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We study a model of a multi server system with no queue to which customers are of
fered from a number of sources, both Poissonian and non-Poissonian. Customers from 
each source form a class of their own and an arriving customer from a certain class is 
accepted at random by the system, with the probability of acceptance depending on 
the class of the customer and the present number of busy servers. From the model the 
following characteristics are obtained for each class of customers: the distributions 
of a blocking period, that is the period during which the probability of acceptance is 
less than one, the time dependent probability of rejection and the moments of the in
tervals between successive rejections of customers from the class in question. Among 
the applications of the results we find networks with state protection, networks with 
traffic of various priorities and advanced cellular mobile communication systems with 
directed retry or load sharing. 

1 Introduction 

In a traditional hierarchical telephone network with direct and alternative routes, some action is 
generally taken to certify that all subscribers will receive about the same grade of service. The 
commonly employed principle is state protection or trunk reservation, i.e. to reserve a few circuits 
in a link to calls for which no direct path exists. There exists a number of variations of this 
concept, a quick overview and a list of references is found in [1]. . 

By introducing non-hierarchical routing in networks, the utilization is increased and hence 
the network is more sensitive to overloads. Several studies have shown that some kind of state 
protection or other means of giving priority to certain traffics is necessary in order to prevent a 
non-hierarchicial network from degrading when a temporary overload is faced. 

In a network which is switched by SPC-exchanges, there is a possibility of giving priority to 
some calls, for example calls to alarm numbers, call from important persons etc. In such a network, 
some kind of access restriction is imposed on the low-priority customers. 

In modern, cellular mobile telephone systems, the available frequency spectrum is a scarce 
resource which must be efficiently used. In order to improve utilization, directed retry or load 
sharing can be used. Directed retry allows a blocked subscriber to make a new call attempt in a 
neighbouring cell provided he can communicate with more than one cell, i.e. if his current location 
is close to a cell boundary. In a load sharing system, a cell in which congestion is building up 
tries to spread its load to surrounding cells. This is performed by means of moving calls from 
the congested cell to another one, if the load of the other cell is below a certain limit and the 
subscriber is able of communication with another cell. The latter cell can accept or reject the call 
depending on its own load. 

The systems above are all example~ of systems which can be modelled as multi server systems 
with rejection and priorities. It is clear that in systems of this kind, there will be shorter or longer 
periods during which low-priority customers (i.e. calls for which alternative routing is possible, 
low-priority calls, subscribers who cannot communicate with more than one cell, subscribers in 
congested cells with near-congested cells around them etc.) will be denied service. We wish to 
find the distribution of these periods, in the sequel refered to as blocking periods. 

However, blocking periods might be of short duration but follow one after the other in a way 
which severely affects the performance for low-priority subscribers. Therefore, we also suggest 
and treat a perhaps somewhat more informative measure of this problem, the probability that an 
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arriving customer will be blocked at time t, conditioned on that a customer of the same priority 
was blocked at time O. We call the the time dependent probability of blocking. 

It is also desirable to gain knowledge about the overflow process from this kind of systems: 
In a network, calls which are rejected by state protection on one link might overflow to another 
one and the arrival process within a cell of a mobile telephone system consists of both calls from 
the "home" subscribers and of "foreign" subscribers overflowing from other cells using the same 
algoritm. We thus wish to determine the overflow process for customers of various priorities. 

2 The model 

We study a system of n homogeneous servers to which customers from a number of classes are 
arriving. The classes may be of two kinds: Poissonian or non-Poissonian. For a Poissonian class 
i = 1, ... , k, the arrival rate is denoted by A. and for a non-Poissonian class 1= 1, ... , K, customers 
are arriving with intervals distributed according to a phase-type distribution. 

An arriving customer is accepted at random by any idle server with probability a',i' with i 
denoting the class of the customer (al,i for non-Poissonian classes) and j = 0, ... , n the number 
of servers being engaged at the arrival instant. We define a',n and al,n as O. A customer which 
is not immediately accepted, is rejected and does not return. The service times are assumed to 
be equal for all classes and negative exponentially distributed with mean 1/ Jl, but the results may 
easily be generalized to class dependent service times. 

Like in an IPP-model, a non-Poissonian source is assumed to alternate between "on-intervals" 
and "off-intervals". During the former intervals, customers arrive according to a Poissonian process 
of rate AI and during the latter periods, no customers arrive from class I. The length of the 
on-intervals is assumed to be drawn from the distribution illustrated in figure la (left) and the 
distribution used for the off-intervals is modelled by figure 1b (middle). In the figures, each node' 
represents a delay that is negative exponentially distributed with the rate given in the node and 
the a:s denoting probabilities. The resulting phase-type distribution is illustrated in figure lc 
(right), wh~re states 0 and I are on-states. 

Fig~re 1. 

Using the assumptions above, we can model the system by a Markov chain consisting of (n + 
1) X 5K states denoted by (j, m), where j is the current number of busy servers and m the state of 
the phase-type distributions. In figure 2, illustrate the chain assuming K = 1, which means that 
m only can take the values of 0 through 4. Allowing for higher K is not principally different, but 
for reasons of clarity we will keep this assumption throughout this paper. A complete analysis of 
the model is found in the references. 

The arrival rate in state (j, m), Ai,m, and the departure rate, Jli,m, are obtained directly as 

{ 

E~=o AiOli ,; + Ef::o AIOlI,; j = 0, ... , n - 1, m = 0,1 

Aj,m == L~=o A,a',i i == 0, ... ,n - 1, m == 2,3,4 
o j=n 

Jli,m = JJl 

The stationary state probabilities, 7r i,m, are easily obtained either recursively or by solving 
a system of linear equations. Hence we get E. (El)' .the stationary probability that an arriving 
customer of class i (J) will be denied service, as 
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A blocking period with respect class It = 1, ... ,k, 1, ... ,K, is a consecutive period in time during 
which the probability that an arriving customer of class It will be accepted is strictly less than one. 
To reduce the number of subscripts, we let it be understood that in what follows we consequently 
refer to this particular source unless stated otherwise. 

The probability density function (p.d.f.) for a blocking period is denoted by b(t), its probability 
function (p.f.) by B(t) and its Laplace transformation by B* (s): 

B(t) = {b(r)dr 

Let l denote the lowest j for which 0",; < 1. Then, a blocking period with respect to a 
Poissonian class is the time spent from the instant at which the state of the Markov chain (figure 3a, 
left) changes from a non-shadowed state to a shadowed one until a non-shadowed state is reached 
again for the first time. Figure 3b (right) illustrates the blocking states for a non-Poissonian class. 
Due to the small space available, we must limit the presentation to class It:. being either Poissonian 
or non-Poissonian and arbitrarily choose the former case. 

Let Ri,m be a stochastic variable denoting the remaining length of the blocking period con
ditioned on that the present state of the Markov chain is (j, m) and let Tj,m be the time spent 
that state. Also, let pt,m denote the probability that the next state of the Markov chain will be 

(j + 1, m), Pi,m the probability that the following state will be (j - 1, m) and q~,m' the probability 
that the next state will be (j, m'). Using these notations we may write 

,., -"'''' +"'''' 
Bi,m = Pi,m.(Ti,m. + Bi-1,m.) + Pi,m.(Ti,m. + B i+1,m.)+ 

" ; - - - + " ; -Em,=o qm m' (Ti,m. + Bi,m.') + (1- P,·m. - P,'m. - Em.'=oqmm,)Ti,m. 
• •• I 

(1) 
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o 1 2 3 1-2 1-1 1 1+1 n-l n 

m=O 0000 -~. 00 •• -- •• 
m=1 0000 - 00 •• - •• 
m=4 0000"- 00 •• - •• 
m=2 0000 " .. _ .... 00 •• -- •• 
m=3 0000 _ .. - 00 .. ... - •• 

o 1 2 3 1-2 1-1 1 1+ 1 n-l n 

m=O 0000 - 00 •• - •• 
m=1 0000 - 00 •• - •• 
m=4 0000 - 0000 - 00 
m=2 0000 - 0000 - 00 
m=3 0000 - - 0000 ._- 00 

Figure 3. 

for j = /', ... , n and m = 0, ... , 4. The equation states that a residual blocking period with 
respect to a certain state (j, m) is a weighted sum of times: The weight is the probability that 
state (j, m) will change to, say, (l, m') and the time is the residual blocking period conditioning 
on this event: the time spent in state (j, m) plus the new, residual blocking period following it 
at state (j', m'). The last term of the sum represents that the blocking period ends after leaving 
state (j, m). The transition probabilities are 

where we have used (Tm for (TBu (TB2' (TA2' (TA3 and (TAl when m = 0,1,2,3 and 4 respectively. 

All q~,m' not listed and, by definition, P!,m and Pt,m equal zero. 
Using Laplace transformations, (1) turns into 

Bi,m (s) = Pi,m(TJ,m (s) + Bi-l,m (s)) + pj,m(T/.m (s) + Bi+l,m (s))+ 

E:n,=o q!n,m,(TJ,m (s) + Bi,m' (s)) + (1 - Pi,m - pj,m - E:n,=o qm,m,)T/'m (s) 
(3) 

where TJ,m (s) = (Jli + Ai + (Tm)/(s + Jli + Ai + (Tm). Differentiating (3) with respect to 8 and 
letting s ~ 0 yields after rewriting 

4 

- Bi,m + pj,mBi+1,m + Pi,mBi-1,m + L q!n,m,Bi,m' = Ti,m ( 4) 
m'=O 

By writing similar equations for all j = /', .. . , n and m = 0, ... ,4, we get a linear system of 
equations from which the means of the residual blocking period distributions can be solved. Higher 
moments are obtained similarly by repeated differentiation of (3) . In fact, only the right hand side 
of (4) is then changed. 

The moments of iJ are finally obtained by weighting the moments of the residual blocking 
periods of all possible entries to the region of blocking states. These are, for Poissonian classes, 
(l, m) for m = 0, ... ,4 and, for non-Poissonian classes, (l, m) for all m equal to on-states for the 
class in question (0 and 1 if only one non-Poissonian class) and (j, m) for j = /', ... , n where m is 
a state of "type 4" in the phase-type distribution. The weights are the number of entries to state 
(/', m) of the blocking region per time unit divided by the total number of entries to the region per 
time unit. Hence we compute the mean in case of a Poissonian class as 

" ,- _ ~ 1t'l-l,mAl-l,m B 
B - L- .. lm 

m=O Ee=o 7rl-l,eAl-l,e ' 

4 The time dependent probability of rejection 

Next we wish to find PB(t) the (time dependent) probability that a customer of class K. will be 
rejected, knowing that a customer from that class was rejected at time zero. As in the previous 
section, due to spatial reasons formulae are given only for class K. being Poissonian. 
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From the viewpoint of a class It-customer, the system can be regarded as alternating between 
the blocking periods (shadowed states in figure 3) and periods of non-blocking or acceptance (non
shadowed states). The moments of an acceptance period - with p.d.f. aCt), p.f. A(t) and Laplace 
transformation A· (8) - may be computed in the same way as above. 

Assume that a customer of class It was rejected at to = O. If a customer from the same class 
shall be rejected at time t, the system must be in a blocking period. This can be the case either 
since (i) since the blocking period at 0 has lasted until t or (ii) a new blocking period is present. 

The probability (i) that the blocking period at to lasts at least until t is 

S'(t) = 1 - B'(t) 

where B'( t) is the residual blocking period pJ. from a blocking instant. The moments of this 
distribution is computed similar to (4) and we obtain its mean as 

Compared with (4), the weights are changed to the fraction of class le-rejections per time unit 
that occurs from state (j, m). Having computed the three first moments, we can fit the three 
parameters used in the distribution in figure la to them and hence approximate S'(t) by 

Assuming that the blocking period at 0 is finished, the probability (ii) that a new blocking 

period is present at t is obtained as the sum of the probabilities p~i)(l, t) that the l:th blocking 

period is present for I ~ L. For example, for I = 2 we obtain p~i) (2, t) as the probability that the 
first acceptance ends at u, the next blocking period at 1), the second acceptance period at wand 
that the second blocking period is still present at time t as 

p~)(2,t) = !~oLJ:=. a(u)b(v)a(w)B(t - w) dudvdw (5) 

where S (t) = 1 - B(t). Using Laplace transformations in (5) and summing for I ~ 1 gives 

p~ii) (8) = A* (8) B* (8) ~(A* (8) B* (8»1-1 = 1 ~~~8~~~:~S) (6) 

where S· (s) is the Laplace transformation of S(t). Fitting bet) as with b'(t) and aCt) to a 
distribution of the kind illustrated in figure 1b enables us to invert (6) and after partial fractioning 
we find 

/ ' 

The total probability of blocking at t is finally obtained as the probability that the first blocking 
period is present at t plus p~i) (t) convoluted by the probability that the first blocking period is 
completed. To complete the result, we multiply by the probability that the customer will actually 
be blocked when arriving during a blocking period and get . 

5 The overflow process 

The procedure to find the moments of the distribution of the overflow intervals for a given class K

of customers is very similar to the one used for blocking periods. The principal difference is that 
we now add an extra state to the Markov chain, an "overflow state" and we wish to find the time 
spent until we reach this state, given that a rejection has occured at to = O. 
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Denote the remaining time until the overfiow state is reached, given that the present state of 
the Markov chain is (j, m), by O;.m and let T;,m be the time spent in that state. Analogous to 
section 3, also let pt.m be the probability that the next state will be (j + 1, m), Pi,m the probability 

that it will be (j - 1, m) and q~ m' that it will be (j, m'). Similar to (1) we write , 

(7) 

for j = . 0, ... , n and m = 0, ... ,4. The same arguments as for (1) applies. Since we have 
incorporated a new rejection state, the transition probabilities are not the same as in section 3: 
to each denominator in (2) the "overflow rate" A~m in state (j, m) 

{ 

A,,(1 - 0:",;) It = 1, ... , k Ym 

A;,m = A,,{1 - 0:",;) ~ = 1,. : ., K m = 0,1 
o 1t=1, ... ,K m=2,3,4 

must be added. As before, all q~,m' not listed are zero and so are Po.m and p;t,m, for obvious 
reasons. From (7) we can, by means of Laplace transformations, formulate equations analogue to 
(3) 

0j,m (s) = Pi,m{T1.m (s) + 0j-l,m (s)) + ptm(T1.m (s) + 0i+l,m (s»+ 

2:~'=oq:n,m,(T1.m(s) + 0i,m' (8» + (1- Pi,m - ptm - 2:~'=oqm,m')T1.m(s) 
(8) 

Differentiation of (8) with respect to 8 and letting s -4 0 gives, after some manipulations, a set 
of linear equations 

(9) 

which enables us to find 0i,m, the mean of Oi,m, for j = 0, ... , n and m = 0, ... ,4. Repeated 
differentiation of (8) yields similar equations for higher moments. 

Since 0 is the time between two successive rejections of class It-customers, its moments are 
obtained by weighting the moments of the time left until the next overflow, 0i,m, for all states 
(j, m) at which an overflow from that class can take place. Thus, the weights are the number of 
class It-rejections per time unit from state (j, m) divided by the total number of rejected customers 
from that class per time unit. For the mean we obtain 

"n 1("' AO - _ ~ ~ "m i,m -. ° - L L" n 0 O"m 
m=0 i=O 2:e=o 2:",=0 1(" ",.eA",.e 

6 A numerical example 

To examine the accuracy of the results, the sample system in figure 4 was simulated and analyzed 
by means of the presented model. The sample system consists of a primary group of 50 circuits 
and a secondary group of the same size. A traffic of 49.562 Erlangs is offered to the primary group 
and is allowed to overflow to the secondary group. Another traffic amounting to 32.998 Erlangs 
is offered directly to the secondary group. We refer to the former traffic as class one customers 
and the latter one as class two customers. The mean holding time was set to one unit of time. To 
provide equal grade of service to both traffics (probability of rejection 1%), state protection is used 
in the secondary group to reject overflowing class one-calls. Two state protection configurations 
were compared: The one in figure 4a (upper) rejects class one-calls with probability one when 48 
circuits or more in the secondary group are engaged, and in the configuration in figure 4b (lower) 
starts to reject class one-calls with probability 0.68622 when 47 circuits or more are busy in that 
group. 

The system was modelled as a system of n = 50 servers and two classes of customers: one 
non-Poissonian (class one) and one Poissonian (class two). The parameters of the arrival process 
of the non-Poissonian class was computed by means of the model for a system of 50 servers and 
one, Poissonian traffic. In the simulations, the primary group was not approximated by any means. 
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The moments of the blocking periods was computed and fitted to a distribution of the kind 
depicted in figure la. In figure 5a (5b), the obtained p.f. for class one ( class two) is drawn with a 
solid line for the configuration in figure 4a and a dashed line for the 4b-configuration. The results 
obtained by simulation are indicated by dots and asterisks for the two configurations respectively. 
We note excellent agreement between the computed and simulated data. 

, In figure 6a (6b), the computed probability of blocking as a function of time is drawn for 
class one (class two). As above, the solid line refers to configuration 4a and the dashed one to 
configuration 4b. Simulated data are also indicated as in figure 5. As before, agreement is very 
good. 

The computed moments of the overflow intervals are presented in table 1 and in table 2 we 
give the corresponding 95% confidence intervals obtain'ed by simulation. Each interval is computed 
from 10,000 independent samples. 

ConfiguratIon 4a 4b-
Class 1 2 1 2 

0 1.9607 3.0530 1.9231 2.9266 
0 2 32.595 63.149 28.725 60.248 
0 3 841.64 2008.1 670.04 1907.9 

Table 1. 

ConfiguratIon 4a 4b 
Class 1 2 1 2 

0 1.880-2.070 2.939-3.163 1.854-2.031 2.831-3.071 
0 2 30.31-36.00 57.89-66.51 26.67-31.56 57.12-66.42 
0 3 722.3-997.9 1680-2179 562.1-753.9 1699-2306 

Table 2. 

We note that all computed data are almost in the middle of the simulated intervals. 

7 Conclusions 

A Markovian model to study the performance of a multi server system with rejection and customers 
of different priorities has been derived. For each class of customers, the arrival process was allowed 
to be Poissonian or peaked. The moments of the length of blocking periods was solved from a set 
of linear equations and so was the moments of the overflow intervals for customers of a given class 
K. By fitting the parameters of phase-type distributions to the moments of the blocking periods 
and the acceptance periods, the time dependent probability of blocking for class It-customers was 
also obtained. 

Examples of applications of the model are links with state protection, links with calls of various 
priorities (alarm numbers vs. ordinary subscribers etc.) and cellular mobile telephone systems 
employing directed retry or load sharing to increase the utilization of the available frequencies. A 
sample system demonstrated that the model yields very accurate results. 
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Due to the limited number of pages, it has not been possible to make the presentation as 
detailed as prefered. It has also been necessary to exclude an attractive alternative to large 
systems of linear equations - the recursive matrix approach. For details we refer to [1], [2] and 
[3]. 
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