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ANALYTIC MODELS FOR SWITCHING NETWORKS WITH WIDEBAND TRAFFIC 
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rhe evaluation of the performance parameters in a connecting network 
' loaded with different bandwidth services is considered. Some 
possible analytical approaches are presented, trying to display 
their adherence to the statistical features of the system. The 
related models apply to circuit switched traffic and consider the 
possibility of a modular routing criterion. Some comments are added 
about the limiting behaviour of the involved process. 

1. INTRODUCTION 

The growing interest towards new telecommunication services (videoconference, 
facsimile, remote printing, ... ) leads the swithing systems to operate 
according to new features. The main topic to be solved refers to the simulta
neous presence of different transmission speeds (bandwidth) needed for the 
various services. So, in an ISDN environment, connections are carried out 
through an integer number of elementary 64 kbitls or less voice channels. 

The band sizes and the related holding times force these services to be 
accomplished by circuit switching techniques. This assumption holds throughout 
the paper and requires to choose the blocking probability as performance eva
luation parameter. 

Besides, the switching system dimension and the routing algorithm complexity 
suggest the use of a "modular connection" criterion in which the same routing 
choice is performed for a given number of channels (module) at a time. This 
expedient on the one hand reduces the system flexibility, but, on the other 
hand causes a decrease in both the mean swithing time and the control load. 

In the paper we refer to three stage T-S-T connecting networks operating with 
a modular arrangement. We define as "relation" a couple of input-output time
switching elements; in any instant, each connection module carries traffic 
streams belonging to only one relation. Fig. 1 depicts a spatial model of the 
network with C elementary channels switched on the S stage. They are partitio
ned in CIM modules (C is a multiple of M). The internal space stage carries 
out the same association of N input over N output channels, for M contiguous 
time-slots: the whole network can be run through a switching control rate much 
smaller than without modular arrangement. The figure network can model more 
than one practical telecommunication systems; we briefly quote two of them. 

- SS-TDMA SATELLITE SYSTEM WITH FULLY VARIABLE DEMAND ASSIGNMENT - A complete 
sharing of the up-down channels is allowed among the terminals accessing the 
same TDMA frame. The on-board switching configuration, together with the 
implicit time translation accomplished by the ground terminals, can be 
modelled according to the network of Fig. 1 where N is the number of transpon
ders (up-down frames) and C the number of frame channels [1]. 

- DIGITAL WIDE BAND SWITCHING NETWORKS - A digital TST switching network is 
composed by time and space switching elements coupling PCM trunk groups. 
Through control orders delivered to the multiplexers every space switching 
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element carries a complete connection among temporally homologous tiMe slots. 
The time swithing element can, in addition, translate in time the time slot 
contents: the network can then still be modelled as in Fig. 1, since also in 
this case it can be suitable to introduce a channel modular coupling. 

The classical traffic analytic models cannot be used because of the simulta
neous presence of different user classes and the modular connection criterion 
[2]. The aim of this paper is to present some analytic models evaluating the 
blocking probability in the described switching network configurations. 

2. ANALYTIC MODELS 

With reference to Fig. 1, each ordered couple (i,j) of input-output "switching 
elements" identifies the traffic relation (i,j). Since any module is assigned 
to one relation at a time, it is essential to distiguish the occupancies which 
refer to different relations. Hence each traffic is characterized by R dif
ferent streams, corresponding to R different service bandwidths, quantified as 
an integer multiple kr ; r=1,2, .•. R of the elementary channel bandwidth. The 
end-to-end blocking probability for each service is chosen as the performance 
measure. Besides, reference is made to a generic relation, by assuming a uni
form load distribution on the switching elements. The traffic streams are con
sidered to be poissonian and independent from each other. Any relation (i,j) 
is assigned a connection graph composed by two trunk groups having a capacity 
C and the channel association depicted in Fig. 2. The first trunk group is 
loaded with the "common" traffic involving both input i and output j: 

and with N-l traffics: 

involving input i and any output different from j. 

The second trunk group is loaded with the same common traffic! and with N-l 
traffics: 

2:m = tUm1,um2,···umRj; m=l, ... N; m~i 

involving the output j and any input different from i. 

The occupancy state associated to a generic relation can then be written as: 

( 1 ) 
where: 

represents the occupancies of the common traffic! and 

, the other occupancies on the first and second trunk group respectively. 

I To evaluate the blocking probability it would be necessary to add the 
geometric allocation of the occupancies; nevertheless, if a "herding" mecha
nism is introduced, whi.ch groups the connections in progress of each relation 
on the minimum number of modules necessary to carry them, definition (1) 
supplies the needed amount of information. 

The state ~ univocally determines the aggregate state 

~ = {~,t!,'Y} (2) 
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whose components are the common traffic occupancies and the number of modules 
assigned to the other traffics loading the first and the second trunk group 
respectively. 

- MODEL I - A small value of internal blocking probability makes the resource 
acquisition on the two trunk groups independent from each other; actually the 
assumption of independence supports Model 1 thus leading to the approximate 
model of Fig. 3 representing two tandem trunk groups. 

In the light of the previous assumptions, the local balance conditions are 
fulfilled: the markov chain describing the statistical behaviour of the system 
admits "bidirectional" transitions between any couple of contiguous state. 
Hence for the state probabilities the product form holds [3]: 

Yn r zmr xr 
R Pn r R (7mr R a r 

P(~) = IT IT IT IT IT (3) 
G(C) n~j r=1 Yn ! m~i r=1 zm ! r=1 xr! r r 

being G(C) the normalization constant, where the modularity constraints 
appear. 

The possibility of connecting a request of the traffic !, depends on both the 
residual capacity available on the modules actually assigned to the relation 
(i,j) and the bandwidth kr needed by the request. Only if the residual capaci
ty is not enough, the connection possibility depends on the module availabili
ty and their reciprocal geometric allocation. This argument justifies the de
finition of the state S in which the first element holds the information about 
the residual channel capacity of the common traffic modules; the second and 
third element contain the information about the availability of further modu
les on the first and second trunk groups. Through aggregations of the state ~ 
it is possible to derive the steady state probability of the state §, as well 
as the marginal distribution P(~) and the conditional distribution P(~,y/~). 

The blocking probability for the r class customer is: 

where: 

Br = I P(~) 
X 

C/M-a 
I 
~=O 

C/M-a 
I 

1=0 

a = is the number of modules assigned to the common traffic! 

(4 ) 

E(r)(~,1/~) is the r-th class internal blocking probability conditioned on ~, 
due only to the geometric allocation of the ~ and 1 modules 

P(~,1/~) = P(~/~)·P(1/~), because of the independence hypotesis. 

The calculation of the above distributions and parameters is described in [1] 
where it is proved that Br can be written as a function of the normalization 
constant introduced in (3). No calculation aspect is considered here since the 
paper aims to single out the statistical features of the model. 

Note that equation (4) always maintains the congruence of the ~ occupancies on 
the two trunk groups for any distribution of the non common traffic. But the 
model deals with the common and non common traffics in a different way: for 
the common traffic the acquisition of a module depends on the availability of 
at least one module on both trunk groups, while for the non common traffics a 
module acquisition is conditioned by the occupancies on only one trunk group. 
This discrepancy comes from modelling (Fig. 3) the couple of trunk groups as 
if it was isolated from the rest of the network. This negative feature has an 
increasing influence for increasing values of the channel modularity (and hen
ce of the internal blocking probability). To overcome this problem, an itera
tive model (Model Ill) has been developed; nevertheless, Model II is described 
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as well as a pattern of a class of simplified solutions which, on the one hand 
drastically reduce the computation complexity, on the other hand, handle the 
common and non common traffic flow in the same way. 

- MODEL 11 - The assumption of a uniform load on the switching elements 
implies the same occupancy distribution on both the trunk ·groups which carry 
the input-output connection (Fig. 2). This simmetry sugggests to extract a 
single trunk group leaving untouched the occupancy congruence of the common 
traffic, and hence to assume the complete independence of the related state 
variables. With the previous notations, the simplified state 

(5 ) 

related only to a trunk group, is enough to evaluate the blocking probability 
and the state probability can be expressed by the product form: 

Yn r xr 
R Pnr R a r 

P(~ ') = n n n (6 ) 
G(C) n;!j r=1 Yn r ! . r=1 xr ! 

From (6), the marginal and conditional distributions Pl(~) and Pl(~/~) can be 
derived; the internal blocking probability Br is then given by (4) where the 
distributions P(~) and P(~/~) are replaced with P' (~) and pI (~/~) respec
tively, calculated on a single trunk group. 

Model lIon the one hand makes heavier the independence assumption between the 
two systems and on the other hand it vanishes the discrepancy between common 
and non common traffic. In the case M=1 and R=1, Model 11 tends to Jacobaeus 
model with Erlang distribution on both links: the common traffic occupancies 
are no more distinguished from the non common ones. 

- MODEL III - All the previous models are based on the assumption of a low 
internal blocking: the state probability is given by (3) in which the module 
acquisition depends only on the global availability and not on the correct 
blocking mechanism. Hence a new model has been developed with the birth coef
ficients of the Markov process (describing the resource occupancies) corrected 
accord i ng to the i nterna 1 block i ng probab i 1 i ty , i. e . accord i ng to the actua 1 
state they refer to. More precisely, for the r-th class steady state probab i 
lity the following local balance equation holds: 

r=1,2, ... R (7) 

with: 
(8) 

Br{xr ) is the blocking probability for an r-request when the related occupancy 
state is xr . Similar equations hold for all the other traffic classes: the 
mutual dependence comes only from the boundary constraints. 

The validity of local balance equations involves, for the steady state proba
bility, a product form solution similar to (3): 

1 R 
Yn r Yn -1 Pn r r 

P{~) = n n n ar{t) 
Yn ! Gce) n;!j r=1 r t=O 

Zm xr 
R o r zm -1 R a r x r -1 mr 

n n 
Zmr ! 

I{ ar(s) . IT IT ar(h} (9) 
m~i r=1 s=o r=1 xr ! h=O 
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The corrective coeffieients are function of the conditional blocking probabi
lity Br(xr) which, in its turn, is formally expressed by (4) where the exter
nal sum covers all the occupancy states related to the R-1 streams of the com
mon traffic !, except the r-th one. 

Both sides of (8) contain the weighting factor 6{·) and, according to (4), the 
blocking probability Br(xr) depends on the state probability P(~), in its turn 
function of 6(·). Hence the calculation of 6(') is carried out through an 
iterative algorithm by assuming 6r {xr)=1 for any xr ' as initial values. The 
value 6('), differs from the unity only for those states in which a new 
request involves the acquisition of one or more modules. 

In Model III the blocking probability for the r-class becames: 

Br = I [1-~r{xr)]P{Xr) = 1 - I XrP(~)/ar (1 0) 
Xr W 

The first blocking definition appearing in (10) is congruent with that 
appearing in l4); the second one, on the contrary, expresses the ratio lost 
requests/offered requests. The equivalence of the two definitions derives from 
(9) through some algebra and comes from the fact that, in Model Ill, P(~) 

really represents the connecting network state probability, while (3) refers 
only to tandem trunk groups. The model congruence involves a high complexity 
and long calculation times expecially for low modularity values. 

3. ACCURACY OF THE MODELS 

The model accuracy has been verified for a connecting network, with N=5 input
output elements, C=512 time slots and different values of modularity M. The 
loss probability calculated by the models is compared with the results of a 
simulation model with 95% confidence level. The offered traffic intensities 
related to the wideband services will be expressed by the penetration coef
ficient Pr=ar/A; being A=I are 

r 
In Tab. I Model I and Model 11 are compared with respect to the simulation, 
under two different load conditions. The two approximations produce quite 
similar results even if they are based on different assumptions for the sta
tistical behaviour. They tend to overestimate the loss probability. The simu
lation values for M=128 are not comparable with those obtained by the analytic 
models. In this case, in fact, the system lies for long periods of time in 
stationary conditions depending on the initial routing choices. This limiting 
behaviour is studied in the next paragraph. With a high traffic load, the 
model discrepancy becomes rapidly larger as the modularity decreases: such 
behaviour is due to the statistical independence hypothesis for the non common 
traffic. 

In order to stress clearly the above trend another case has been studied in 
Fig. 4, where the loss probability is shown for a system loaded with a single 
type of service and k,='. It can be noted that, unlike Model I, Model III 
follows the real loss probability correctly even for small modularities. 
Model Ill, in fact, completely recovers the small accuracy of the other 
approximations. 

Finally Fig. 5 shows the loss probability obtained through Model I for three 
kind of services. A better adherence is evident with respect to Tab. I, and 
this is due to the less mutual gaps among the traffic bandwidths. 

5.1A.4.5 



ITe 12 Torino, June 1988 

4. SYSTEM LIMITING BEHAVIOUR 

As said before, for high modularity values M the simulation model does not 
reproduce the ergodic system behaviour: each traffic relation tends to indefi
nitely occupy the same number of modules. 

High modularity means a value of M such that one module could be assigned to 
each relation (C/M~N), but the assignment of further modules becames highly 
competitive. In fact, if these conditions hold, the network behaves as a 
"relation network" that can be modelled as a classical connecting network with 
C/M swithing elements on the second stage and N on the first and third stage. 
Its state is represented by the set of (distinguishable) modules associated to 
each relation. Such state varies just when a module changes its association 
and this happens only if the following events jointly occur at the istant of 
"module request": 

at least one available module exists 
a module can be assigned to the relation which needs it. 

The probability of the above events depends on the traffic intensity per rela
tion. More precisely: 

if the relation traffic intensity is very low with respect to M, the joint 
probability is quite high: the network state continuoulsy changes and 
rapidly reaches the ergodic behaviour; 
if the traffic intensity is such that each relation "always" maintains one 
modu 1 e but frequent 1 y acqu i res and re 1 eases a seconde one, the network 
rapidly reaches a "maximum'state" (0) [4] and for a very long period of 
time jumps only from one maximum state to another one; 
finally, if the traffic intensity lies between the two previous limiting 
conditions the network indefinitely remains in a state strictly dependent 
on the sequence of the module assignment, starting from the empty state: 
the probability of either needing or releasing a module is low. 

These intuitive considerations justify the apparently strange behaviour of the 
simulation when the system and traffic parameters assume anomalous con
figurations. 

Even if the investigation field roughly mentioned in the last paragraph might 
appear not much realistic, a useful application can lie, for instance, in the 
resource assignment algorithm for rigenerative satellites. 
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MODULARITY A • 30 ERLANG A • 50 ERLANG 
M MODEL I MODEL 11 SIMULATION MODEL 1 MODEL II SIMULATION 

128 81: 0.008 0.008 0.106!0.004 0.003 0.003 0.102!0.003 
82: 0.169 0.169 0.234!0.014 0.470 0.470 0.491!0.021 

64 0.014 0.014 0.009!0.003 0.008 0.006 0.005!0.002 
0.259 0.257 0.170!0.025 0.706 0.614 0.496!0.020 

32 0.008 0.008 0.005!0.008 0.009 0.008 0.004!0.001 
0.153 0.156 0.092!0.0'1 0 . 834 0.857 0.460!0.028 

16 0.003 0.003 0.001!0.0005 0.041 0.042 0.009!0.001 
0.134 0.137 0.077!0 . 013 0.818 0.842 0.404!0.019 

8 0.002 0.002 0.0006!0.0003 0.049 0.052 0.006!0.001 
0.108 0.110 0.064 !0.012 0.820 0.844 0.388!0.018 

4 0.002 0.002 0.0005!0.0003 0.059 0.066 0.004!0.001 
0.093 0.095 0.056 !o.ooe 0.820 0.844 0.380!0.018 

Tab. 1 - loss probability of two service classes; K1=1; K2=32 

Fig. 1 - Network model 

Fig. 2 - Connection graph 

Fig. 3 - Tandem trunk groups 
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Fig. 5 - Model I; three type of services 
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