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ABSTRACT 
An idealised Automatic Telephone Ex

change (ATE) is considered. A comparison 
is made between a model without repeated 
calls (with and without absence with uni
form and ununiform activity of the sub
scribers) and a model with repeated calls. 
For some cases analytical dependences are 
given. Mainly a Poisson flow is considered 
but also Engset flow and a negative bino
mial case are touched upon. Considered 
are only losses due to mistakes of the 
A-subscriber, the absence and occupation 
of the subscribers, depending on the ac
tivity and duration of the occupation of 
the installations, i.e. only the natural 
factors limiting the quality of functio
ning of a switching telephone network . . 
The results obtained are significant for 
a better estimation of the real systems. 

1. INTRODUCTION 

There have been made a great number 
of attempts of simulation of telephone 
systems with repeated calls (see [1] ). 
The essential thing that distinguishes our 
approach is that we consider a system of 
N subscribers connected by means of an 
idealised ATE and the subscribers' beha
viour is described comparatively in a 
more det·ailed manner. 

Our idealised ATE has: 1) maximum 
decentralized control without delay which 
resembles the control of the old step ex
exchanges but it is digital. The type and 
duration of the accoustic signals are ma
ximum near to those of the step exchanges. 
2) The exchange is with two levels - sub
scriber and switching subsystems with a 
full availability. 3) The technical losses 
are small and can be igno~ed. 

We assume that in the considered in
terval of time the durations of all the 
phases of serving that are considered as 
independent random variables are known 
and do not change their mean values de
pending on the intensity of the input 
flow in calls per second (in contrast to 
the mean occupation time of a subscriber). 
Under these conditions we look for a 
co·nnection between the mean intensity of 
the i nput flow on the one hand and the 
subscribers traffic and other important 
characteristics of the telephone system 
on the other hand. 

2. MAIN INPUT PARAMETERS 
There are considerable differences 

in the experimental data received under 
different conditions by different autho~ 
because of which the chosen by us value~ 
and distributions of the input parameters 
shown on Figure 1 are illustrative. We 
have used for example [1,2,3] as well as 
our observations. When the value is given 
by an interval (for example 12~3) this 
means that a uniform distribution in the 
interval ( [12-3, 12+3J ) is used. If the 
value is denoted by "exp" (for example 
180 exp) one must understand that the va
riable has the shown mean value (180) and 
has an exponential distribution. All the 
times are given in seconds. 

The notations are: 
N number of all the subscribers in 

the system 
A mean intensity of the whole pri

mary offered traffic in calls per 
second 

Ji ' -_ mean intensity of the primary of-
fered traffic of a free source 

Mean holding times: 
Td - dialling performed by the calling 

A-subscriber (6-7 digits) 
Tmd = dialling when the subscriber 

thinks he has misdialled the num-

~ns 
ber 
ringing tone 
when the called B-subscriber ans
wers 
ringing tone when the B-subscri
ber is absent 
busy tone 
conversation 
conversation that finds misdial
ling 

Times from the hanging up the recei
ver up to its picking up before the 
next new attempt, after: 

Wm~ - conversation finding misdialling 
Wo~y busy B-subscriber 
Waos no an swer 
wmd misdialling 
WJree waiting for . the A-subscriber to 

be free, if he was busy in the 
interval between two attempts 

Probabilities for directioning of 
the calls to: 

Patb - absent subscriber 
Pmd misdialling 
Rm~ = conversation finding misdialling 
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3. MAIN OUTPUT PARAMETERS 

Pou~y probability of finding the B-sub
scriber busy 

POf - , probability of finding a busy not 
absent subscriber among all not 
absent 

P!2 probability of finding a busy ab
sent subscriber among all absent 

AR average intensity of the whole 
flow of repeated calls 

ft= .it +AR 
11 

A traffic of the A-subscribers 
B traffic of the B-subscribers 
E efficiency of calls 
F number of calls ended in a conver

sation 
number of all calls 

TA average occupation time of the A
subscriber (sec) 

TB average occupation time of the B
subscriber (sec) 

~B average occupation time of a sub
scriber 

Et efficiency of traffic 
Et :... 2: 'lA ended in a conversation 

- .L; ~ :t or all occupations of the 
A-subscriber 

number of calls directed to an 
p' _ absent subscriber 
aos - number of all calls after success-

ful dialling 
pi p =1= Pa&.s if the system includes repe-
aos ated calls 

4. SIMULATION MODEL 

is a development of the model [4] 
A group of 2000 subscribers is modelled. 
Its essential particularity is that the 
subscribers are discernable, i.e. every 
subscriber has a unique number and other 
individual characteristics, for example 
whether he is absent or not. Each call is 
represented as a transaction in the GPSS
language. The flow of calls corresponds 
to the shown in Fig. 1. The original flow 
of calls is directed with equal probabil~ 
ties only to free subscribers who are not 
noted as absent. The number of the B-sub
scriber is chosen with equal probability 
among all subscribers. The numbers of the 
A-subscribers and the B-subscribers are 
written in the parameters of the transac
tion and without changes are used with 
the repeated calls. 

Since in the interval between two 
attempts the original A-subscriber can be 
seized as a B-subscriber or can generate 
another call as A-subscriber, it is neces
sary to check before the beginning of each 
repeated attempt whether the A-subscriber 
is free. The experiments show that at 

p = 1.854, for one seizure of an A-sub
scriber the check cycle including 
(see Fig. 1) is fulfilled 1.245 times, i. 
e. it can be assumed that the interval 
between two calls is influenced directly 
by the loading of the telephone system 
(especially at great P ) . 

After terminating of an unsuccessful 
attempt, in this case with repeated at
tempts, the call remains in the system 
with probability Rmc1 , Ra08. Rou.sy 
or Rma ,depending on the cause for 
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failure. These probabilities are equal 
for every attempt with two exeptions: 
1)Means for registration of up to 10 
attempts are provided and for this rea
son the transactions for the 11-th att
empt are rejected by the system. The ex
periments show that up to A = 1.526 
calls/sec, Pousy = 25.781% there is 
no 10-th attempt and at this value they 
are 0.013% of all attempts. At the point 
with the highest simulated value of the 
input flow - A 2.522 calls/sec 
( PGusy = 3 9 . 0 5 9 %), O. 0 7 % 0 fall 
calls nave made the 10-th attempt. These 
data show that the registration of more 
than 10 attempts is indefensible. 
2) The other exception is the cases with 
repeated attempts due to absent subscri
ber. The known data and our observations 
show that when the B-subscriber does not 
answer the A-subscriber makes after a 
short interval one more (as an exception 
2) attempt, mainly to be sure he has not 
misdialled. We assume that the attempts 
made after more than 60 minutes are new 
attempts and not repeated, that is why 
we do not admit more than 2 attempts en
ding with "no answer". Of course, as be
fore, so between the two attempts there 
can be losses due to any of the other 
described reasons, but it is not possib~ 
for the B-subscriber to answer, because 
he is noted as absent. Naturally the te
lephone of an absent B-subscriber can be 
occupied when it rings (average Tao~ sec). 
A considerable part of the telephones of 
the absent subscribers can be occupied 
due to this reason (see §6.2). The data 
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Fig. 3. With Rep. call5 Jl 

received from the simulation show that 
the second call ended in "no answer" un
der the described conditions can occur 
even at the 8-th attempt. 

The model includes about 1000 punch 
cards in the GPSS-language, uses about 
480 K bytes storage of a computer ES 10~ 
and needs about 0.07 sec for processing 
of a call, including input/output ope
rations. For a time unit is chosen a san
tisecond (0.01S). The shown results are 
received on the basis of 10000 transacti
ons that left the system through the 
blocks "end" in Fig.1 after the processes 
have reached statistical equilibrium. 
Since statistics are gathered after the 
end of every attempt, for a system with 
repeated calls this means that at least 
10000 ft measurements have been made 
for every value of A 

. 5. MODEL WITHOUT REPEATED CALLS 

5.1. Without Absent Subscribers 

Let in Fig. 1 Pads = Rmd = Ra!s = 
. =7?ousy = Rm(!==O. In this case obviously 

POt = Pou.sy • We shall follow the approach 
offered in [5J . We consider every phase 
of service like a multichannel device 
with unlimited number of channels in 
which at every moment can be served inde
pendentlyfrom each other unlimited number 
of calls.We consider as logically diffe
rent holding times even such which are 
received in the same way, if this increa
ses the clearness and convenience at exa
mination and does not change the logic 
of functioning of the system. For example 

4.3B-3-3 
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in Fig.l we have two different devices 
representing the dialling, two represen
ting the conversation an so on. 

For .A ,A' and all times of the 
phases of service we shall consider ful
filled the conditions required for the 
theorem of Little [6J : 

Jl = lim.Jlt T = Urn Tt , where ( 1 ) 
t __ oo t-.oo 

.At and Tt are the average values in the 
interval (O,t ), t is the current time. 

From Fig.l,the formula of Little 
and the saving laws we derive at a sta
tionar i ty: 

A + B = Jl. [01 - P6usy 02 ] ( 2 ) 

where 01 and O2 are random variables 

e1 = P md T md + ( 1 - Pmd ) ( 2 To + r d) j 

(/2 = (1 - Pmci) ( 2 To -Tousy) 

To = lans T Pma Tma + (1-Pmfl)Ta . (3) 

The coefficient 2 before T6 is re
quired, since while a B-subscriber is bu
sy, an A-subscriber is busy too. In this 
case all subscribers are equal and the 
calls are directed uniformly to all the 
subscribers, therefore we can consider: 

p~ A + B (4) uusy = N 
From (2) and (4) we receive: 

P6usy = ~ [ et ~ Pousy (12 ] (S) 

In the case of a P.oisson input J/. = A N I 
from where: 

Pousy = A '0, (6) 
1 + .It '('2 

By analogy for Engset input and input of 
negative binomial type we receive corres-
pondingly (7) and (8): 

P6usy = Ji' ( 1 - Pdusy) (C'f - P!usy ~ ) 
PouSy = Jl' ( 1 + pouSy) ((1, - Pdus.!l O2 ) 

(7) 

(8) 

The expression (S) makes it possible 
to consider other types of input flows. 
The simulation data confirm fully the re
ceived results [7,8,9,10J. In [llJ is 
considered the case of an Engset input 
flow, as in case (7), so when the inten
sity of the input flow decreases propor
tionally to the absent subscribers. The 
results show that in Engset input the 
absence of the A-subscribers as a rule 
must not be taken into consideration, 
since a subscriber who has left his te
lephone can remain a source of calls, 
creating in this way additional loading 
of other telephones. The model with Eng
set input and decrease of flow proporti
onally to the absence of subscribers 
gives lower losses in comparison with our 
observations. 

In the mentioned works, in contrast 
to this work, is considered the case of 
the subscriber's absence with equal pro
bability. In [llJ is given a comparison 
between the cases with and without absenE 
of the subscribers at Engset and Poisson 
flows. 

As it is seen in Fig.l the knowledge 
of Pousy gives us the opportunity to cal
culate all important characteristics of 
the telephone system in stationarity, 
since the values of the other input para
meters are relatively independent of A. 
For example, the conversational traffic 
(Aa ) of the A-subscribers (simultane
ously occupied A-subscribers, whose occu
pation will end with conversation) will 
be (see Fig.l with assumptions made): 

Ao =.A (1-Pmd)(1- PoUSJ/) [id T Tans -tPmc Trna+ 
+ ('-Pma ) To ] 

and the specific conversational traffic 
will be Ao/N . After determining A/N 
from (S), we receive: 

Aa _ PwslI(1-Pmd)(f-P!{JS!I)[Td t Tanst FIne Tmo+ (1-Rnd TC'] 
IV - ef - P6usy {}2 

Ao/N i 's 0 for Pousy =0 and 1 and has 
only one maximum, for example when Po~y= 
= 08 . It is important to note that (9) 
does not depend on the type of input fillw 
(Poisson, Engset or negative binomial 
case) if it i~ stationary. Other similar 
results are shown in [12J • All given re
sults are confirmed with a relative erIDr 
at 6000 measurements not greater than 2% 
for all simulated values of A 
S.l.l. Model when the activity of the 

subscribers is not uniform 

Let us consider the subscriber's 
traffic with the assumptions made, but 
when all N subscribers are divided into 
~ categories. Theununiform activity 

is expressed with regard to the intensity 
of the offered flow in calls per sec, its 
directioning and the duration of occupa
tion of the installations. For each ca
tegory remain in force the already des-
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cribed input parameters and one or two 
indexes are added to the notations, the 
first showing the category of the A-sub
scriber, the second - the category of ~ 
B-subscriber. For example, Td (I,J) is the 
duration of dialling the number of the B
subscriber from category J , by the A
subscriber from category I . If there is 
only one index, it refers to the catego
ry of the A-subscriber, for example,~usy~) 
depends only on the behaviour of the A
subscriber. 

The required additional parameters 
are: 
P(I~J) = matrix of the traffic interest.It 
shows the probability of directioning of 
a call originating from category I to 
category J 
L( 1 )=il(l)/ Jl, where A I( 1) is the offered 
traffic (calls/sec) by one subscriber of 
category I and JL is the whole offered 
traffic by the N subscribers. 

a(m) = N(m)/N, where N{m) , is the number 
of the subscribers from category m 

In [5J is shown that at a Poisson 
f low the I< unknowns P6usy" ( I ) can be 
determined as a solution of the follo
wing system of k linear equations: 

''!i A (1 )P6usy(J)+~U:5y(I) 0(1)+ i(I9= (10) 

where = B (1) , 

A(I)=L{I)Q(I)± P(I,m) [~(I,m)-Tousy(I) J, 
/.( m=1 

D(I)=2 L(m) Q{m) P{m.I) TB (m,I) , 
m=1 /.( 

B( I) = 1..(1) 0(1).:E P(I,m)[Td (I.m)+ ~(I~m)]+ 
/.( m=1 

+ L p( m, I) L (m) Q (m) ~ (m~ I ) . 
m=1 

After knowing all P5U:5Y ( I) ,we can de
termine all important characteristics 
describing the modelled system and for 
each of the categories. In [13J is used 
this result for 3 categories of subscri
bers and is shown that not taking into 
account the ununiform activity of the 
subscribers when dimensioning PABX, can 
lead to considerable errors.The data re
ceived as a result of the simulation con
firm (10) with a relative difference un
der 2% in the whole work interval of Jl • 

Another important conclusion for 
the PABX is that the ' losses due to "bu
sy" must be accounted not according to 
the occupation of the connective lines, 
but according to the occupation of the 
subscribers from the PABX. 

In order to apply the results to 
local exchanges we need much more and 
more suitable data in comparison with 
the available data characterizing the 
ununiform activity and in particular the 
mutual interest among the subscribers 
from different categories. Similar data 
are given in [14J and are approximately 
valid for Bulgaria, where the differe~ 
between the home, business and administ
rative categories of subscribers is too 

30 

% 

20 

15 

10 

5 

o 

MEAN ::3:3.3.5 

S TA ND. IJEV = 2 7.07 

~ !: 1.006 CQeeS/s 
PBusy =18.326 % 
.J - tlt!J 0 ,_---_. 

OVER 704 

o fO 20 ~O 'to 50 60 70 
SEC 

Fig.5 Lost occupation of theA-Su8s, 

% r------------------------------------, 
20 

10 

0 

~ 
35 

30 

2~ 

20 

,-' 
fO 

5 

0 

MEAN =3118.2'19 

5 rAND.DEY = 19. 75 

J. = 1,006 calls/s 

'iLU!/ = 18,326 

P =1.~50 

270 2jO JIO J30 350 370 J90 

Fig.D. Busy 5ullscritJers 

HEAN =183.087 

5T.D£Y.= fO.J,49 

jl: f.OOocolls/$ 

~ :18.326 usy 
)3=1.1(50 

IItO 160 180 200 220 

Fig. 7. Bu.sy A - 5u!JscriIJers 

small. 

5.2. Model with Absence of Subscribers 

HO 

Let us consider the model in Fig.1 
under the condition Rmd = Ra& = Rousy= Rmc=D. 
The rest.il..ts from § 5.1 are not applicable 
directly, since here the subscribers are 
not equal. But we can consider the sub
scribers consisting of two homogeneous 
categories: 1) present and 2) absent 
(with)lI=D ) and use the results from 
§ 5.1.1. In Fig.1 we can easily see 
that: 

P6usy =- (1- P md) [Pao~ P02 +( 1- Paos)Po1 ] (11) 

4.3B-3-5 
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On the other hand, as in each group the 
subscribers are homogeneous: 

( 12) 

In Fig. 2 and 3 are shown the results 
from the simulation. With a dotted line 
are plotted the values of (A + B) / N in %. 
The equation (11) is valid for the measu
red values up to' the first 5 digits and 
the equation (12) shows a relative diffe
rence of 1.9% for .A = 0.326 , that dec
reases with augmentation of.A (for A = 
0.606 it is 1.16%) and reaches 0.69% 
forJt = 5.133 calls/sec. The losses fron 
"no answer" decrease with augmentation of 
A , since they increase as the common 

losses from "busy subscriber", so the pvo
bability to dial an occupied telephone of 
an absent subscriber ( P2 ). 

In Fig.2 it is seen that the proba
bility of falling upon a busy subscriber 
among the present subscribers ( P1 ) in 
the work area of A can exceed 1.26 times 
the average probability Pdus!:/ = 12.23 % while 
~ = 2.15 % is 5.68 times lower than 

P&usy and causes 0.28% from all losses. 
It is seen from (11) that the importance 
of P~2 increases with the increase of 

PaBs • On the other hand, Pat1s can 
exceed in some cases even 60%. 

Et is practically a straight line 
and decreases more slowly than E . Et de
pends strongly on the duration of the 
conversation [8] . In Fig.4 is seen the 
decreasing of the mean occupation times 
separately for A,B and all the subscri
bers. The decrease of TA is the grea
test. This decre~is due to the increase 
of Pd1 and Pd2 (Fig. 1,2), at constant 
mean values of the holding times. 

6. MODEL WITH REPEATED CALLS 

Le t us consider the full model in 
Fig.1. The results from the simulation 
are shown in Fig. 3,4,5,6,7. In Fig.3 is 
seen considerably more steep increase of 
~, ~ and Pousy in comparison with 

the case without repeated calls (Fig.2). 
The values of (A+B)/N (dotted line) app-
roach Pbusy . This is due to the uneven 
directing of the flows of the repeated 
attempts. The dependence (11) is fulfil
led again with the same precision, if 
Paos is replaced by P'ads (plotted on 

Fig.3). It is seen that only one repeated 
call due to "no answer" can considerably 
increase the percentage of calls directed 
towards absent subscribers. This increase 
is registered more strongly for the low 
(near the work area) values of .A 

The equation (12), as it can be ex
pected, is not valid in the case of re
peated attempts - the measured relative 
error is 20%. The observed values of ft are 
a little bit lower than the publicated 
experimental data [3,15J but this can be 
explained by the lack of losses in our 
model, due to technical losses and shor
tage of installations. 

E and Et are lower and decrease 
more rapidly than in the case without re
peated calls. The shown efficiency (E ) 

4.3B-3-6 

is lower in comparison with some publi
cated data [3,15J but well agrees with 
our observations upon a system with di
rect control, without noticeable tech
nical losses. 

In [3,14J is indicated that the mul
tiplication fiE gives an impression 
about the traffic which is proportional 
to the charged traffic. We think that 
the charged traffic is represented ft 
better through the multiplication ~E, 
where fio = 1.24 is the minimal measured 
by us value of J3 , when PouSy L.. 3 % . 

The variables Et, j3E and~ E are 
practically straight lines. RoJnd the 
work point, for which is accepted the 
value of ). , creating PBusy = 12% -:- 15% 
~ , Pousy and 12 are in ratio 1.31/1/ 

0.23. 
Fig. 4 shows considerably lower va

lues of the average holding times in com
parison with the case without repeated 
calls. 

The ratio A/(A+B) increases slight
ly faster than in the case without repea
ted attempts. In both cases, in the whole 
depicted on Fig. 2 and 3 interval of Ji. , 
the ratio -A/(A+B) varies from 51.92% to 
53.89%. For Jl = 1 calls/sec without re-
peated attempts A/(A+B) is 52.197% and 
with repeated attempts - 52.573%. 

In Fig.5 is shown the distribution 
of the occupation time of the A-subscri
bers in the case of an unsuccessful at
tempt. The cases of 1 to 9 sec are due to 
dialling, considered wrong, from 9 to 22 
sec are caused by busy' B-subscriber and 
over 40 sec by not answering B-subscriber. 
The losses due to conversation, finding 
wrong dialling are not included, because 
they pertain to the charged traffic. It 
is evident that it is very difficult to 
approximate with only one analytical dis
tribution the results in Fig.5. 

In this respect the results shown 
on Fig. 6 and 7 look better. In Fig. 6 
is depicted the distribution of the num
ber of all simultaneously occupied sub
scribers and in Fig.7 of the number of 
simultaneously occupied A-subscribers. 
The distributions in Fig. 5,6 and 7 chan~ 
as their mean value, so their type, de
pending on.A . The ratio Amax /Amean de
creases from 1.45 at Pdusy = 6.67% to 
1 .11 at Pousy = 39.06%. When Pousy 
= 11.94% it is 1.32. 

7. CONCLUSION 

A simulation model of a telephone 
system is worked out, including idealised 
Automatic Telephone Exchange (ATE). Com
paratively in detail is described the be
haviour of the subscribers in the case 
without repeated calls: considered are 
the subcases with and without absence of 
the subscribers as well as their ununi
form activity.Offered are analytical de
pendences describing the model without 
repeated attempts, confirmed with great 
precision by means of the data received 
from the simulation models. These de-
pendences are in force for the mean va
lues of the participating in them varia-
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bles, at a statistical equilibrium of the 
processes in the modelled system and are 
independent of the distribution of the 
values of the participating in them in
put parameters in the same degree in 
which the formula of Little is indepen
dent. 

It is shown that not taking into 
consideration the ununiform activity of 
the subscribers can lead to considerable 
mistakes when dimensioning PABX. The 
available data from measurement of the 
uniform activity in real local exchanges 
are not suitable and not sufficient for 
the full application of the model worked 
out. In order to consider the case of 
permanently absent (in the considered 
time interval) subscribers it is neces
sary to use the model with ununiform 
activity considering the absent subscri
bers as a separate category. In this 
case the hypothesis that P&usy~ 
(A+B)/N [16] is not confirmed. 

Given are results from the simula
tion in the case with repeated attempts 
and they are compared with data received 
for the same input parameters, but with
out repeated attempts. Shown is the con
siderable deterioration of the considenrl 
indices as losses due to busy and absent 
subscribers, efficiency and average oc
cupation time. Makes an impression a 
considerable increase of the calls dire~ ' 
ted towards absent subscribers, for exa
mple 23% against 15% in the case without 
repeated attempts. This is important, 
having in mind that in today's dynamic 
world the absence of the subscribers is 
considerable and shows the necessity of 
decreasing the cases "the subscriber is 
busy" and "the subscriber is absent"[17, 
18] • Shown are the distributions of the 
time of the lost occupations and the 
traffic of the A-subscribers, as well as 
the traffic of all the subscribers. 

In the chosen by us approach, the 
received dependences have the character 
of natural laws, since they do not de
pend on shortage of installations and 
technical losses. This gives an opportu
nity to dimension the real ATE reaching 
optimum. For example, there is a direct 
relation between the traffic of the A
subscribers and the number of the neces
sary internal connective lines in ATE. 
Because of this the found mean values, 
maximum values and the distribution of 
the A-subscribers' traffic for eachfi 
have a great practical significance. The 
worked out model is foreseen to reflect 
the interval structure of a real ATE 
with different types of control and in 
this way it will becomeaconvenient ins
trument in aid of the telephone adminis
tration. 
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