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Se\"eral types of subscriber traffic variability should be accounted for in s\\'itch
ing equipment engineering. Theoretical analysis and comprehensi\"e quantita
tive studics of traffic in Bcll companies have been performed oyer the last 
scycral years. Variation by geographical area~ class of service mix and time of 
day was described in the ITC 10 paper 11]. In the ITC 11 paper (2] day-to-day 
yariability of large subscribcr traffic parcels (total exchange traffic) \\'as 
dcscribed, in particular by a detailed analysis of the highest day traffic. 

This paper extends studies of subscriber traffic variability to describe 
• year-to-year variation of peak period traffic in large subscriber groups. 
• the corn bined effect of day-to-day and group-to-group variability of traffic 

generated by subscriber line groups of limited size. 
As in all previous analyses., these results have been applied to traffic engineer
ing and traffic capacity analysis of modem digital sv:itching systems. 

The complete picture of subscriber traffic variability is intended primarily for 
the refinement of engineering methods used' by the Bell companies. It may 
also provide guidance for engineering in the developing telephone networks of 
the \\Torld, and aid in identification and analysis of traffic characteristics specific 
to ISDN new services. 

1. Year-to-Year Variability of Extreme Traffic 

1.1 Time Variability of Subscriber Traffic 

Several types of traffic time variability have been analyzed and included into traffic 
engineering methods. ' Historically, the time of day variation \\1as taken into account first -
the average (ABS) traffic used for engineering \\'as related to the busiest hour of the day. 
Later~ the day-to-day variation \\'as analyzed~ and time consistent busy hour as ,\'ell as 
extreme value engineering methods \\'ere developed. 

A major problem of digital s,,·itch traffic engineering is the boundary traffic value that 
separates expected peak 'values, used in engineering~ from overload values. The boundary 
value is important because normal functioning of a device, e.g. a central processor, is fun
damentally different from its functioning at overloads. The quality of service characteris
tics are also fundamentally different. According to the existing engineering methods, the 
capacity is normally quantified as the boundary bet\\'een normal functioning and oYer
load, and this boundary is to coincide \\'ith the highest day (H D) traffic volume. The H D 

' traffic may be defined as the highest one-hour (half-hour~ fifteen-minute) traffic during 
o'ne year, at a fixed or undetermined hour depending on the engineering method. The 
day-to-day variation of traffic belongs to the traffic. pattern \\"ithin the largest \\"ell defined 
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time period for projecting peak traffic: one busy season (onc year). The year-to-year vari
ability cannot be ' captured by the day-to-day variation characteristics and presents an 
additional uncertainty factor needed for the engineering decisions about the aforemen
tioned boundary value. In some years, the offered traffic could be belo\\' the s,\'itching 
system capacity, in other years it could cause system overload. We ,\'ill describe this vari
ation and show that it is large enough to be taken into account in the engineering pro
cess. 

1.2 Year-to-Year Variability of Subscriber Traffic 

The analysis of the vear-to-year variation is essentiallv based on the linear relation 
bet\\'een peak subscriber traffic and the average busy ~eason (ABS) traffic (2]. Fig. 1 
sho\\'s a typical exam pIe of the linear relation phenomenon. Both H D and ABS call rate 
sho\\'n in Fig. 1 are linear functions of the class of service mix. Consequently their 
difference, called the ABS-to- H D increment, is a linear function of the ABS call rate. 

The ABS and H D values shown in Fig. I are the expected traffic values that could be 
used in engineering. In each particular year the real (observed) ABS or HD value deviates 
from the expected value. For ABS engineering procedures, this deviation is not very 
important but for HD engineering it is critical since the HD capacity is the boundary 
separating normal functioning and overload condition. 
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A direct estimation of the year-to-year HD traffic variability is impossible since the ABS 
and, correspondingly, the HO , 'alues may have a year-to-year deterministic change com
ponent~ e.g. because of gradually increasing traffic. As \\Te ,\'ill sho\\· it is their difference 
that contains only random year-to-year variation. 

Fig. 2 sho\\'s the expected \ 'alue and some sample points of the ABS-HO increment. 
Typical year-to-year variation (1978 - 1983) of the observed ABS-HO increment is sho\\'n 
for six offices. Also sho\\'n are t\\'O regression percentile lines for the year-to-year varia
tion. Analysis of residuals sho\\?ed that the range of the increment yariability is practically 
thc same \\'ithin thc full range of ABS call rate, from one calrhour - residcntial traffic - to 
4:5 callshour - predominantly business traffic. Direct analysis of the increment standard 
dc\ 'iation based on later 0 bsenoations, 1981-1986, also sho\\'ed that the increment variabil
ity is practically independent of the ABS traffic, i.e. of the class of senoice mix. This is 
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illustrated in Fig. 3 by sample points and a regression line for 14 offices, six years of data 
each office. 

Fig. 3. Standard Deviation of ASS-HO Increment Fig. 4. Year-to-Year Variation of High Day Traffic 

Callsr----"'----------------. 

per CV 

Line 14 central offices, 6 year data - 1981-1986 

020 
015 

015 - . 

010 

--------------J + -r-----___ _ 
010 

OOS 

OOS ----:-----
+ ~-

+ - + 

00 00 
~----~--~----~----~ 

ASS Calls per Line ASS Calls per Line 

This observation is crucial for studies in v:hich available data do not represent enough 
years to estimate year-to-year variability for individual offices. As an extreme case, a 

. regression line similar to the one depicted in Fig. 2 can be obtained even \vith only one 
year of data for many offices \\'ith different class of service mix populations. The standard 
deyiation of the individual observation in this regression \\'ould be taken as an estimate of 
the year-to-year increment variability. That \\'ould mean that observations at different 
offices \\Tith nearly the same ABS call rate are vie\\'ed as if they characterized different 
years for a single office. As a ·result of this simplification, the increment standard devia
tion will be overestimated since there exist differences among offices caused by factors 
other than the class of selvice mix. A direct estimation of the increment variability office 
by office based on data for several years \\Tould yield unbiased results. 

A corn parison of the t\\'O estimation methods is depicted in Fig. 4. (the same data as for 
Fig. 3 \\Tere used). Each curve sho\\'s the increment standard deviation divided by the 
ABS call rate. The lo\\'er curve represents the average of the standard deviations for sin
gle offices sho\\Tn in Fig. 3. In the upper curve, the standard deviation of the regression 
sho\\Tn in Fig. 2, i.e., 0.2 calls,.'hour, is used. (The 90% upper band for individual 0 bser-
"ations sho\\'n in Fig. 2 coincides \\'ith approximately one standard deviation fro1J1 the 
regression line - see also section 1.4.) If data for the more accurate method corresponding 
to the lo\\'er curve are not available, variability estimation should be made by the first 
method and the results scaled dO\\Tn according to Fig. 4. 

1.3 .Analysis 

Standard deviations of the ABS- H D increment based on the variance in regression \\'ere 
obtained for each Bell company. For t\\'O Bell companies the results are sho\\'n in Table 
I. Table I contains typical exam pIes of the year-to-year high day traffic variation for the 
three busy periods of the day, and for each period the range of H D values generated by 
the range of class of service mix. These examples represent typical lo\v and high variabil
ity in Bell companies. The standard deviation of the ABS-HO increment is sho\\'n in 
column 4 (.0041 Erl. in the first ro\\') In column 5, the expected HD ,·alue range is 
sho\\·n. For the morning and the afternoon traffic, the lo\\'est value (0.07 Erl. in the first 
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ro\\") is associated ""ith residential lines, the highest (0.18 Erl.) \\·ith business lines. For 
the e\'ening traffic~ the lo\\'est and the highest values describe residential traffic \\'ithin the 
range of special service (Call \\'aiting etc.) penetration. The year-to-year coefficient of 
yariation is the ratio of the standard de\'iation in column 4 to the expected H D value in 
column 5 (6~o for the lo\\yest, residential, usage and 2% for the highest usage). This vari
ability range is sho\\'n in column 6. (The ABS call rate and load are assumed to be . 
fixed.) These num bers \\"ould be reduced by a factor of abou.t 0.6, according to Fig. 4, 
but indicate c1early that the year-to-year variation of high day traffic is veI)' significant 
from an engineering standpoint. 

Table I: Year-to-Year Variability of High Day Subscriber Traffic 

Bell Line Time Standard Value Range 
Traffic Deviation of 

Company 
Variable 

of Day 
Increment Expected HD Coeff. ofVar. 

TelCo I Lsage \1orning .0041 .07 - .IS 6° .' 10 - 2° ' 10 

Afternoon .0044 .07 - .11 6°.' - 4° ' 10 10 
(Erlangs) 

Evening .0036 .07 - ,12 5° 1 - 3° ' 10 10 

Call Rate \1orning 0.20 1.3 - 5.5 15~'o - 4~'o 

Afternoon 0.15 1.2 - 3.0 13~'o - 5°/ 
(Calls Hour) 

10 

Evening 0,12 1.2 - 2.4 10~o - 5° " 10 

TelCo 11 Lsage Morning .0072 .07 - .18 10~~ - 4°/ 10 

Afternoon .0056 .07 - .12 8°1 - 4°1 
(Erlangs) 

10 10 

Evening .0069 .07 - .19 10~'o - 4° .' 10 

Call Rate Morning 0.24 1.4 - 5,8 17~'o - 7° 1 10 

Afternoon 0.24 1.4 - 3,6 17~'o - 5° 1 
(Calls Hour) 

10 

Evening 0.23 1.3 - 3.2 IS~ /o - 7° 1 10 

1.4 Application 

The coefficient of variation translates into probabilities of traffic volume being under or 
over system capacity. 

Comparison of observed increment distributions \\'ith the Normal and Gumbel [3] distri
butions sho\"cd that practical estima.tion of the frequency of increment values causing 
overloads could not be based on these distributions quantiles. The median of the incre
ment distribution is significantly lo\\rer Than its expected value. the expected value is 
bet\,'een the . 65th and 70th percentiles. The 90th percentile is at the level of one standard 
deviation over the expected value (vs. 1.3 standard de\'iations in the Norm a] and Gum bel 
distributions). . . 

Therefore if the average increment value is used for traffic engineering (the middle line in 
Figure 2), then the offered traffic \\'ill exceed the system capacity roughly every third year. 
Adding one standard deviation to the H D call rate \\'ould reduce this risk to every tenth 
year. Comprehensive data similar to those in Table I are being used for deyeloping 
recommendations \\'ith respect to the year-to-year variability of HD traffic and the 
engineering margin needed for O\'er]oad protection. 
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2. Group and Day Variability of Subscriber Traffic 

2.1 General l\lOdel 

This section outlines the model of day and group variation described in 141. The model 
\\·as developed in order to reconcile different approaches to traffic variation among and 
\\~ithin subscribcr groups. The idea of the model is to e~tract the "pure" group-to-group 
variation component from the combined group and day variati<?n of subscriber line traffic. 

Generally~ usagc and call rate measured on subscriber line groups have both group-to
group and day-to-day variability components in them. Increasing the group size one 
\\'ould asymptotically decrease the group-to-group variation. Performing a series of 
group-to-group variation studies \\·ith one day traffic, one \\Tould eliminate the day-to-day 
variation. Consequently, \\Te can define the day variability as day-to-day variation of the 
gcneral population traffic and the group-to-group variability as group-to-group variation 
of one day (usually fixed hour) traffic. 

Let thc r.Y. }"~ \,-ith the cAd.f. L(\') , be one-day one-hour line traffic (line usage or call 
rate) in a giYcn population of lines. For a group of n lines (n ~ I), the traffic volume and 
the c.d.f. are 

n 
rn = L y(s), y(s) = Y; Ln(Y) = L n* (y). (2-0) 

s -1 

These c.dJ. describe "pure" group-to-group variation. 

A family of distribution functions Ln(x,Y) \\'ith a random parameter X is introduced. The 
c.d.f. of X, LT (x), characterizes day-to-day variation. 

The c.d.f. of the day-to-day variation of an n-line subscriber group traffic (combined 
group and day yariability) is 

Fn(Y) = SLn(x'Y)'dU(x) , £(rn) = £(£(Yn I X)) = n'£(X), (2-1) 

Fig. 5. Combined Group and Day Variation 
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In the follo\\'ing, analysis of coefficients of 
variation is based on the variance 

Var( Yn ) = 
= £(Var(YnlX)) + Var(£(YnIX)) 
= '£(Var(YnIX)) + n 2 ·Var(X). (2-2) 

if the group coefficient of variation is the 
same for all days, i.e., depends on n but does 
not depend on x, then 

eVn == eV( Yn I X) = ~- , Q = COllst. (2-3) 
"n 

From that fo11o\,'s a clear-cut separation of 
the combined day-to-day and group-to
group variation into components. The day
to-day variability of the n-line group traffic is 
descri bed by 

CV2 = CV2 + cr2 + CVd2 oCV2. (2-4) d.n d.oc n ,oc n 

CVd •oc describes the day-to-day variation for the total population of lines (pure day-to
day variability). 
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Figure 5 illustrates fonnula (2-4). The four curves represent combinations of 1\\'0 fixed 
day \"ariability )e\"e)s, CV". oc = 0.075 and 0.15~ and t\\'O fixed group variability le,·els, 
er) = 1.1 and 2. The point of intersection of t\\'O curves sho\\'s that the same corn bined 
variation may occur as a different combination of the day and group variation com
ponent,\. At the point of intersection~ the 1\\'0 cun·es define the same total variability, but 
they haye different day variability and different group variability. These t\\'O cases 
represent two different classes of subscribers. 

Limitations of this model and generalizations removing these limitations are discussed in 
the follo\\·ing section. 

2.2 New Results 

The model de\·eloped in 14) is limited by assumption (2-3) and refers to a homogeneous 
subscriber population (one class of service) and to line groups that are subject to load
directcd a'\signments for balancing. 

If a~sumption (2-3) does not hold, CVn depends on X. This model is discussed in more 
detail in section 2.2.1. A model for un balanced traffic is gi\·en in section 2.2.2. 

For se\"cral cla~ses of sen·ice (section 2.2.3), the expected values and variances of the sub
group of each c1a<;s can be obtained as before, but for the total population the coefficients 
of \'ariation will not add as they do in fonnula (2-4). 

2.2.1 Coefficient of Variation Depends on Total Day Traffic 

There arc indications that the variability of line unit traffic may de\'iate from the assump
tion (2~3). For example, on a day \\'ith a large total load, group loads may be relatively 
closer to each other than on a day \\'ith a small total load. CV( Yn I.X) in (2-2) needs to 
be described by a more complicated model. Generalizing (2-3), \\'e assume that 

(2-5) 

~ = 0 corresponds to (2-3). It can be shown that this model leads to the follo\\'ing gen
eralization of (2-4) 

Cv2 (~) = CV~ n ± ,.,13 
d,n 'n'E(X) 

(2-6) 

" where E(~r) is an estimate of the average (i.e. ABS) traffic. The coefficient ~ should be 
estimated by values of CVn(X) measured on days \\'ith different values of X. 

A simpler approach ,,'ould be based on direct estimates of E(X) and E( Var (rnA''): 

" " 2 E( Var( }' n I X» 
CVn = 2 (2-7) 

n 2.£ (X) 

2.2.2 LTnbalanced Traffic 

Usually, n-line groups are not balanced ideally: the long-tenn average (ABS value) is 
different in different groups. To account for this phenomenon \\'e randomize the day-to
day variation distribution LT (x): 

"FnO"',z) = SLn(x,y)u(x,z)dx. (2-8) 
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If s C=) is the distribution of the random parameter z, the c.d.f. for the total population 
becomes a mixture . 

Fn(r) = J s(z)dz J Ln(x,y)dU(x~z). (2-9) 

This is the same as (2-1)~ ,\~ith 

Lr(x) = J u(x~z)s(z)·dz. (2-10) 

Sim ilarly to (2-4) 

CI·'2 = CI'1 + CI'd1 + cr~ + CV~'(CI " ~ + CJ " ~) ~ CF~ + "CV~ + CJ"~. (2-11) d.n n 

(CI "d == Cl'd.oc ) \,'here CI'b is the coefficient of variation among long-tenn averages in 
different n-line groups. The smaller CI'b the better these groups are balanced . 

. 2.2.3 J"onhofnogeneous Subscriber Population 

Gcnerally~ an n-line group contains lines belonging to different classes of seJYice~ so that 
k 

n = r n" (2-12) 
i-I 

where ni is the number of lines of class i in the group. Each subscriber group of ni lines 
is homogeneous~ and the models described in the previous sections are applicable to it. 
In particular~ analogously to the definition in section 2.1, let y(i) be one-hour one-line 
traffic (usage or call rate) in the i-th sub-population of lines. Similarly to (2-0), the total 
traffic in the n-line group is a r.v. 

k k ni 
l'n = r Y~) = r r r(i.s) , y(i.s) = rei) - i.i.d. r.\'. ~ (2-13) 

i - ) i-Is -1 

\,'here r~/ is the i-class of service componerit of the total traffic. 

Analogously to fonn ulae in sections 2.2.1 and 2.2.2; 

L~i Cl') = L7t (Y), r~i (y') = JL~i (x,y) dUi(x). (2-14) 

All subsequent formulae are applicable to each sub-population \\Tith ni lines. The day
to-day variability characteristics mav be different for different classes. Finallv, it can be .,., .. . ., 

sho\\'n that 
k k 

rar( rn) = L n(CV2( y(i»'E(X;) + r n;'CV2(Xi)·E
2(xi ). (2-15) 

i-I i-I 

These fonnulae may be used for obtaining variability characteristics similar to those 
shown in Fig. 5, 
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