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ABSTRACT 

A multi-server system with batch arrivals 
of queueing and non-queueing types of calls is 
presented, and is ana1yzed under Markovian 
assumptions. A recursive scheme for the steady
state probabilities is obtained by using the 
generating function. Traffic measures, e.g., 
loss probability, mean waiting time, and the 
probability that the number of calls in the 
system is zero, are represented by only a finite 
set of the steady-state probabilities in spite 
of the infinite state space. Some numerical 
examples are shown. Traffic characteristics are 
also discussed. 

1. INTRODUCTION 

Multi-server systems with single and/or 
batch arrivals of queueing and non-queueing 
calls are common in practice. A prime example 
is the system in which voice and data traffic 
share the same group of communication channels 
[lJ. Another example is the storage equipment 
in the Facsimile Intelligent Communication 
System (FICS) [2J. 

Assuming Poisson arrivals and exponential 
service times for both types of calls, the 
system (hereafter denoted by M

J
,M

2 
/M/S/S,oo) has 

been ana1yzed independently 5y Cohen [3J and 
Helly [4J. Pratt [5J ana1yzed a more general 
system which allows different service rates 
(M

1
,M

2
/M

1
,M

2
/S/S,oo). For a large number of 

servers (S), however, exact analysis is not 
practical, although Bhat and Fischer [lJ provid
ed an approximation by using the results of 
M

1
,M

2
/M/S/S,oo [3,4J. 
Making the assumption of Poisson arrivals 

in the case of traffic input in bursts incurs an 
underestimation for the traffic measures, e.g., 
the loss probability or the probability of 
delay. In an analysis of message packetization, 
batch Poisson arrivals rather than Poisson 
arrivals were adopted [6J. Similarly, mu1ti
address calls in the FICS require multi-units of 
resources, so batch Poisson arrivals are assumed 
when designing the FICS [2,7]. 

In this paper, a multi-server system with 
batch Poisson arrivals of two types of calls 

[X] [y] 
(Ml ,M2 /M/S/S,oo) is studied. Type (1) calls 
arriving to find that they cannot find idle 
servers must abandon the system. Type (2) calls 
arriving to find that they cannot find idle 
servers enter an infinite waiting room. 
The system considered is an extension of the 

3.2A-4-1 

[xJ 
delay system with batch arrivals, M /M/S 
[8,9,10,llJ, and the loss system with .batch 

arrivals, M[XJ/M/ S/ S [12,13J, as well as the 
loss and delay combined system with Poisson 
arrivals, M

1
,M

2
/M/S/S,oo [3,4J. 

2. QUEUEING MODEL (M~XJ,M~YJ/M/S/S,oo) 
The system under consideration is shown in 

Fig.1 and is characterized by the following 
assumptions: 

i) There are two types of calls (1) , (2) . 
Calls belonging to each type are offered in 
batches to a service system having identical S 
servers in parallel. 

ii) Interarriva1 times of batche's of type 
(i) are independently and exponential1y dis
tributed with a mean of l/Ai (i=l,2). Arrival 
processes of type (1) and type (2) are indepen
dent of each other. 

iii) The numbers of calls included in an 
arriving batch (called "batch sizes") of type 
(1) and (2) are LLd. random variables with 
arbitrary distributions {g.} ,{h.} , respective-
ly. J J 

iv) Service times for individual calls 
belonging to both types are exponentia11y 
distributed with a mean of l/U. 

v) When an arriving batch of type (1) is 
larger than the number of idle servers, calls in 
the batch are rejected under the following 
strategies: 

Whole Batch Acceptance Strategy (WBAS) --
calls in the batch are totally rejected; 

Type (1) 

rejected ~/ 

Type(2) 

I 
J 

S servers 

---

Fig.l Multi-server system with batch 
arrivals of queueing and non-queueing calls 

(M~X],M~Y]/M/S/S,OO). 
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Partial Batch Acceptance Strategy (PBAS) --
the batch fills idle servers and the 
remaining calls in the batch are rejected. 
Whichever strategy is assumed, rejected calls 
depart immediately and no longer affect the 
system. 

vi) When an arriving batch of type (2) is 
larger than the number of idle servers, the 
batch fills the idle servers and the remaining 
calls of the batch enter a waiting room, whose 
capacity is infinite. These calls are served 
individually, based on the FIFO discipline 
between arrival batches and on the SIRO disci
pline in the same batch. 

Remark: Batch arrival systems had been 
treated only under PBAS, until Manfield et al. 
[6J distinguished between WBAS and PBAS. 

3. ALGORITHMS FOR THE STEADY-STATE PROBABILITIES 

For simplification, the following notations 
are introduced: 

A 
a i = Ai/U, gi 

A 00 . 
g = Lk=l kgk' . 

cx(i,j) ~ L~=i 
The system state is represented by the 

number of calls belonging to both types in the 
system. The steady state exists if and only if 
P2 < 1. 

This paper deals only with the steady 
state. Let { Pj1 denote the steady-state 

probabilities. The following steady-state 
equations can be written in the usual manner : 
Under PBAS, 
for O~n<S, 

for n=S, 

for n>S, 

rn- 1 
(A2 + Sl1)Pn Li=O A2hn_i Pi + SUPn+1 

r- 1 
The empty sum ( Li=O ' etc.) is zero. 

(la) 

(3) 

Under WBAS, the steady-state equations are 
the s ame for n>S, but 

for O~n<S, 

(lb) 

for n=S, 

The normalizing condition is given by 

r;=O Pj = 1 • (4) 

In the same manner as Abol'nikov [10J and 
Cromie et al.[l1J, summing Eq.(la) or Eq.(lb) 
for n=O to n=j, and summing Eq. (3) for n=j to 
n:oo, the following equations are obtained: 
For O~j~S, 
under-PBAS, 

. - rj-1 - Ij-1 -
JPj - a1L i=0 gj-iPi + a 2 i=O hj_iPi 

under WBAS, 

(Sa) 

. d-1 d-1 -
JPj = a1Li=0 a(j-i,S-i)Pi + a2Li=0 hj _i Pi .(5b) 

For j>S, 

_ d-1 -
SPj - a2 Li=O hj_iPi • 

Let us define C. by 
J 

(6) 

A 
Cj = Pj /PO' (7) 

From Eqs (5)-(6), the following recursive scheme 
for IC

j
) is obtained: 

Co = 1 • 

For l~j~S, 
under-PBAS, 

Cj = (LI:~ [a18j_i+a2hj_iJCi)/j 

under WBAS, 

(8) 

(9a) 

j-1 -
Cj = (Li=O [a1a(j-i,S-i)+a2hj_iJCi)/j • (9b) 

For j>S, 

(l0) 

Equations (9)-(10) represent the flow 
balance between the states {0,1,2, ..• ,j-1) and 
1j,j+1, ... }. 

Manfield et al.[6J and Kabak [8 1 9J provided 
the recursive scheme for the finite queueing 

system (M[XJ/M/ S/ K). Applying their approach to 
the system under consideration, a truncated 
error is involved, because the system 

(M~XJ ,M[YJ /M/S/S , 00 ) has an infinite waiting 
room. nn considering the z-transforrn of [C.} , 
however, algorithms for the steady-state pro~bil
ities can be obtained without any truncated 
error. Let C(z) be the z-transforrn of 
lc .}, i.e., 

J 
~ 00 . • j 

C(z) - Lj=O Cjz • 

Using Eqs (8)-(l0), denoting by H(z) the gen
erating function for the batch size distribution 
of type (2) {hj l, it . follows after some calcu
lations: 
Under PBAS, 

rS-1. rS-1 rS-j - i j 
L·=O(S-J)C. + a1L·=O(L i =1 giz )C.z 

C(z)_J J J J • (lla) 
- S - a

2
z(1-H(z»!(1-z) , 
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Under WBAS. 

L~=~(S-j)Cj+a1L~:~(I~=j+1~(i-j.S-j)zi)Cjzj 
C(z) - S - a 2z(1-H(z»/(1-z). (lIb) 

Taking into account the normalizing condi
tion (4). and the definitions of {Cj\ • 

C(1) = l/PO • 

From the above equation and Eq.(ll). using 
L'Hospital's rule. the representations of PO are 
obtained by a finite subset of IC

j1 : 
Under PBAS, 

(12a) 

Under WBAS. 

Po=S(1-o2)/[~:~[S-j+a1[~=j+1~(i-j.S-j)]Cj.(12b) 
Therefore. the recursive scheme (8)-(10) 

for {C.} , definitions of {C.} (Eq.(7». and 
Eq.(12)J give the steady-state p~obabilities 
IPjl. Moreover. the generating function for the 

steady-state probabilities, p(z). can be repre
sented by a finite number of the probabilities 
{p p p 1 In fact, mUltiplying both sides 1. O· 1····' S j. 
of Eq.(ll) by PO' it follows that: 
Under PBAS, 

,S-l ,S-j - i+j] 
L·-O [(S-j) + a 1(Li=1 giz ) Pj. 

p(z) = J- (13a) 
S - a 2z(1-H(z»/(1-z) , 

Under WBAS, 

,S-l ,S ( S.) i+j)] Lj=0[(S-j)+a1 (Li=j+1~ i-j, -J Z Pj 
p(z) 

S a 2z(I-H(z»!C1 z) (13b) 

4. TRAFFIC MEASURES 

4.1 Loss Probabilities 

Since loss probability for an arbitrary 
batch is generally different from that for an 
arbitrary call. we must distinguish between 
these concepts. Let us call the former "batch 
loss probability" and the latter "call loss 
probability". The batch loss probability is 
defined as the probability that an arbitrary 
batch will be either partly or wholly rejected. 
The call loss probability is defined as the 
probability that an arbitrary individual call 
will be rejected. 

By the batch Poisson assumption, it is 
known from [15] that: 

{

the number of calls in the system} 
Pr immediately before the arrival of = Pk 

an arbitrary batch 

The batch loss probability unde?- t~e 
condition that arriving batch size is i • B

i
• 1S 

given by 

Bi = Lk :(S-i+1)+ Pk • 

where (a)+ ~ max(a.O). 

(14) 

Equation (14) is deduced from the fact that. 
given that the a~riving batch of size i finds k 
calls in the system. the batch will be re~ected 
under either PBAS or WBAS. if k > (S-i+1). By 
using the total probability rule. the batch 
loss probability ~ is given as follows: 

~ = L~=l giBi • (15) 

Substituting Eq. (14) into Eq. (15), it follows 
after elementary calculations: 

(16) 

or 

B = Ps + L~=O gS-k+1 Pk • (17) 

- A 00 ,S-1 
with PS = Lk=S Pk = 1 - Lk=O Pk • 

As Manfield et al.[6] pointed out. the call 
loss probability is not quite so easily ob
tained. Considering an arbitrary call. it is 
known from [14] that 

Pr{arbitrary call arrives in batch of size i} 

Denoting by B. the call loss probability under 
the condition \hat the arbitrary call arrives in 
a batch of size i, and by B the call loss 
probability, from Eq.(18). we have 

(19) 

Noting that the service order in the same batch 
is random. it follows that: 
Under PBAS. 

[ 
S-l 

Bi = Ps + k=(S-i+1)+ (20a) 

Under WBAS, 

(20b) 

Equation (20a) is obtained from the follow
ing facts: When the number of calls in the 
system immediately before its arrival (denoted 
by k in this paragraph) is more than S-l, the 
arbitrary call belonging to the batch of size i 
is always rejected; When k < S, it is rejected 
with probability (i+k-S) /i under PBAS. Also. 
equation (20b) is derived from the fact that the 
arbitrary c~ll is always rejected when 
k > (S-i+1) under WBAS. 

Substituting Eq. (20) into Eq. (19), and 
changing the summation order, the resultant 
expression for the call loss probability is 
given as follows: 
Under PBAS, 

- ,S-l, 00 ( ) / 

B = Ps + Lk=O Li=S-k+l i+k-S giPk g (21a) 

Under WBAS, 

(21b) 

It should be noted that all the loss 
probabilities obtained here are represented by a 
finite number of the steady-state probabilities 
{PO •••• ,Psl. The batch/call loss probabilities 
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unde~ the condition that arriving batch size is 
i, Bi/Bi (Eq.(14)/Eq.(20)) appear to be new 
measures. These probabilities will be used for 
designing the FICS [7]. 

4.2 The Probability of Delay 

Let W1 and W be the time until the f irst 
call in the batch or an. arbitrary call in the 
b~tch en~ers the service, respectively. Define 
W

1 
(0), \-7 (0) by 

W~(O) ~ Pr(W1 > 0) , (22) 

Wc(O) ~ Pr(W > 0) • (23) 

Burke [14] shows, using a result from renewal 
theory, that the probability b of an arbitrary 
call being in the n-th positioR of its batch is 
given by 

bn = I;=n hj/h 

= h /h . 
n 

(24) 

The arbitrary call is held up when the number of 
calls in the system immediately before its 
arrival is more than S-l, or when it finds k 
calls in the system immediately before its 
arrival . and the position of its call in the 
batch is larger than S-k. Using the i b \, it 
follows that: n 

c "" S-l "" 
W (0) = Lk=S Pk + Lk=O I i =s-k+1 biPk· (25) 

Substituting Eq. (24) into Eq. (25) , chang
ing the summation order, and using Eq.(6) , it 
follows that 

(26) 

c For W1(0), it is obvious that 

c r"" - r S- 1 
W1(0) = Li=S Pi = Ps = 1-Li=0 Pi . (27) 

4.3 Mean Queue Length 

. Denoting by E (L ) the mean queue length, it 
follows that: q 

E(Lq) = I;=s (j-S)Pj 

= p' (1) + r S- 1 (S-J')p, - S . (28) 
Lj=O J 

From Eq.(13), we have: 
Under PBAS, 

-1 
E(Lq) = (S(l - P2)) 

.O:~:~[j (S-j )+a1 L~:1 (i+j) gi]P j +a2 [h+H" (1) /2]) 

IS- 1 
+ '0 (S-j)p, - S ; (29a) 

J= J 

Under WBAS, 

-1 
E(Lq) = (S(l - P2)) 

'(I~:~ [j(S-j) + a1[~:i(i+j)Ct(i,S-j)] Pj 

r S- 1 + a 2[h+H"(1)/2]) + L, 0 (S-j)p. - s . 
J= J 

(29b) 

The mean waiting time for an arbitrary 
call, E(W) is followed by Little's formula: 

(30) 

4.4 The LST of the Waiting Time Distribution 

To finR the LST of the waiting time dis
tribution W (s), the following random variable N 
is introduced. Let N be the random variable 
that is in position in the queue (including 
those being served) immediately after an ar
rival. By Eqs (24) and (6), it follows that for 
k)S, 

Pr (N=k) rk- 1 
Li=O bk-iPi 
rk - 1 -
L ·_O hk iP,/h 1.- - 1. 

(31) 

Conditioning on N, and using the total 
probability formula, 

* "" k-S W (s) = Lk=S+l Pr(N=k)(S~/(s+S~)) 

+ I~=o Pr(N=k) . (32) 

From Eq.(31), equation (32) is given as follows: 

* -1 -S W (s) = P2 .(Su/ (s+S~)) 

S i 
.[P(S~/(s+S~))-li=OPi(S~/(s+SU))] (33) 

-1 rS 
+ 1 - f2 (1-Li=O Pi)· 

Let us recall the representation of P(z), 
i.e., Eq.(13). Any n-th moment of the waiting 
time can be expressed by a finite number of the 
steady-state probabilities {PO' ..• ' PS} as well 
as the probability of delay. 

5. SPECIAL MODELS 

5.1 The Case of A2 = 0 

When A2 is equal to 0, the model considered 
in this paper is reduced to the loss system with 

batch arrivals (M[X]/M/S/S). No explicit 
solution under WBAS has been found. Mej zler 
[12] gave an explicit solution for the number of 
ca:L1s in the system under' PBAS. However, its 
numerical calculation is difficult because of 
the inclusion of the derivatives. Kabak [8,9] 
and Fujiki et al.[13] have provided the numer
ical solution under PBAS, and Manfield et al.[6] 
has provided under WBAS. Under both strat
egies, the steady-state equations (1), (2), and 
(3) are consist~nt with those obtained by 
[6,12,13]. Noting Ps = Ps in this case, it is 

verified that Eq.(17) and Eq.(21) are consistent 
with the batch and call loss probabilities 
obtained by Manf ield et al. [6] , and Fuj iki et 
a1. [13]. 

5.2 The Case of A1 = 0 

The considered model here is reduced to the 

delay system with batch arrivals (M[X] /M/S/"") , 
if A1 = O. No explicit solution for this delay 

3.2A-4-4 
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system has been found yet. However, Abol'nikov 
[10], and Cromie et al.[ll] provided the numer
ical solution. It can be seen that Eqs (26) and 
(27) are consistent with the "probability of 
delay" formulas obtained by Cromie et al. [11]. 
The mean queue length E(Lq) in Eq.(29) is 
reduced to the following: 
Under both strategies, 

E(L ) 
q 

,~-1 J·(S-j)p. + a
2

(h+H"(1)/2) 
LJ=O J 

,S-l . 
+ Lj=O (S-J)Pj - S • (34) 

On the other hand, substituting a
1 

0 into 
Eq.(13), and taking the limit as z ~1, we have 

,S-l 
1 = P(l) = Lj=O (S-j)Pj/(S(1-P2)) (35) 

Substituting Eq. (35) into Eq. (34), it follows 
that 

-1 
E(Lq) = (s(1 - f2)) 

'(L~:~j (S-j)Pj + (Sp2)2 + a 2H"(1)/2 - Sp2(S-1)). 

(36) 

Equation (36) is consistent with the result by 
Abol 'nikov [10]. 

5.3 The Case of Single Arrivals 

The model here is reduced to the loss and 
delay combined system with single arrivals 
(M ,M/M/S/S,,,,,), if g] = hI = 1. It can be 
ea~ily verified that tfie steady-state equations 
(1), (2), and (3) are consistent with those by 
Cohen [3], and Helly [4]. 

6. NUMERICAL EXAMPLES 

Numerical results are provided in some 
special cases. Some traffic characteristics are 
also discussed. Let p be the total offered 
traffic intensity, i.e., 

p ~ (A
1

g + A
2
h)/(SP) • 

Denote by Z the random variable with the 
distribution {zit, and denote by E(Z) and Var(Z) 
the mean, or the variance of the random variable 
Z, respectively. To see the influence of the 
batch size distribution on . the traffic measures, 
consider the following three discrete dis
tributions {z.1. 
I) Unit distfibution: 

A {I, :i,=10, 
zi 0, i~10, 

E(Z) = 10, Var(Z) = 0 . 

11) Binomial distribution~ 

A 
z = 

i 

E(Z) 

C (1/2)i(1/2)20-i , 0 < i __ < 20, 
20 i 

0, Var(Z) = 5 . 

Ill) Bi-polar distribution: 

A [ 9/14, i = 1, 
zi = 5/14, i = 15, 

E(Z) = 10, Var(Z) 45. 

1----------------------------, 

CD 
10-1 

g 
:0 
o 
.0 
o .... 
a. 

Unit 

.2 .4 .6 .8 

Total offered traffic intensity p 

Fig.2 Relation of loss probability 
with total offered traffic under PBAS. 

1.0 

Throughout the following special cases, it 
is assumed that the batch sizes of type (1) and 
type (2) have the same distribution (gi = hi' 
i ~ 1 ) and Al = A 2 • This situation can be 
seen in the FICS ; see [2,7]. For simplicity, 
let J1 = 1. 

Figure 2 gives the graph of the call loss 
probability B vs. p for the system with S = 25, 

3.2A-4-5 

10--------------------------------------~ 
Unit 
Binomial 
Bi-polar 

.5 1.0 

S=25 
PBAS 

1.5 

Total offered traffic intensity p 

Fig.3 Relation of mean waiting time 
with total offered traffic under PBAS. 

2.0 
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1~--------------------------~ 
PBAS 
WBAS 

S=25 ...... - .. ---.. ---
.,.,.,. ....... ---

;; 

,,' 

" " ,/ 
,/ , 

I 
I 

I 
I 
I , , , , , , , , , 

;; " " 
" " 

10~~--~~~~----~----~----~ 
0.0 .2 .4 .6 .8 1.0 

Total offered traffic intensity p 

Fig.4 Relation of loss probability 
with total offered traffic under PBAS/WBAS. 

and PBAS. Figure 3 gives the mean waiting time 
E(W) as in Fig.2. From these figures, it is 
observed that the loss probability or the mean 
waiting time increases as the variance of the 
batch size is larger, regardless of the maximum 
batch size. Recall that the maximum sizes of 
the unit, the binomial, and the bi-po1ar batch 
size distribution are given by 10, 20, and 15, 
respectively. It should be noted that the 

10 r------------------------n 

1 

PBAS 
WBAS 

10~----~~--~~~----~----~ 
0.0 .5 1.0 1.5 2.0 

Total offered traffic intensity p 

Fig.S Relation of mean waiting time 
with total offered traffic under PBAS/WBAS. 

influence of the arrival batch size variance on 
the traffic measures cannot be negligent. 

For dimensioning the telecommunication 
resources (trunk-circuit, memory, etc.) with 
batch arrivals of calls, it is important to 
measure (at least) the variance of batch size as 
well as the batch arrival rate. 

The call loss probability B and the mean 
waiting time E(W) under PBAS and WBAS are shown 
for the offered traffic intensity in Fig.4 and 
Fig.5, respectively. In these figures, binomial 
batch size distribution is assumed and number of 
servers (S) is either 25 or 100. The loss 
probability under WBAS is higher than that under 
PBAS, and the mean waiting time under WBAS is 
smaller than that under PBAS. This is verified 
intuitively from the definition of the strat
egies. For practical design, the choice between 
PBAS and WBAS depends on the service quality to 
be satisfied. 

Figure 6 shows the loss probability as a 
function of the number of servers (S) under PBAS 
and WBAS. The offered traffic intensity is 1.9, 
and unit batch size distribution is assumed. 
When S is less than the mean batch size (i.e., 
S < 10), the loss probability is always 1 under 
WBAS, and less than 1 under PBAS. This is 
because of the definition of strategies and 
constant batch size. In the case of S ) 10, 
however, the difference between PBAS and WBAS 

\ 
\. 

' .. 
"'~ 

'\, , 
'\, 

p=1.9 
0- PBAS 

A----- WBAS 

'" 

\~\ 
\ , , 

'lit 
'\ , , , 

'lit , , , , , , , 
'~ , , , , 

\ , 
'\., 

10~~--~----~----~----~~~ 
o 10 20 30 40 

Number of servers S 

Fig.6 Re1~tion between loss probability 
and number of servers under PBAS/WBAS. 

50 

does not depend on the number of servers, and it 
seems to remain constant. 

Through these examples, it is numerically 
seen that the calculation speed is about the 
same as with Erlang B formula. 
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7. CONCLUSION 

A multi-server system with batch arrivals 
of queueing and non-queueing calls is presented 

[X] 
and ana1yzed under Markovian assumptions (M1 
M[Y]/M/S/S,~). A general numerical approach is 
p~ovided, i. e., the steady-state probabilities 
p. are obtained without any truncated error, 
c6mbining the recursive scheme with the generat
ing function. New traffic measures for the 
non-queueing calls, i. e., the batch/call loss 
probabilities given the arriving batch size, are 
introduced under both PBAS and WBAS. These 
quantities will be useful for practical traffic 
design in the FICS. Since main traffic measures 
can be represented by a finite set of the 
steady-state probabilities I PO,P1'···'Ps 1 , 
programming for the traffic measures is Jery 
simple and the calculation speed is about the 
same as with Er1ang B formula. From the numer
ical examples, it is seen that: 

i) The influence of the arrival batch size 
variance on the traffic measures is worse than 
that of the maximum batch size. The loss 
probability and the mean waiting time increase 
as the variance is larger. 

ii) The difference between PBAS and WBAS is 
not a function of the number of servers (S), if 
S is larger than the mean batch size, with the 
total offered traffic intensity being constant. 

For further study, the following topics 
remain: 

i) A generalization to the system which 

allows different service rates (M~X] ,M~Y] / 
M ,M /S/S,oo); 

1 2ii) An expansion to the non-Markovian 
system (e.g., with general service time dis
tributions, general interarriva1 time dis
tributions). 
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