior of Sn, Yt behaves as an n
dimensional Brownian motion which has the (con
stant coefficient) forward operator 

n 0 2 n 0 
L* = ~ 1 0, ~ mO -o L.. 2 v<!><I> 0 X,l.. 0 X,l..' - L.. <I> 0 X,l.. 

<1><1>' =1 '" '" <I> =1 '" 
where the covariance matrix (v~<I>' ) is assumed to 
be non-negative definite. Whenever Yt reaches an 
(n-1)-cell Ci' (1~ i ~ 2 (~) ) at time t 1 , it 
stays there for a finite sojourn time Ti and 
behaves as an (n-1)-dimensional Brownian motion 
with the (constant coefficient) forward operator 

* l' 0 2 i _0_ 
Li = L <I><I>'~i*O 2 v~<I>'o x<l> oX<l>. - <I> ~i*O m<l> 0 x<l> 

where the covariance matrix (v~<I>' ) is assumed to 
be non-negative definite. If Yt reaches on an (n-
2)-cell C. < C . at tl+T., it stays there for an 
finite s05ournl.time T. ~nd behaves as an (n-2)
dimensional Brownian ~otion which has the (con
stant coefficient) forward operator 

* l' '0
2 ~. 0 

L. = L 2 v J , ~~ ~x' - L m ax 
J <I><I>'~i*O, j*i <!Xl> a <I> a <I> <I> . ~i*O, j*i <I> 

with the non-negative definite co variance matrix 
(vd<l><I>'). The behavior of Y t and the forward 
operator on the lower dimensional cells are de
fined in the same way except for the O-cells 
(vertexes). If one of the O-cells is reached then 
Yt stays there for an exponentially distributed 
f inite sojourn time. The finite sojourn time Tk 
on Ck (0 ~ k ~ 3n -1) is exponentially distributed 
if any boundary cell Ci of Ck (i.e., Ci < Ck ) is 
not reached. As soon as the exponential sojourn 
time lapses before the process hitting the bounda
ries, a jump in the direction of xk*m -axis occurs 
to the interior of Cm from Ck, (Cm > Ck ) according 
to some probability density function over 0 < xk*m 
< Mk*m. Let Akm be the posi ti ve constant which 

represents the rate at which jumps occur to a 
point on the interior of Cm from Ck , (Cm > Ck ). 
Then 

Prob {Tk > tl any Ci < Ck is not reached} 
= exp(-t L m A km) 

where the summation in the exponential function 
is taken over all m such that Cm > Ck • For our 
purpose, let the density function for the jump be 
the Dirac delta function <5 [xk*m-M(k,m)] in which 
M(k,m) is defined as follows: let 

+1 if xk*m = 0 for x~ Ck 
sgn(k,m) = { (1) 

then 
M(k,m) ~[1+sgn(k,m)] + ~[l-sgn(k,m)](Mk*m-l). 

After the jump, the process starts from scratch. 
The process Yt thus defined is the Markov process 
because there are no point with memory. The nota-

, tion (1) shall be used hereafter. 

, 3. STATIONARY FORWARD EQUATION 
Let the al ternati ve representation of the 

process be 
yet) = (k,Xk)t 

where k represents the index of the cell on 
which the process sojourns and , x k = IT key). We 
assume the process has the transition probability 
density defined by 

p~j(xi,yj) ~yj 

Prob {(k,Xk)t=(j,yj), yj~ 6. yj I (k,Xk)O=(i,xi )} 

in which ~ yj repres~I}ts. th~ small volume element 
on C.. We decide p~J(xl.,yJ) represents the tran
siti6n probability if C. is a O-cell." 

k kJ _ n b Let x denote IT x. Let \jJ k' k-0, •••• ,3 -1 e 
the set of continuous functions f k : IT k(Ck )-R1 that 
are twice continuously· differentiable in xk ex
cept at zk whose component xi of Rn f<.if contained 
,is 1 or Mi -1 for some i. Let fk(x ) ~ \jJ k be 
the density function on Ck that satisfys 

~ 3n -1 
L.J k=O r fk(x

k
) dx

k 
=1 • J IT kC 

k 
For the density function f k , we define the transi-
tion operator by 

the forward operator of the process is defined by 
[9] 

* A = lim 
t-+O+ 

(2) 
t 

where I represents the unit operator on \jJ cj< \jJ 1 
x···x \jJ 3n-1. The stationary forward equation of 
the process can be represented in the form 

(A*£). = 0, i=0,1, ••• ,3n -1 (3) 
It will be convenient to define the differen-

tial operators 

xk*· -+N(k .) 
where N(k,i)= (1l./2)[tl._ sgn(k,i)] Mk*i' 
i=1, ••• ,3n -1, and, <1>, <1>' represent indexes of the 
components of xl. and the summation is taken over 
all such indexes. The following theorem gives the 
concrete form of the equation (3). We shall main-
tain all of the notation established earlier. 

Theorem. Assume that Yt has a stationary den
sity function f k ( lTkx), k=0,1, ••• ,3n -1. Then it is 
the solution of the equations 

2n 
-L~ fO(x) ='" A iOfi (xi) <5 (Xi*O-M(i,O) 

~i=l 

o -sgn(k,m)Hmk [fm(xm) ] 
Ck 
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with boundary conditions 
lim fk(xK) = lim fk(xk ) = 0 

x <I> -+ 0 x<l> -+ L 
where Xtj> is the component of xk, 0 < k ~ 3n -1. 

Remark. If all Li are finite and there are no 
absorbing states, Yt is positive recurrent and has 
a stationary density. 
Proof. See [11]. 

4. TWO-STATION QUEUEING NETWORKS 
4.1. Stationary forward equation 

In this section we present the forward equa
tion of the elementary return process which ap
proximates two-station queueing networks. Let the 
mean rate and the variance of exogenous interar
rivals of jobs to the queue Q. be denoted by A . 
and ai' i=1,2, respectively. s~rvice times at eacE 
station are i.i.d. with mean 1/ ~ . and variance 
Si. Having completed services atl. each station, 
jobs proceed to the other station for services 
wi ~h. probabi I i ty Y i' wi th probabi I i ty S i jobs 
re]01n the same station, and with probability 1-
Y i - S i jobs leave the system. 

The process behaves as an ordinary two-dimen
sional diffusion process approximating the busy 
period queue sizes on the interior of R~. Whenever 
it reaches xi-axis, i=1,2, it remains there and 
behaves as an ordinary one-dimensional diffusion 
process until an exponentially distributed finite 
time w~ t~ m~an 1/ A 3-i + Y i ~ i lapses or unti I 
the Orl.g1n l.S reached. The process is there ap
proximating the queue size behavior of Q. condi
tional on the other queue being empty.l. If the 
exponentially distributed finite time lapses be
fore the process hitting the origin, it jumps 
instantaneously to a point with the same x·-co-

d" 1 or.1~ate and w1th x 3 - i =1, i=1,2. Otherwise the 
or1g1n would be reached and the process stays 
there for an exponentially distributed finite 
time, after which jumps occur to a point (1,0) or 
(0,1) with the rate A 1 or A 2' respectively. In 
both cases the process then starts from scratch. 
The exponential sojourn times of the process on 
the xi-axis, i=1,2, or at the origin approximates 
the periods of one empty queue or of both queues 
empty by supposing the arrivai processes to be the 
Poisso?ian with the rate A l' A 2 when either 
queue l.S empty. 

The stationary forward equations of the two
dimensional elementary return process are given in 
section 2. These are the natural extension of one
dimensional elementary (or instantaneous) return 
process which is proposed in [4] and applied to 
approximate computer system models in [6]. The 
partial differential equations for the queue size 
equilibrium density read as follows: 

a 2 f . a fi _1 1 
2 Di + E.--

a x? 
1 

1 a xi 

-H3-i(xi)-d3-ifi(Xi)+ Ai f 30(xi-1 ) 
(i=1,2) (5) 

Kl + K2 + ( AI'" A 2) f 3 = 0 ( 6 ) 

f O(x1 ,0) = f O(0,x2 > = 0 

where 
fO : density function on the interior of R~, 
f i , i=1,2: density function on the interior of R+, 
f3 : probability mass at the origin, 
H3- i (xi) 

lim 1 
a fo 

1 B 
af O 

2 A 3-i 2 -+ CfO 
x3-i~0 a x 3-i a xi 

a fi 
1 

Ki Hm - 2 Di -- + Eifi (i=1,2) 
xi-O a xi 

Al.' = A l.~ al.' + 1 1 l.~ S l' (1 - 2 Q l.') + 11 Y ( 1- Y ~ ~ ~3-i 3-i 3-i 

+ Y3-i ~~-iS3-i) + ~i Si(l- Si+ S i ~ tSi) 

B = - L !=1 [ ~ rSi Y i + ~ is i Y i (1- ~ "!Si > ] 

Ci Ai - ~i + S i ~ + Y 3-i ~ 3-i 

Di 
3 

A iai + 3 
~ iSi (1-2S i) 

+ ~ is i (1 - S i + 2 
S i ~ i Si) 

Ei Ai - ~i + Si~i 

d i A i + Y 3-i~ 3-i (i=1,2). 

Notice that fO is a two-dimensiona 1 probabi I i ty 
density function on the interior of R~ and f., 
i=1,2, is a one-dimensiona 1 ~robabi I i ty densi fy 
function on the interior of R • 

The parameters of the forward equations are 
interpreted as the mean and (co-)variance of the 
infinitesimal increment of the process, and called 
drift and diffusion parameters, respectively. Let 
Qi' i=1,2, be the number of customers in the 
station 1 at time t. Then the drift and diffusion 
parameters on the interior of R~ are given by 

1 
Hm 
t-+ 0+ 11 t 

1 
lim var[ Qi(t+l1t)-Qi(t>I Q1>0, Q2>O] Ai' 
t-+ 0+ I1t 

i=1,2, 
and 

1 
Hm cov[Q1(t+l1t)-Q1(t), Q2(t+11 t)-Q2(t) 
t-+ 0+ 11 t 

I Q1>0, Q2>O] = B • 
The parameters C., A . , i=1,2, and B can be deter
mined directly thro~gh the central-limit-theorem 
type argument[8]. Similarly we have 

1 
lim - E[Qi(t+11 t)-Qi(t)IQ]·=O, i~j,Q.~O] Ei 
t-+ 0+ 11 t l. 

1 
lim + - var[Qi (t+ I1t)-Qi (t)1 Qj=O, i~j,"Qi~O] =Di ' 
t-+ 0 " I1t 

i=1,2 
The parameters E . , D. , i=1,2, can be determined 

1 
. l. 1 

app yl.ng the central-limit-theorem type argument 
under the condition that Q.=O, i=;j, i,j=1,2,. We 
assume hereafter that the intinitesimal covariance 
matrix defined by 

( ABl B) 
A2 

is positive definite. 

4.2. Functional equation 
In this section we show the stationary func

tional equation for the generating function, and 
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discuss the traffic intensity (or the utilization 
factor). Let define the Laplace transformations 

LO( s1' s 2) = ~ ; J: f O(x1'x2 )exp( -sI x1 - s2x 2) dx1 dX2 

00 

Li(si) J fi(xi) exp(-sixi) dxi , (i=1,2) 
0 

and 

~ 
00 

Fi (s3:-i) Hi (x3-i) exp(-s3-ix 3-i) dX 3-i , 
0 

(i=1,2) 
Taking the two-dimensional Laplace transformation 
of (4), we have 

Furthermore Laplace transformation of (5) and use 
of (6) yield 

F3 - i (si) = [~ Disf - Eis i - d 3- i ] Li(si) 

- Ai f 3 (1 - exp(-si»' (i=1,2) (8) 
As wi 11 be shown in section 5, LO' L1 , L2 are 

analytic at the .origin. Thus we obtain the power 
series expansion for LO' Li , i=1,2 
LO(sl'~2) = a O + a 1 s 1 + a 2s 2 + a 3s 1 s 2 + ••••• 
L1 (s) - b O + b 1s + ••••• 

and 
L2 (s) hO + hIs + ••••• 

Substitute (8) into (7) and substitute the power 
series expansion for LO' L1 , L2 into the equation 
thus derived to get the coefficients of the si, 
s~, SI s2' sI and s2. Then we obtain 

-Cl aO - A 1 f3 

-C2a O - A 2f3 
Notice that 

and thus 

E1b O + d 1h O 

E2h O + d 2b O• 

a O + bO + hO + f3 = 1 • 
Notice that the mean E[x1 ] is given by 

(9) 

(10) 

(11) 

E[X1 ] =J: xl J : f O(x1 ,x2 ) dx2 + f 1 (x1 ) dX1 

a Lo a L1 
(0,0) - -- . (0) (12) 

a sI a sI 
and similarly E[x2 ] is given by 

E[x2 ] = -a2 - hI. (13) 
Let the stationary probability that the 

process sojourns on { (xl' x 2 ) I xi>O} , i=1,2, be 
P 1 = 1 - hO - f3 ' i=l 

Then from
P fl~/a~db?1~/3 ' i=2 • 

A i (1- S 3-i) + A 3-i Y 3-i 
Pi , i=1,2. 

{ (1- a 1) (l-a 2) - Y 1 Y 2} ~ i 
This coincides with the traffic intensity at each 
station derived from the use of traffic equation 

[8]. Thus we have obtained the empty queue proba
bility exactly. Notice that Gelenbe [6] introduced 
the elementary returning boundary to model the 
empty queue probability (or the utilization fac
tor) in one-dimensional case. Thus we can see that 
our process is a natural extension of one-dimen
sional case of Gelenbe in this respect too. 

5. GENERATING FUNCTION 
5.1. Solution for the special case of B=O. 

In this section, we seek the generating 
function of the diffusion model of two station 
queueing networks. The main mathematical technique 
used in this section is so called Riemann-Hirbert 
boundary value problems. The technique developed 
can be applied to another diffusion model of 
queueing systems directly as will be done in the 
next section. 

Rewriting (7) and (8), we have 
-R(sl,s2)LO(sl,s2) 

Gl (sl,s2)Ll (sl) + G2 (sl,s2)L2 (s2) g(sl,s2)f3 
(14) 

where 
R' ) 1 2 1 2 ~sl,s2 = 2Al s 1 + Bs1 s 2 + 2A2s 2 - Cl s 1 - C2s 2, 

G1 (s1' s 2) = d 2 exp(-s2) + ~D1 sf - El sI - d 2 ' 

G2 (Sl'S2) = d 1 exp(-sl) + ~D2s22 - E2 S2 - d 1 

g(S1' S2) = A l[l-exp(-sl)] + A 2[1-exp(-s2)] • 

Notice that from (14) to find LO(s1's2)' it is 
enough to find Lp i=1,2. We assume through this 
subsection that B=O. 

The following observation wi 11 enable us to 
determine the generating functions L., i=1,2. The 
right-hand side of (14) vanishes whe~ever R(x,y) 
0, provided that LO(X'y) is finite. Thus for a 
complex variable w define 

R1 (X,W) = ' ~A1x2 - Clx + w 0, Re x ~ 0, 

R2 (y,w) = ~A2y2 - C2y - w 0, Re y ~ 0, 
so that 
R(x,y) = RI (x,w) + R2 (y,w) = 0 • (15) 

In what follows, , let ;:z represent the principal 
value of the complex function zO.5 (for a complex 
number z s.t. - 1T < arg z ~ 1T ), It follows that: 

i) R1 (x,w) has exactly one zero 

. x ~ K1'<w~ = [Cl +1 Cf - 2A1w ]/A1 
w~th mult~pl~c~ty one for Re w ~O, in Re x ~ 0, 
ii) R2 (y,w) has exactly one zero 

y = K2 (w) = [C2 +1 C~ + 2A2w ]/A2, 
with multiplicity one for Re w ~O in Re y ~O. The 
functions Kl(w) and K2(w) clearly satisfy (15). It 
can be seen that K1 (w) is regular for Re w <0 and 
continuous for Re w ~ 0, and that K2 (w) is regular 
for Re w >0 and continuous for Re w ~ O. For 
Re w = 0 , (x,y) = (K l (w),K2 (w) ) is a zero of 
the kernel R(x,y') and hence it follows from (14); 

Gl (K l (w),K 2 (w) )L1 (K l (w» + G2 (K 1 (w) ,K2 (w»· 

L2 (K1 (w) ,K2 (w» = g(K1 (w),K2 (w) )f 3' Re w = O. 
(16) 

Our problem has almost been reduced to what is 
known as Riemann boundary value problem [1]: let' 
~ be a smooth contour, and let ~ + ( ~ -) be the 

left (right) domain of 4> w.r.t. the positive (or 
counter-clockwise) direction on ~ • Determine a 
function f(.) satisfying boundary condi tions de
fined on the contour <I> of the form 

f+(t) = G(t)f-(t) + e(t), G(t)~O,(t ~) 

3.3A-1-4 
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with 
lim fez), 
z+t 
ZE ~ + 
1 im fez), 
z+t 
zE ~-

where G(.) and e(.) are functions defined on ~, 

satisfy the H~lder condition [1] on ~, and do not 
vanish everywhere on ~. Furthermore the following 
conditions are incurred; + 

i) fez) is regular for zE ~ (~-) and is 
continuous for z E ~ V ~ + (~V ~ -), 

ii) f(z)+ c as 1 z 1+ + 00 , where c . is a con
stant. 
Notice that in our problem c=O. 

The form of so 1 ution of the Riemann boundary 
value problem depends on what is known as "the 
index" of the problem. This is denoted by and is 
defined by 

x = 2L . (" d Log G (t) 
1T 1 J ~ 

= { increment of the argument of G(t) when t 
traverses in the positive direction} /21T 
where i = r=1 . 

To reduce our problem to the Riemann boundary 
value problem, rewrite (16) as 

L1 (K1 (w». = G(w)L 2 (K 2 (w» + e(w)f 3 , 

where . 
G(w) = -G2 (K 1 (w),K 2 (w).> /G1 (K 1 (w),K2 (w» 

and 
e(w) = g(K1 (w),K2 (w»/G1 (K1 (w),K2 (w». 

Furthermore set ~ = { w; Re w = O} , and set ~ + 
= { w; Re w < O}, ~ - = { w; Re w > O} 
It is easily seen that G(.) and g(.) have finite 
derivatives everywhere on ~ • Since 

lim G(w) = (D2 /D1 )(A1 /A2 ) 
w~ ,wE ~ 

and 
Hm e(w) = 0, 

w ~ ,wE ~ 
G(w) and e(w) satisfy the H8lder condition on ~ 
and there exists a solution for the boundary value 
problem. For the analysis of the problem we have 
to investigate the index. From the definition the 
index of G(w) is given by the increment of the 
argument of G2 (K1 (w) ,K2 (w» subtracted by the 
increment of the argument of G1 (K~ (w) ,K2 (w,» and 
devided by 21T when w traverses ~ from -1 00 to 
+i 00 • Since the first term of Gl' i.e., the 
exponential term, vanishes when w + ti oo and 
since the square root represents the principal 
value, we have 
arg[G1 ] 

Hm arg 
W+- +jpo 

lim 

G1 (K1 (W),K2 (w» - lim arg G1 (K1 (w),K2 (w» 
w +-i 00 < 

arg ~D1Kf(w) - lim arg ~D1Kf(w) 
w ++i 00 w +-i 00 

= - 1T 

Simi lar ly for -G 2 (K1 (w) ,K2 (w», the increment of 
the argument on ~ is - 1T. Thus X =0. 

If X =0, then there exists the unique solution 
of the Riemann problem [1]. From [1] the solution 
of the problem is given by: 

where 

few) = f3 '¥ (w) exp r (w) 

Ll (K l (w» Re w < 0 
= { (17) 

'¥ (w) 

Re w > 0 

1 +i 00 

- (" ~(it) exp[ - r+(it)] 
2 1T J -1 00 

dt 
1t-W 

+i 00 

r (w) = * ~ -i 00 

and where 

Log G(is) 

is - w 
ds , 

r + ( it) = ~ Log { G (i t) } + r (i t ). 
Notice that f3 can be determined from (10) and 
(11). Thus the generating function has been found; 

L1 (sl) f(-~A1sf + C1 s 1 ) , Re sI > 0, 

L2 (s2) f(~A2s~ - C2s 2 ) Re s2 > 0, 
(18) 

with · £(.) given in (17). All the equilibrium 
moment~ of (x1 ,x2) can now be computed through 
numerical computation. 

5.2 Approximate solution for general case. 
To seek the solution for general case, i.e. 

for B~O, we have to determine the functions K1 (.) 
and K2 (.) on complex w-plane with the following 
property: 

(i) R(K1 (w),K2 (w» = 0, for wE{ w; Re w=0} 
(ii) K1 (w) is analytic for R: w < 0 ~nd con

tinuous for Re w ~ 0, and K2 (w) 1S analyt1c for Re 
w > 0 and continuous for Re w ~ 0, 

(iii) K1 (w) is mul tipl ici ty one for Re w i 0 in 
Re K1 (w) ~ 0, K2 (w) is multiplicity one for Re w ~ 
o in Re K2 (w) ~ 0, and . 

lim Re Ki(w) = + 00 , 1=1,2. 
w-++ioo 

First consider the asymptotic sol ution for 
+ tioo • Let 

s 2 'V b1 w y (w + ± i 00 ), 

w 

(19) 

where a 1 > 0, b 1 > 0 an~ 0 < Y i 1/2 are real 
constants. To determ1ne these constants, 
substitute (19) into 

R(x,y)'V ~A1x2 + Bxy + ~A2y2 O. 

Then we obtain for Re w + ±i 00 

Since the infinitesimal covariance matrix is posi
tive definite, we obtain from (20) 

a 1 =/ (A2/A1 ) b1 

o < Y = (1/ 1T) cos -1 [ / B2 / (AI A2 ) ] ~ 1/2 • 

Now let determine the solution for (i), (ii), 
(iii) of the form 

0 
l: i=- 00 ai(zO - w)i 

(21) 
0 

b i (zl + w) l: i=-oo , 

assuming that K1 (O)=K2 (O)=0. To show the existence 
of the solution (21), we employ the well known" 
theorem for the coincidence of 1 imi ting function" 
in analytic function theory: suppose a sequence 
f (z), n=0,1, ••• of analytic function on a simply 
cgnnected domain D be uniformly bounded on any 
bounded region in D. If fn(z) converges to .f(z) at 
z · of D with z. converging to z of D as 1 + 00 , 

tfien f (z) we;kly uniformly converges to fez) n 
analytic in D. 

Now consider a sequence wi' (i=1,2) which 
converges to zero with Re wi =0. Define function 
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sequences 

K1(w) a 1 (zO-w) y + 0 ai(zO-w)i L i=-n 

b i (zl +w)i 
(22) 

K~(W) b 1 (z l +w)Y + L i~-n 
where zO' zl' a 1 are arbitrary positive real num

bers (and thus b 1 is a positive real number), and 
where the complex numbers ai' bi' -n5.i5.0 are de
termined by solving a system of simultaneous qua
dratic equations: 

R(K~(Wj),K~(Wj» = 0, j=1,2, ••• ,2n, 
(23) 

K~(O) = K~(O) = 0 

Then Kr(W) is analytic for Re w 5. 0 and K~(W) is 
analytic for Re w ~ 0 for arbitrary n. Furthermore 
Ki(w) for any n is bounded on any bounded region 
in Re W5.0 and Re w ~O for i=1,2, respectively. 
Since K1 (0)=0, and K2(0)=0, the infinite series in 
(21) converges in Re w 5. 0 and in Re w ~O for 
i=1,2, respectively. Thus Ki(w), i=1,2 is uni
formly bounded on any bounded region in Re w 5. 0 
for i=l and on that region in Re w ~ 0 for i=2. 
From the theorem for coincidence of limitting 
function, we can conclude that Ki(w) converges to 
an analytic function Ki(w) uniformly (in weak 
sense) in Re w 5. 0 for i=l and in Re w ~ 0 for 
i=2. On the other hand, since R(K 1 (w),K 2 (W» is 
analytic on a strip includes the imaginary axis 
and vanishes at infinitely many point w', 
j=1,2, ••• on the imaginary axis, it is identical ry 
zero on the strip. Thus we have obtained a sol u
tion for (i), (ii), (iii). 

For the sake of numerical evaluation, we may 
make an approximation of (21) by using the trun
cated series (22), e.g., for n=10. The equation 
(23) for the coefficients is rewritten in the form 

Ax = g(x) (24) 
where the nonlinear term g(.) is a quadratic 
function and x=(ao, ••• ,an,bO, ••• ,bn)t. A solution 
for the nonlinear function (24) can be numerically 
computed by so-called Picard iteration: i.e., 

xk+1 = A-1g(xk ), k=0,1,2, ••• , (25) 
assuming A is nonsin1ular. It is convenient to set 
a 1 =(2A1 ) Y /Ap zO= C1 /(2A1 ), zl = C~/(2A2)' and xO 

= (ao,O, ••• ,bo,O ••• ,O)t with a O = Cl/AI and with 
b O = C2 /A 2 • 

Repeating the same discussion as subsection 
5.1, we obtain 

(26) 

where f(.) is given by (17) and Kl' K2 is replaced 
by (21). 

6.APPROXIMATION OF GI1 GI 2/G1 G2/1 PRIORITY 
QUEUES 

Consider preemptive-resume queueing systems 
(which may have inter-queue feedback structure) 
with two types of customers (see Figure 1). Type 1 
customers are given preemptive-resume priority 
over type 2 customers and both type of customers 
are served by a single server. External customers 
arri ve at each queue according to a renewa 1 
process whose interarrival times have mean 1/ A i 
and variance ai' i=l for high priority and i=2 for 
low priori ty. The service times for the class i 
are i.i.d. with mean 1/ ~ i a~d variance Si. The 

. feedback probability from priority i to priority j 

is given by Pi '. 
Repeating t~e same discussion as in section 4, 

we obtain diffusion equations (4), (5), (6) or 
(14) as an approximate model where the co
efficients are given as follows: 

Al = A ia 1 + ~ iS1(1-2P11 ) 

+ ~ 1 Pll (l-Pll +Pll ~ ~Sl) 

A2 = A ~a2 + ~ 1P12(1-P12+P12 ~ ~Sl) 

B = -[ ~ iS1P12 + ~ 1PllP12(1- ~ ~Sl)] 

Cl A 1 - ~ 1 + Pll ~1 

c2 A 2 + P12 ~ 1 

D1 A 3 
la1 + ~ iS1 (1-2Pl1) 

+ ~ 1P11(1-P11+P11 
2 

~ 1Sl) 

D2 A 3 
2a 2 

3 (_ + ~ 2S2 1 2P22 ) 

+ ~ 2P22 (1-P22+P22 
2 

~ 2S2) 

El A 1 - ~ 1 + Pll ~ 1 

E2 A 2 - ~ 2 + P22 ~ 2 

d1 A 1 + P2l ~ 2 

d 2 A 2 + P12 ~ 1 . 

it, ~ 

~---A2 a2 L-J...-'--! __ _ 

(27) 

Figurel. Preemptive-resume priority queues with 
self-feedback. 

The generating function is given by (17) and (21) 
with replacing the diffusion parameters by (27). 

Now consider the important special case with 
P ij = 0, i,j=1,2. This model is an ordinary 
preemptive-resume priority queue. In this case B=O 
and the same analytical method as in section 5.1 
is applicable with a little additional discussion. 
Notice that in this model C2 > 0 and thus K1 (0) 
=2C2 /Al > 0, K2 (0) = O. Therefore (17) detremines 
L2 (s2) for Re s2 ~ 0 uniquely but L1 (sI) only for 
Re sl ~ Kl (0). To determine Ll (SI) for 0 5. Re SI 5. 
K1 (0), we need the other branch of K1 (w), i.e. 

Since (T! (w),K2 (w» and (K1 (w),K2 (w» for wE [0, 
ct/(2A1 )] are both zeros of the kernel R(sl,s2)' 
Re s1 ~O, Re s2 ~O, we have two expressions: for w 

E [ 0, ct/(2Al ) ] 

L1 (Kl (W» = G(w)L2 (K2 (w» + e(w)f3 
and 

(28) 
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where G(.) and e(w) are defined in section 5, 

G' (w) 

and 
e' (w) 

-G2(T1(w),K2(w»/G1(T1(w),K2(w» 

g(T1(w),K2(w»/G1(T~(w),K2(w» • 

From (17) for Re w ~ 0, the righthand sides of 
(28), (29) are known, therefore the lefthand sides 
are given. Hence for slE [0,_ C

t
], L1 (S],) is 

determined from (29) and for slE C1'2C1 ] ~t is 
determined from (28). 

From the above discussion, we conclude that 
the generating function is analytic at the origin. 
Hence we have again the relation (9),(10),(11) 
between the coefficients of Taylor series with 
B=O. Since the simultaneous equation (10) and (11) 
for a O' b O' hO with f3 asssumed to be known are 
linearly independent we obtain 

f3 = 1 - A 1/ II 1 - A 2/ II 2 (30) 

under the assumption that stationary distribution 
exists. The empty queue probability is exactly 
modeled again. 

1. NUMERICAL CALCULATION 
In this section we show the -method of numeri

cal calculation and numerical examples for the 
mean queue length of the preemptive-resume priori
ty queue as an example. To evaluate the mean queue 
length, it is enough to evaluate b O (or h

O
) and b1 

(or hI). Then from (10),(30),(9),(12),(13) the 
mean queue length of both high and low priority 
queues can be obtained. From (17), (18) 

bO f(O) 
(31) 

b1 f 3 [ 'i" (0) exp r (0) + 'i' ( 0) r' (0) exp r (0) ] 
where ' represents the deri vati ve w.r.t. w. 

The method of singular integration [2],[7] is 
applied to evaluate the integrals appearing in 
(31). The 16-point Gaussian numerical integration 
method is applied dividing the integration inter
val [-iM, iM] with M being sufficiently large into 
nine sub-interva 1 s. Since the function Log G(w) 
in these integrals has to be evaluated for many 
points and used over and over, tables of the 
function can be constructed. The numerical sol u
tion was rapid in computer time. The solution took 
over about 6 seconds of a middle class computer 
(MELCOM 800 IIl, 1.7 MIPS). 

In order to evaluate the accuracy of our ap
proximation method we have compared it numerically 
in Table 1 with the exact results of M/G/1 priori
ty queues. It is remarkable that our approximation 
method gives exact value in the Markovian case. 

8. CONCLUSIONS 
For queueing networks, it is known that the 

diffusion process with instantaneous reflection on 
the boundaries is a heavy traffic model [1]. We 
have shown that the multi-dimensional elementary 
return diffusion process models empty queue proba
bility of queueing networks and so those in light 
traffic conditions. We have also shown that the 
process can be applied to models not only of 
queueing networks but also of more general 
queueing systems such as priority queues. In fact 
it is directly applicable as a model of the cou
pled processor[2] and the solution of the pre
emptive-resume priority queues is available. 
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