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A markov chain analysis for large scale circuit switched networks is 
presented iD the paper. It is based on two main parts, to which are 
associated numerical softwares. The first consists in generating the 
state space. We propose an ordering of the state space such that the 
resulting transition rate matrix is block tridiagonal. This structu
re is fairly well suited to a resolution method working by aggrega
tion-disaggregation. The second part is devoted to the development 
of the resolution method. It is followed by some numerical results, 
compared to some obtained by classical iterative methods. 

1. INTRODUCTION 

Performance evaluation of communication networks can be done through various 
approaches from the direct simulation one to more mathematically sophisticated 
ones borrowed to the queuing theory and stochastic system analysis. In the QNAP 
software [1], are proposed resolution methods of use for data communication and 
queuing networks. 

Under the commonly accepted assumptions of Poisson arrivals and exponential ser
vice time for the calls, a circuit-switched network can be described by means 
of a Markov chain.It is the aim of this paper to present such an attempt for 
circuit-switched networks with general structure as well as general routing po-
licies : alternate routing, load sharing, trunk reservation. . 

Of course, for realistic networks, the first difficulty to which one is faced 
is the large dimension of the associated Markov chain and it is needless to say 
that obtaining the state space and the transition rate matrix is a matter of 
designing an efficient numerical software, efficient in terms of memory space 
and data storage. The second step consists in adapting a suitable numerical re
solution method to cope with the sparsity and the structure of the transition 
rate matrix. 

The paper is divided in three parts. Section 2 and section 3 correspond respec
tively to the two points mentionned above, namely the state space description 
and matrix definition and then the presentation of some numerical methods for 
the resolution of the system in the stationary state. In the last section, the 
performance of the resolution methods described in section 3 are compared on 
~arious networks. 

~. DESCRIPTION OF THE MARKOV CHAIN 

The Markov model gives the probability distribution of each instantaneous state 
of the network. 
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An instantaneous state E is defined as a N-uplet 

E = (e1 , ... . ' ei ,···, eN) 
where ei is the number of calls in progress on the ith path. 
A path 1S a succession of trunk groups between an origin node and a destination 
node; knowing the origin-destination traffics and the routing policy, one is 
able to list all the pathes in the network. N is their number. 

The ei's are subject to some constraints 

* capacity constraints: 1 b~ ei ~ Nk (1) 
Equation (1) means that the sum over indices i of the calls in progress on 
path i and using a given trunk group k cannot be greater than the capacity 
Nk of the trunk group, 

* other constraints are due to the routing policy: it may be interesting to 
protect some high priority traffics by, for instance, preventing low prio
rity traffics from using a given trunk group k as soon as the number of 
calls in progress on the trunk group exceeds a given threshold nk 

Let E = (e1' ... ' ei' ... ' eN) and{~ b~ ei ~ Nk 

then 
nk < Nk (2) 

E'=(e1,~ .. ,ej_1' ej +1 ej +1,···, eN) is forbidden for j correspon-
ding to the index of a non priority traffic using trunk group k. 

Due to the finite capacity of the trunk groups, the state space fl, i-e the 
set of states satisfying constraints (1) and (2), is finite. 

In order to write the Markov model, one has 
i) to enumerate the state space 
ii) to define the transitions between the states in order to construct the tran
sition rate matrix Q. 
The structure of matrix Q depends on the ordering of the state space. 
It is possible to establish some -partial order in a since the process is a 
quasi birth death process. 

Indeed, the states wh~ch can be reached from a given state E=(e1 ... ei ... e N) are: 

* the "l ower" neighbours {;j=E-~j; j€{1 ... N}; ej > OJ 
~. is a N-uplet each component of which equals zero except component j which 
e~uals 1. A "l ower" neighbour fj corresponds to the end("death") of a com
munication on the jth path ; the corresponding transition rate is ej (num
ber of calls in progress on the jth path), 

* the "upper" neighbours (E ·=E+ ~. ; j E {1 •.. N} ; E' satisfying equations 
( 1) and (2)} . l J J J 

An "upper" neighbour Ej corresponds to the beginning ("birth") of a commu
nication on the jth path. The corresponding transition rate depends on the 
Poisson parameters of the input traffics T, the routing policy u and the 
network s ta te E : Aj (T, ~, E). - -

,let us defi ne the ' "modul e" of E 

IEI= L e· (3) 
i =1 ••• N 1 

IEI is the total number of calls in progress in . the network for state E. 

The module of the neighbours of a state of module k is either k-1 ("lower" 
neighbours) or k+1 ("upper neighbours). 
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O,rder';ng .the state space according to IEI = constant gives to matrix Q a block
tridiagonal structure; the diagonal blocks are diagonal since transitions in 
one step betwf:en two states with the same "module" are impossible 

Q 00~01 ____ (0) 

Q -... ~ 
= Qk k~ Qkk Qk k+1 , ~ , 

(D) ~ "oKK 

(4) 

The generation ofn. and matrix Q can then be done starting from the II zero" state 
(0 ••. 0). Step k consists in generating without redondancy the subset of states 
of modu1ek from the subset of states of module k-1, and defining the corres
ponding transition rate ("births") taking into account the traffics, the rou
ting policy and the constraints on the ~jls (1) arid (2). Transition rates from 
the states of module k to states of module k-1 ("deathsll) can also be defined 
in step k.[2] . 

The generation process ends when for all · the states of a given module K, 
{E = (e1 ... eN) ; IEI = K }, there exists for each component ej' j=1 ... N, at 
least one active constraint of type (1). 

K is the maximum number of calls in progress simultaneously in the network. 

In the next section we propose some algorithms to solve the Markov system. 

Q.P = 0 L P - 1 (5) k k-
where P is the stationary probability vector. 

One of them [3J is particularly suited to the structure of matrix Q. 

3. NUMERICAL ITERATIVE METHODS 

We restrict the presentation to some indirect iterative methods. In section 
3.1. are briefly recalled some point iterative methods (point Jacobi and point 
Gauss-Seidel). Section 3.2. is devoted to an aggregation-disaggregation method. 

3.1. Point iterative methods 

Point iterative methods amount to define an operator T such that 
p(n+1) = T . p(n) 

p(n) corresponding to vector P at iteration n. 

(6 ) 

Let Q = L + 0 + U, where L, D and U are respectively a lower triangular matrix, 
a diagonal matrix and an upper triangular matrix. 

The point Jacobi iterative scheme amounts to apply the operator TJ : 
-1 TJ = - 0 (L + U) (7) 

The point Gauss-Seidel iterative scheme amounts to apply the operator TGS 
-r TGS = - (0 + L) ~ U (8) 

It can be interesting to add some relaxation factor e in order to speed up the 
convergence rate 

. TJ,e = (1-9) IT -90-1 (L + U) (9) 
n : identity matrix; dim (n ) = dim (Q) 
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for Jacobi type methods. an under-relaxation factor (0 <e < 1) is recom
mended 

-1 
. T GS , e = (1 - e ) n - e (0 + L) . U ( 1 0) 

for Gauss-Seidel type methods an over-relaxation factor (8) 1) is recom
mended. 

3.2. An aggregation-disaggregation method 

In this section, we present a simplified version of Takahashi's method [3J for 
block-tridiagonal matrices. 

Let us consider matrix Qdefined in section 2. Matrix Q and vector Pare split
ted into K + 1 submatrices and subvectors (equation (4)). 

Let Pk be the probability subvector associated to block k of dimension zk 
block k corresponds to the states of module k. 

where QJ is the row yector of dimension zk' all components equal to one. 
k 

Let bk be the conditional probability vector associated to block k 

( 11 ) 

b k = wk 1 • P k ( 12) 

The aggregation step of Takahashi's method consists in computing the probabili
ties wk of the different blocks k = O ... K • 

The disaggregation step consists in determining the conditional probability vec
tor associated to each block. 

In the present case, the algorithm performs as follows 
step 1 : iteration "n = 0 ; give initial values b~O) 
step 2 : iteration n 

* aggregation : compute w(n) 
Since Q is ablock-tridiagonal, the aggregation matrix M, such that M.w= 0, 
is tridiagonal 

M = V Q U 

with V =[-[1] 0 ............... (O)J 
(0) [1J K 

U =[bO ~ (O~ 
( 0) bK J 

It can be shown [4J that matrix M is written 
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rk = A - La. bk 1 . J - ,J 
EjE Bk- 1 

A is the total intensity of the traffic offered to the network. 

(17) 

Bk-1 is .the subset ~f states belonging to block k-1 such that one or seve
ral traffics are blocked in "last choice" (i.e. there does not exist an 
idle path to route the call). 
bk- 1 .is the conditional probability of state Ej belonging to block k-1 
bk-1:~ = w-!1 · P. , p. being the probability of state E .• 
a.; 1S the ~um of tMe Poisson parameters of the traffic bl~cked in "last 
cnoice" in state Ej of block k-1. 

Taking into 'account equations (17), the solution of system Mw = 0 can be 
written: 

A - La. b
k 

. 
Wk+1 rk+1 Ej € Bk J ,J 
~ = k+1: = ----.,;~k-+--:-1--- = G(b k) 

and 
L wk = 

k=O ••• K 

* disaggregation: for k = O.r.K, compute b~n) 
i . e. 
for k = O ... K solve 

{
Wk- 1 Ok k-1 bk.;.1 + wk 0kk bk + wk+1 Ok k+1 bk+1 

[1J k bk = 1 

( 19) can be wri tten :: 

o 

wk- 1 wk 1 ° b +0 b +-+- ° b =0 Wk k k-1 k-1 kk k wk k,k+1 k+1 

( 18) 

( 19) 

(20) 

Taking into accountexpression (18) and the fact that 0kk is a diagonal 
submatrix, (18) and (20) provide a non linear algebralc system on the 
bk which can be solved efficiently using an overrelaxed Gauss-Seidel 
scheme. 
Step 2 is then written 
for k = O .... K 

b~ n) = (1 - e) b~ n-1 ) 

[ 
-1 (n ) 

. G (bk-1)· 0k,k-1 
-1 - e 0kk b(n) + G(b(n-1)).0 b(n-1) ] 

k-1 k k,k+1 k+1 

[1\ b~ n) = 1 

Step 3 : convergence step 
Let£ be the relative precision 

: Ib(n) _ b(n-1)1 
'f k k (.. € 
1 b (n-1 ) ~ 

k 
then 
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else 
go to step 2. 

4. ABOUT SOME EXPERIMENTS 

Algorithms described in section 3 have been used to solve the Markov systems 
associated to some circuit switched-networks of different size and structure. 

The overrelaxed point Gauss-Seidel scheme (equation 10) is much better than the 
under-relaxed point Jacobi scheme (equation 9). 

Figure 1 shows a typical comparative behaviour of those algorithms. 
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The aggregation-disaggregation method scheme equation (21) proved to be better 
(number of iterationsand execution time) than the overrelaxed point Gauss
Seidel scheme (equation 10) in all experiments made. 

It has been tested for network with up to 30 000 states on a SUN-160 work-sta
tion. 

For an example consider the overflow cell (figure 2) with 4 trunk groups 

aO = 3.01 Erlangs --) Co = 4 

a3 = 33.71 Erlangs --) c 12 
1 

a2 = 12.89 Erlangs --) c2 = 36 

a1 = 6. 19 Erlangs --) • • c3 = 11 

FIGURE 2 

Traffic ai' i=1 ... 3, uses in first choi~e the trunk group n° i and in second 
choice the trunk group nO 0 which receives a first choice traffic aO. 

The dimension of the state space is 28 860. It is divided in 64 blocks the 
dimension of which are less or equal than 780. 

Furthermore, matrix Q is sparse: there is at most 9 non null elements in each 
row. 
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Figure 3 gives the number of iterations for the two schemes versus the parame
ter e . 

280~~ __________________ ~ __ ~ 

VI 

C 

240 

200 

.~ 160 

~, 20 

~ 

0 

c- 80 
QI 

..!J 
E 

40 :J 
Z 

0 
lO 

Aggregation -
disaggregation I 

I 
I 

e.. I 
p_GS: 

1.1 1.2 1.3 1.4 1.5 

e 
FIGURE 3 

I 
I 
I 
le* 
I a_d 
I 

1.6 1.7 

For the optimal value e*, the aggregation-disaggregation method converges in 
84 iterations and the point Gauss-Seidel in 105 iterations. This corresponds 
in a 16,6 % saving in CPU time with the aggregation-disaggregation method on 
a SUN-160 work-station. 

The curves of figure 3 keep the same behaviour when running on different exam
ples but the saving in number of iterations and CPU time depends on the struc
ture of the network and of the dimension of the associated state space. For a 
given structure ·of network, the relative saving seems to be a non decreasing 
function of the dimension of the associated state space. 

5. CONCLUSION 

The first difficulty in the Markov chain analysis of large networks stands in 
the dimension of the associated state space and consequently transition rate 
matrix. In the paper, an easily programmable method has been presented to cir
cumvent this difficulty. The finite state space is minimally generat~d and the 
ordering of the states ·corresponds to a block triangular matrix, a structure 
very "convenient" in terms of numerical processing. Another difficulty is raised 
by the proper choice of a numerical resolution method. It is shown that the gi
ven matrix through its structure is well suited to an iterative method using 
aggregation and disaggregation steps : the Takahashi lumping method which has 
been adapted to the particular case here. Although, only medium dimensional ex
periments have been performed, using only workstations, we believe that it is 
possible to cope with relatively large networks (in terms of dimension). 
Moreover, always in vue of enlarging the applicability domain of such an analy
sis, the use of multiprocessor type machines has been investigated together with 
parallel implementation of the algorithms. The first results are promising [5J 
Parallelism indeed enables a distribution of the computing task and the speci
fic structure of the system to be solved let us hope that very large networks 
can be analysed through the Markov chain description. 

2.4B.4.7 



ITC 12 Torino, June 1988 

REFERENCES 

[ 1] 

[2] 

Potier, D. and Veran, M., The Markovian solver of QNAP2 and applications, 
Internal .report .no49, ·(INRIA France, march 1985). , 
Le Gall, F., Generation du systeme Markovien decrivant un reseau a commu
tition de circuits, Internal report n° 86 117, (LAAS, Toulouse, France, 
may 1986). 

[~ ITakahashi, Y., A lumping method for numerical calculations of stationary 
distributions of Markov chains, Research report B.18 (Dept. of Information 
Sciences, Tokyo Institute of Technology, Tokyo, june 1975). 

[5J 

Le Gall, F., Contribution a 1 'etude des reseaux a commutation de circuits: 
modelisation et resolution numerique, These d'Etat UPS, Toulouse (LAAS, 
Toulouse, France, july 1987). 
Bernussou, J., Le Gall, F. and Authie, G., About some iterative synchro
nous and asynchronous methods for Markov chain distribution computation, 
IFAC ' 87, 10th World Congress, (MUnich, 27-31 july 1987). 

2.48.4.8 




