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ABSTRACT 

The error in a forecast of a traffic vector is 
defined as the difference between the forecast 
vector and the true vector. Considering that the 
true value of the traffic vector is not available 
in practice, it is not obvious how to quantify 
the error vector. Given a forecast, which was 
made in the past, of a vector that has since been 
measured, the available data consists of: a 
forecast vector, a measured vector, and the 
parameters of the measurement. A method for 
estimating the size of the error vector from the 
available data is presented in this paper. 

1. INTRODUCTION 

The overall objective of this study is to develop 
a method for placing confidence limits on fore
casts of traffic vectors. For the study reported 
here, it is assumed that there is a routine 
procedure in use for forecasting traffic vectors. 
The basic assumption is made that the errors made 
in past forecasts are typical of the errors that 
are still being made. Therefore, if the error 
distribution of old forecasts can be quantified 
by comparing them with present traffic vectors, 
this information can be used to calculate con
fidence limits for new forecasts. 

A forecast traffic vector will, of course, differ 
from the true vector. The true traffic vector 
will never be available, though if one waits 
until the year to which the forecast applied, a 
reasonable approximation to the true vector can 
be obtained by measurement. 

The problem is to compare the measurement, which 
involves some error, with the forecast, and hence 
quantify the error in the forecast. 

The problem is cast as one of Statistical Infer
ence. The error vector is modelled as a random 
variable with a multivariate distribution of 
known form. Inferences are made about the un
known parameters of the distribution. 

In this paper, rorecast errors are modelled as 
having a distribution of the same form as the 
asymptotic distribution of measurement errors. 
That is, forecast errors are assumed to be dis
tributed Normally, with variance- proportional to 
the true value of trarfic intensity. Thus the 
error vector distribution is characterized by a 
single parameter, which is termed the "equivalent 
measurement duration". This terminology was 
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introduced in [1], and similar work was reported 
in [2]. More details are reported in [3]. 

The likelihood function of the unknown parameters 
of the error distribution is found, and from this 
the Maximum Likelihood estimators are derived. 
It is found that the Maximum Likelihood Estimator 
of the equivalent measurement duration of the 
forecast error is biased. A correction is intro
duced to reduce the bias. The variance of the 
estimator is also invest~gated. In order to 
verify the predicted properties of the estimat
ors, the algorithms are applied to practical 
data. 

1.1 Notation 

In studying forecast errors, the following nota
tion is used: 

~ is an n-dimensional vector of teletraffic 
intensities. The particular example con
sidered is the vector of offered traffic 
intensities from a given origin to a number 
of destinations. 

X is a forecast of the vector ~. 

Y is a measurement of the vector~. It is 
subject to measurement error, arising from 
the finite observation period. 

To denote the year to which the vector refers, a 
value is shown in parentheses. For example, 

X(k) is the forecast of the traffic vector at 
year k. 

To denote individual elements of a vector, the 
index is shown as a subscript. For example, 

is the i'th element of the traffic vector ~, 

for some i in the range 1 < i < n. This 
would represent, in the case of a traffic 
dispersion vector, the traffic offered to 
the i'th destination. 

To describe the distribution or a random vari
able, the notation 

_ N (mean, variance) 

is used to indicate "has a normal distribution 
with the specified mean and variance". 
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2. BACKGROUND 

The basis for the work reported in this paper is 
gi ven in [1] and [3]. For convenience, a brief 
summary of those results is presented here. Note 
that in [1], [2], and [3] a Bayesian approach was 
used. However, in estimating equivalent measure
ment duration later in this paper a more conven
tional approach using methods of Classical Stat
istical Inference is used. 

In [1], [2], and [3]~ a Kalman Filter approach to 
forecasting and measurement is used. At each 
stage, information from all past measurement s is 
combined with the current measurement and then 
projected forward to form a forecast. 

The procedure uses well known results for the 
asymptotic dist~ibution of a measurement of 
offered traffic with continuous recording (see 
[4]), namely 

(1) 

where 

Tm is the equivalent measurement duration of 

the distribution of Y. It is is simply the 
measurement duration, measured in units of 
mean holding times. 

Forecast errors are modelled using the concept of 
equivalent measurement duration. For present 
purposes, this leads to the model that the fore
cast has the distribution 

where 

(2) 

is the equivalent measurement duration of 

the forecast. 

At each stage the past forecast and the present 
measurement are combined to estimate the 
traffic.In [1], the estimator used is: 

T 
X + ___ m __ 

Tf + Tm 
Y 

The one-year-ahead forecast is then found by 
multiplying the present estimator by a growth 
matrix, which is assumed to be known. The equiv
alent measurement duration of this new forecast 
is then given, approximately, by: 

g 1 
- -=T f-(7":"k-:)--=:;'+-:T="m-:('-:-k""'")- + --r (4) 

where 

g is a parameter derived from the growth 
matrix. For practical purposes it can be 
taken to be the growth factor of the total 
traffic, which 1s assumed to be constant 
from year to year. The assumption of con
stant g is for simplicity only - if growth 

f 

factors for each year are available they can 
be used, with a corresponding increase in 
the complexity of the equations. 

is a parameter which accounts for the intro
duction of errors through the forecasting 
process. It is -interpreted as the equiv
alent measurement duration of a forecast one 
year ahead based on perfect knowledge of the 
traffic at the base year. 

In the following, the approximate nature of the 
equation (4) for the evolution of equivalent 
measurement duration is ignored - the equation is 
treated as exact. This allows answers to be 
obtained, although their accuracy is question
able. The final test of the answers obtained is 
not in the rigour of their derivation, but in 
their applicability to data which is generated by 
simulation or experiment. 

If the value of f is known, then it is straight
forward to predict the equivalent measurement 
duration of any forecast by using the equations 
above. Knowing the equivalent measurement dura
tion of a forecast allows a confidence interval 
to be placed on each element of the forecast 
traffic vector. 

However, f cannot be estimated directly, since it 
is never possible to base a forecast on perfect 
knowledge of the base year traffic. Rather, the 
accuracy of an actual forecast, which is based on 
imperfect knowledge of the base year traffic, is 
estimated, and then the corresponding value of f 
is determined by the procedure explained below. 

If there is a measurement at year 0, and no 
further measurement till year K, then the equiv
alent measurement duration of the forecast for 
year 1 is given by 

1 g 

~ 
1 

+y (5) 

and, by induction, the equivalent measurement 
duration of the forecast for year K is 

1 
Tf(K) 

Substituting for Tf (1), this becomes 

K 
g 

K-1 1 + (1+g+ ••• +g )--r 

(6) 

This equation relates Tf(K) to g, f, Tf(O), and 

Tm(O). If Tf(K) is estimated and it is desired 

to calculate the corr~sponding value of f, then? 
value of (Tf(O) + Tm(O» is needed. The value of 

Tm(O) is assumed known, however Tf(O) is unknown. 

Normally, Tm(O) will be greater than Tf(O) by a 

considerable factor (a measurement is much more 
accurate than a forecast). For this purpose it 
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is assumed that the equivalent measurement dura
tion of the old forecast is equal to the equiv
alent measurement duration of the new forecast, 
that is 

(8) 

Equality between the equivalent measurement 
durations of the two forecasts could arise, for 
example, if they were based on measurement data 
of the same duration and age. In any case, the 
true value of Tf(O) is not critical in the calc-

ulations. If greater accuracy were needed, Tf(O) 

could be estimated directly by comparing the old 
forecast X(O) with the old measurement Y(O). 

Tf(K) 

K 
g 

K 
g - 1 

+ --===g~---f (9) 

The application of the equation above is to find 
a value of f that corresponds to an estimated 
value of Tf(K). That is, if Tf(K) is estimated, 

the corresponding value of f can be computed by 
solving the above equation. Then the correspond
ing values of Tf(k) for k greater than zero can 

be calculated recursively using (4). 

3. ESTIMATION OF EQUIVALENT MEASUREMENT DURATION 

The data available is taken to be a forecast and 
a measurement of the same traffic vector, ~(K). 
All quantities below relate to the year K. For 
brevity this is not shown explicitly. 

It is assumed that the forecast is unbiased and 
has errors in each component that are independent 
and distributed normally with equivalent measure
ment duration equal to Tf , which is to be est-

imated. That is, 

( 10) 

The measurement is taken to be unbiased, with 
individual components independent, and having an 
equivalent measurement duration of Tm, which is 

known, that is 

The forecast and the measurement 
assumed to be independent. 

( 11) 

errors are 

For very small mean values, measurement and 
forecasting errors cannot be assumed to have a 
Normal distribution of the form given above. A 
Normal distribution of errors implies that there 
is a positive probability of a negative traffic. 
This probability is usually negligible, but it 
becomes unacceptably large for very small mean 
values. 

From the assumptions above, the joint probability 
density function of X and Y can be written as a 
function of ~, Tm' and Tf ' as follows: 

n 

2 1T 
} 

~ ~ -1 
11 { I 2f- exp( 2 

i= 1 i 

( 12) 

From the probability density function, the log
likelihood function of the unknown parameters, ~ 
and Tf ' can be seen to be 

n 
In L(Tf , ~) =2 L [ -2 In (4 1T ~i) 

1:1 

Tf (Xi 
2 

+ In (Tf ) -
- ~i) 

2 ~i 

(Yi -
2 

T ~i) 
+ In (Tm) -

m 
( 13) 

2 ~i 

As an initial attempt to estimate the unknown 
parameters, Maximum Likelihood Estimators can be 
found by taking partial derivatives of the log
likelihood with respect to the unknowns, and 
equating to zero (see [5]). This gives the 
following necessary conditions for the Maximum 
Likelihood Estimators: 

n 
--n L 

1:1 

and 

= 0 

This quadratic in ~ican be solved to give 

-2 + ~ 4 + (Tm+if)(TmYi2+ i f xi
2

) 

Tm + Tf 

(14) 

(15) 

(16) 

The positive root is chosen because the negative 
root would always give a non-positive value for 
the estimator of ~i. 

The system of equations relates Tf and ~i' and 

can be solved iteratively for them. 

An alternative estimator for ~ may be obtained by 
combining the forecast and measurement in inverse 
proportion of their variance. This leads to an 
estimator of the same form as that given in the 
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previous Section, with Tf replaced by its es

timate - that is 

The two estimates II of are approximately equal 
for large traffics. For example, if 

Xi = 10, Yi = 9, 

Tf 20, T 100, m 
then 

lIi = 9.16, and lI' i = 9.17 

However, there is a significant difference for 

small traffics. If Tf and T are as before and m 

Xi = 0.01, Yi = 0.02, 

then 

lIi = 0.008, and lI' i = 0.018 • 

Note that the maximum likelihood estimate does 
not lie between the measurement and forecast. 
This is because, with the model used, decreasing 
the mean decreases the variance. The more sharply 
peaked distribution for II = 0.008 has a higher 
probability density function for the given meas
urement and forecast. Thus it appears that the 
Maximum Likelihood Estimator is biased for small 
values and that it would be better to use the 
previously described estimator, lI'. Therefore 
the alternative estimator is used henceforth. 

3.1 True Traffic Vector Known 

To investigate the distribution of the estimator 
of Tf , we start by assuming II is known. For 

this case, the quantity 

n 

L 
i=1 

is Chi-squared with n degrees of freedom. Hence, 

n 

L 
1:1 

(18) E { 
n 

and 

Var { 
n 

L 
i= 1 

2 
n 

Now let S be defined by 

S (20) 

and S by 

S 
(). 1 
- n 

n 

L (21) 

i=1 

From the above, S is an unbiased estimator of S. 
It is well known (see, for example, [5]) that, 
for an unbiased estimator, 

E{ 1/S} 

Hence, 

E{ n 1 
n+27 

1 + Var(S) I s2 
S 

+ 2 I n 
S 

• 1 
=8 

(22) 

(23) 

(24) 

(25) 

Therefore, for the case of known lI, the quantity 

n -1 
n 

n+2 L 
1:1 

--n 

is approximately unbiased as an estimator of Tf • 

3.2 Unknown Traffic Vector 

It is useful to determine the expected value of 
the quantity 

as follows. Substituting for lI'i' 

n 
,)2 E { L (Xi - lI i 1:1 

n T 2 
E { L [ m 

( Xi - Yi ) ] (26) 
1:1 . Tm+ Tf 

T 2 n m 
] L Var(Xi)+Var(Yi ) (27) T + Tf m 1:1 

since X and Y have the property that 

(28) 

and they are independent. Therefore, 

(29) 

Using this result, it follows that 
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n 
E{ L 

1:1 

This equation can 

(T m 
1 

+ Tf ) nE 
T m 

n T 
m (30) 

be rearranged to give 

n (Xi - lIp2 
L } - 1 

i=1 2 lIi 
- Tf 

1 (31) - T
f 

This result suggests that if the estimator of Tf -

were iteratively adjusted until 

T + Tf n (Xi - lIp2 m L - 1 n 2 lIi i=l (32) .....,.- A 

Tf Tm-Tf 

and an estimator of S were taken as 

S l/T
f 

then the resulting value of S would be a good 
estimator for S. This general strategy will be 
developed later in this paper, however an 
obstacle must first be overcome: although the 
numerator in the summation term above involves 
the estimator of 1I, the denominator involves the 
true value of 1I, which is not available. An 
approximately unbiased estimator of the quantity 

1 

lIi 
can be obtained, as follows: 

2 
1 + Var ( liP I lIi 

and 

(see [1] or [3]). 

E{ lJ' 
i 

• 1 
=--

lIi 

lIi 

Hence, 

(34) 

(36) 

For values of lIi greater than 1, and for realis

tic values of Tm and Tf ' the factor on the right 

of the equation above is very close to unity. 
For example, with 

Tm = 100 , 20 

and 

10 , 

E{ ll' 
i 

1 
= ---,0 ( 1 + "66"0 

0.10017 

However, for 

0.1 

E{ • 1 (1 1 ll' =-.1- +"6 
i 

11.6667 

As a simple numerical illustration of the prob
lem, take the data of the last example and con
Sider, 

= .001666 

Three typical values of the estimator are chosen 
as: the mean, mean plus one standard deviation, 
and mean minus one standard deviation. These 
three values, and their inverses are: 

lI' 
+ 

.141 , 

.100, 

= .059, 

7.101 

10.000 

16.899 

and the average of these three inverses is equal 
to 11.333, rather than 10.000. 

An approximate correction can be effected by 
solving the equation 

for lIi in terms of lIi • This equation comes from 

the expression for the expected value of l/lI'i' 

replacing the expectation with the actual value. 
Solving the equation in this way leads to 

8 lI' i (38) 

It has been found that using this expression to 
estimate l/lIi gives a lower bias than that of the 

uncorrected estimator. To illustrate this, the 
previous numerical example is taken up again: 

l1' 
+ 

l1' o 

= .141, 

.100, 

.059, 

= .156, 6.415 

.115, 8.130 

.073, 13.749 
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* and the average of the inverses of the ~ values 
is equal to 9.631, which is an improvement over 
the uncorrected figure (in fact, it is a slight 
over-correction). 

4. COMPUTATION OF ESTIMATES 

Using the results above, a computer program was 
developed to estimate ~ and Tf from a f orecast, 

X, a measurement, Y, and the equivalent measure
ment duration Tm • The algorithm used is itera-

tive, and begins with a guess of the value of Tf • 

After the initial guess is made, the steps de
scribed below are followed until the resulting 
est imates become stable from one iteration to the 
next. 

Step 1 

The traffic vector is estimated from 

~' 

Step 2: 

T 
X + --= __ m-=_ 

Tf + Tm 
Y 

The corrected estimator of l/~i is found from 

1 
2 ( ~i + 

Step 3: 

8 ~' i 

A new estimate of S is calculated using 

S 

} - 1 

Tm- Tf 

(40 ) 

(41) 

and the previous estimate of Tf is replaced by 

-,.- (42) 
S 

Once the process of repeating the 3 steps above 
has converged, we have an estimator of S that has 
been "corrected" for bias, even though some 
approxima tions have been used. To obtain an 
estimat or of Tf , it woul d be desirable to apply a 

correction as dealt with in Section 3.1 in the 
cas e o f a known traffic vector. However, it 
would be difficult to ob tain an expression f or 
the variance of t h e estimator arrived at by the 
iterative process described above. Instead, for 
simplicity, the same corr ection factor is used as 
the one derived in Section 3.1, namely 

n 
---n+2 Tf (43) 

Simulation studies have indicated that this 
correction factor, though not rigorously jus
tified, does improve the bias of the estimator of 
Tf • 

To give some ability to predict the variability 
of the estimators, the results of Section 3.1 on 
the variance of the estimators were pressed into 
service. The applicability of these results was 
investigated using simulation studies. 

This procedure was tested using data generated by 
simulation. Values of X and Y were constructed 
from a random number generator and using spec
ified values of ~, Tm, and Tf • 

As an example of the simulation results, the 
following case is presented. 

T 
m 

100, = 20, n = 100 

Values were chosen for the "true" traffic vector; 
to give a spread of values the formula used was 

= i for i 1 , ••• ,100 

Twenty-five pairs of X and Y vectors were gener
ated using the distributions assumed in the 
model. For each pair Tf was estimated, with the 

following results: 

The cell frequencies for the batch of 25 simu
lated experiments are given in Table 1. 

Table 1. Histogram of Estimated Tf Values 

Cell 

< 16 
16-18 
18-20 
20-22 
22-24 
>24 

Number of Occurrences 

1 
7 
7 
4 
4 
2 

The statistics for the same batch of 25 experi
ments are given in Table 2. 

Table 2. Statistics from a Sample Simulation Run 

Sample Mean 
True Value 
Sample Std. Dev. 
Predicted Std. Dev. 

19.88 
20.00 
3.3 
2.8 

5. CONFIDENCE INTERVALS 

S 

0.0505 
0.0500 
0.008 
0.007 

In this Section we describe the calculation of 
confidence intervals on forecasts. Two cases 
need to he considered: a priori confidence inter
vals, and a posteriori intervals calculated 
conditional on an observation. Firstly, suppose 
we have some forecast vector X for future traf
fic, and the equivalent measurement duration Tf 
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of X is known (having been calculated from the 
evolution of equivalent measurement duration). 
Then a 100(1-a)% confidence interval for ~i is 

I2r 
~-\1-ccl2) I ~ __ i 

T
f 

(44) 

where ~ is the standard normal distribution 
function. Strictly speaking, this' in terval is 
approximate since the standard deviation of Xi is 

unknown. 

In the second instance, we may wish to find a 
confidence interval for ~i' given a forecast Xi' 

with equivalent measurement duration Tf , and an 

independent measurement Y i , with equivalent 

measurement duration Tm. Now, omitting the 

subscript i, we note that the quantity 

has a Cauchy distribution, being the ratio of two 
independent standard normal random variables (see 
[5] ). Furthermore, by solving a quadratic in ~ 
it can be shown that the inequality 

I Ry/ X I < a (45) 

holds if and only if ~ lies in the interval with 
endpoints given by 

! a I TfTm I X-y I 

provided the constant a satisfies the inequality 

o < a < .; 
T 
m (46) 

Hence, a 100(1-a)% confidence interval for ~ can 
be constructed by taking 

a tan [ (1-a)n/2 ] 

provided the confidence level l-a satisfies 

Of course, one sided confidence intervals can 
also be calculated using this Cauchy property. 

For confidence intervals centered on 

we can use the fact, which is easy to show, that 
~i is independent of Xi - Yi , hence 

has a Cauchy distl'ibution. This quantity may be 
used to construct confidence intervals with 
length proportional to the difference between the 
forecast and the observation. From sample calc
ulations, intervals constructed in this way 
appear to have more satisfactory properties than 
those constructed using (45). Further studies 
are needed to determine which is more acceptable 
in practice. 

6. CONCLUSIONS 

A method for quantifying the error in a forecast 
traffic vector has been proposed. Tests using 
sample data indicate that the proposed estimator 
of equivalent measurement duration is aceptable 
in terms of bias and variance. A method for 
finding confidence limits for a forecast traffic 
vector has also been proposed. Further empirical 
studies are needed to evaluate the practical 
applicability of the proposals. 
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