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CONTENTION PROBABILITIES IN PACKET SWITCHING NETWORKS WITH 
STRUNG INPUT PROCESSES 

A.DESCLOUX: 

Bell Communications Research 
Morristown, New Jersey, USA. 

The object or this paper is to evaluate the perrormance or packet switching networks when 
the packets arrive in bursts. The leading packets or the successive bursts are assumed to 
arrive according to a Poisson process and the distribution of the number of packets in a 
given burst is assumed to be geometric. The cases where the packets of a given burst arrive 
in consecutive time .lots and where they are randomly spaced are studied in detail. 
Numerical results show that the burstiness of the traffic has a great impact on the 
performance or the switch. 

1. INTRODUCTION 

This paper deals with the traffic handling capacity or non-blocking packet switching networks, the 
emphasis here being on the contention probabilities and the packet losses they may induce. 

In a synchronous packet switching network all the inputs and all the outputs become available at the 
beginning of each and every packet slot and any group of n distinct inlets can try to send n packets to 
n p distinct outlets. Since contentions will occur if two or more inputs attempt to reach the same 
output during the same packet slot, there are many opportunities for such events to occur and their 
probabilities can not be ignored. In case or collision, only one packet can go through the network and 
the others must be stored and wait in buffers for later delivery. 

Buffering can be done in many different ways. Here, however, we shall be mainly concerned with the 
case where the delayed packets destined to the same outlet wait in a queue exclusively reserved for 
them. Under these conditions each output port can be modeled as an independent single server queue 
with constant service-time. So long as these conditions are met, there is considerable freedom for the 
physical locations or the output buffers. We stress that the model investigated here covers a wide 
variety of options, some new and some that have been proposed in the literature, none of which involve 
throughput losses. 

In the systems now being developed, the switching speed is relatively high (between 50 and 150 Mb/s) 
and the ratio between the latter and the user's input speeds strongly affects the characteristics of the 
traffic that reaches the switch. Packets generated by slow terminals will appear at the switch as widely 
and randomly spaced datagrams. By contrast, if the input and switching speeds are of commensurate 
magnitudes, then the successive interarrival times or the packets sent by a given source (to a given 
destination) will no longer be statistically independent and the packets will appear to arrive in bursts of 
various lengths. We can still view the output queues as single servers with constant service length, but 
the classical queueing models do not apply since the packets from a given burst do not arrive either 
independently or simultaneously but are strung over either. consecutive or "closely" spaced packet slots. 
Accordingly the switch performance was determined under the following assumptions : (i) the leading 
packets of successive packet-bursts arrive according to a Poisson process, (ii) the packets of a given 
burst arrive over randomly spaced packet slots. (Hi) the number of packets in a single burst is a 
random variable with a geometric distribution. 

To investigate a proposed network topology, the rollowing feature was introduced in the model : each 
output is provided with a fixed number of buffers and the packets that overflow their respective queues 
wait in commonly shared buffers. 

The particular case where the packets of a given burst arrive over consecutive time slots is relatively 
easy to analYle since the underlying equations can then be solved recurrently. A far more complicated 
situation arises when the packets or a given burst are equally spaced: in that case we had recourse to 
algorithms that, unfortunately, converge rather slowly at high occupancies. 

The quantitative re.ulta of the paper are presented in the form of graphs showing the packet-loss 
probability and the average delay in terma or the average burst sile (m) and the average spacing (.) • 
(The ratio m/(.+I) provides us with a suitable measure of the traffic burstiness.) Extensive 
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computations show that the packet-loss probability and the average delay increase rapidly as the 
burstiness increases and in the absence of control, burstiness may be such as to degrade the system 
performance below acceptable levels. 

2. CONTENTION RESOLUTION IN A BATCHER-BANYAN NETWORK. 

This study was made to evaluate the performance of a non-blocking Batcher-banyan network that 
connects the 256 transmitting inputs of the Batcher network to the 266 receiving outputs of the banyan 
network. The Batcher network sorts the packets in order of increasing (or decreasing) binary 
destination addresses and the seU-routing banyan network delivers the packets to the proper output. 
The delayed packets are resubmitted to the inputs of the banyan network via reentr~ loops. Each of 
the latter has 128 sub-time slots, each one of them being associated with a specific output of the banyan 
network. The number of buffers associated with each output is equal to the number of reentry loops 
and must be determined in accordance with specific service criteria. This arrangement requires that 
each output port be given access to its designated sub-time slot during each packet slot. Each output 
has r dedicated buffers for its delayed packets and a priority assignment assures that the packets are 
delivered in order of arrival. The system also provides for an extra reentry loop to store the contending 
packets that found all their reserved sub-time slots occupied. For more details the reader is referred to 
[1]. 

3. PROBABILISTIC MODELS. 

In this section we describe the conditions under which the analysis is carried out. We shall assume that 
the packets from a given source (input) are submitted in bursts of various sizes. The first packet of such 
a burst is referred to as the leading packet. The successive packets of a given burst may not be 
submitted over consecutive time slots. The spacing between any two of the consecutive packets is 
defined as the number of time slots that are skipped over. The following assumptions are made 
throughout: 

1. All the packets are of unit length and arrive synchronously at the switch. 

2. The leading packets arrive according to a discretized Poisson process of intensity)., i.e. the 
probability that an input generates n new leading packets at the beginning of one packet slot is 

)." 
equal to e->'-. 

n! 

3. The packets of a given burst arrive at the input over randomly spaced packet slots, i.e. the 
spacing between two consecutive packets from the same burst is equal to n with probability 
"1"-1(1-"1), n~1. (A spacing of n means that the packets from a single burst arrive every n+I-3t 
time-slots on the average.) 

4. The number of packets in a given burst is a random variable with a modified geometric 
distribution with mean (1-ln-1 (empty bursts are excluded: equal to ,Bn-l(I-,B), n >0). 

In the next two subsections we deal with the cases mentioned at the end of Section 2. 

3.1 STATE EQUATIONS FOR ZERO SPACING 

To facilitate the exposition we introduce some definitions. We shall say that a burst is active at the 
beginning of a packet slot if it has placed packets up to that very instant. At that time each active 
burst either terminates with probability 1-f3 or submits yet another packet with probability f3. 

The system will be said to be in state (i ,.i) if at the beginning of a packet slot the two following 
conditions are satisfied : (i) there are j active bursts and (ii) there are i packets in the system. Let 
P(i,j) be the equilibrium probability that the system is in state (i,.i). Since there is no spacing between 
the packets of the active bursts P (i ,j)=O for i <j. Let also 

(1) 

Consider first the case where i = j. This situation can arise if and only if the system was in one or three 
states, namely (0,0), (0,1) or (1,1) at the beginning of the previous packet slot and i new packets arrived 
during that packet slot. Hence we have: 

P(O,O) = 1r(O)'[P(O,O)+P(O,l)+P(l,l)(l-,B)] , 

P(i,i) = 7r(i)'[P(O,O)+P(O,l)+P(l,l)(l-,8)] 
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Equations (2) and (3) yield the limp le relations rrom which all the P(i,i)', are readily obtained: 

P(i,i) = ()[ 1r~\. )] 'P(O,O) 
1r 0 1- 1r,-1 

and P(O,l) can now be determined rrom (2). 

Next consider the case where; = i + 1. Now the state (i,i+1) can only be reached if, at the beginning 
or previous packet Ilot, none or the active bursts lubmits a new packet and i new packets arrive or if, 
at that lame instant, one and only one or the active bursts submit another packet and i-I new 
packets arrive. Thererore we have: 

P(i,i+l) = [P(O,2)+P(l,2)(1-P)+P(2,2)(1-P)~1r(i)+[P(l,2)P+ [~}P(2'2)P(1-P)]1rU-l). (4) 

With the convention that 1r(-1)=0, the preceding relations are satisfied for all i,. 

Since P(2,2) is known rrom the previous step, we can now determine P(0,2) and P(1,2) from (4) ror i=O 
and i=1. 

We now consider the general case. Suppose that a transition from state (p ,q) to state (i ,i +k) takes 
place during a single packet slot. Let i (~p) and r be, respectively, the number of bursts that 
terminate and the number or new bursts that begin service at the start of the packet slot. Then 
i=p-;+r and 

i+k = (q-1)+(p-;)+r . 

Subtracting the first rrom the second of these two relations shows that the transition under 
considera tion is possible only if q = k + 1. 

At the beginning or each time slot a series of events may occur simultaneously: a packet begins service, 
bursts do not terminate and immediately submit new packets, new bursts generate their leading 
packets. The states the system goes through during such a sequence of events are called here pseudo
states (see Fig. 1). 

Next ror any given value or p (0~p~k+1), the state (i,i+k) can be reached from state (p,k+1) in p 
ways, each one or them being uniquely determined by the number, n (n~p), of bursts that submit new 
packets. Indeed, ror a given n, state (i ,i +k) is reached via the following sequence of pseudo-states (p ,k), 
(n,k), (n,n+k) . Finally with the arrival of i-n new bursts state (i,i+k) is reached. The P(i,i+k)" 
satisfy therefore the rollowing equilibriu'm equations where k # = min (i ,k +1) : 

11· 11+1 [ ] P(i,i+k) = L: 1r(i-n)· L: P(m,k+1)· r;: ,en(1-,B)m-n , 
,,-0 m-n 

It is easy to show that all the P(i,i+k)', can be computed once the P(i,i+k-1)'s are known. 

We are not really interested in the joint probabilities P(i,i) but rather in the probabilities, Q(j,k), of 
having; unserved packets in the system at the beginning of a time-slot and k unserved packets at the 
start or the next slot. These new one-step transition probabilities are easily obtained once the 
probabilities P(i,i) have been computed. We can first determine the probability, Q#(j,r) that there j 
unserved packet at the beginning or a time-slot and that the active bursts generate r new packets. 

Q#(j,r) = EP(i,i) [i](1_,B)i-r.,Br . 
i-o r 

The Q (i ,;)', can be expressed in terms or the Q # (i ,r). Indeed we have : 

Q (O,k) = 1r(k )·P(O,O), k =0, ... ,00, 

lDiD(II+1-i,i) 
Q(i,k) = L: 1r(k-i-i+l)·Q#(i,i) , i>O . 

j-o 

In the remainder of this section we redefine the state or the system to be the number of packets that are 
simultaneously present at a given instant. 

In principle the equilibrium state probabilities could be obtained by solving state equations. However, 
the complexity or the transition probabilities seems to preclude an explicit solution and we shall proceed 
numerically. 

Let 
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Ql == [Q(i,i)] 

be the matrix of these transitions probabilities ~nd let 

Q2" == Q2,,-lXQ2·-l. 

The elements of Q2.' which are obtained after A matrix multiplications, are the tu.nsition probabilities 
over a IequeJ:lce of 2- consecutive packet slots. Extensive computations have .hown that 8 or fewer 
exponentiations .uffice to determine the equilibrium state probabilities accurately. 

Strictly Ipeaking the output queues are not statistically independent since they compete at times for the 
common buffers. However, in practical applications the packet-loss probability is always very small by 
design and the dependence between the output queues can be ignored. Under this condition, the 
packet-Iou probability can be obtained by convoluting the 128 overflow distributions of the 128 output 
queues. 

3.2 STATE PROBABILITIES FOR RANDOM SPACING 

In this sub-section we deal with the case where the packets from a given burst need not arrive during 
successive packet slots but at randomly spaced packet slots. This new feature complicates the analysis 
because the number of packets simultaneously present in the system are no longer necessarily larger 
than or equal to the number of active bursts. 

Let us al80ciate with each state (i,i+k), say, the set of all states from which that partic~lar state can 
be reached in one step. This set is referred to here as the transition domain of (i,i +k) (see Fig. 2). 

The number of (one-step) transition paths from sta te (n , m) to state (i , i + k ) is equal to 
min(i,n )-(m-l-k )+1, and all these paths involve distinct pseudo-states. For instance (see Fig. 2), 
from the state with coordinates A =7 and m =1 there three paths to the state (5,2) : (i) one packet is 
served, 5 bursts remain active and two of the latter submit a new packet, (ii) one packet is served, 4 
bursts remain active, one of them places a new packet and a new burst enter the system and (iii) one 
packet is served, 3 bursts remain active but do not submit new packets and two new bursts arrive. 

ZERO SPACING 
PSEUDO STATFS FOR A O~STEP TRANSmON 

FROM STATE (Pll) TO STATE (i,i+k) 

NUMBER OF ACIlVE BURSTS 

RANDOM SPACING 
TRANSITION DOMAINS OF ST A TFS A AND 8 

NUMBER OF ACI1VE BURSTS 

Figure 1 Figure 2 

State (i,i+k) can be reached from state (A,m) if and only if the following conditions are satisfied: 

i. A ~ max(O,-k), 

ii. 0 ~ m ::; max(O,n+i), i ~ k+l, 

ill. m ~ i+k+l, 

iv. > { 
max (k+l,O) if k~O 

m - 0 if k=O. 

v. r ~ min(i,A), where r is the number or bursts that remain active, 
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vi. Among the n active bursts, at least r+k-(m-l) of them remain active and lubmit exactly 
r+k-(m-l) new packets, 

vii. i-r new bursts enter the system. 

We shall lay that an adive burst is eligible at the beginning of a packet Ilot if it is allowed access to 
the system at that time. Let "f-1 be the average spacing between succeuive time Ilotl when a particular 
active burst becomes eligible. IT n is the number or active bursts at the beginning or a packet Ilot, 
then, in accordance with our assumptions, the probability that r or these bursts remain active is equal 
to 

and the probability that k or these bursts be come eligible is equal to 

[ ~ ]'1' (1-'1)"-' · 

Upon becoming eligible, a burst must necessarily place a new packet. Under these circumstances the 
probability of a transition from state (n,m) to state (i,i+k) is equal to 

minf") [~]f3r (1-f3),,-rX [r+k~l_m]"fr+i+l-m (1-"f),,+m-r-i-1X1r( i -r) (6) 
r-_a(O,-i,r+i+l-m) 

with the proviso that sums whose lower limits exceed their upper limits are set equal to lero and where, 
by definition, the binomial coefficient vanishes whenever either r < r+k+l-m or r+k+1-m < o. 
Our only purpose is to determine the equilibrium distribution of the number of packets in a single 
output queue. To compute these probabilities we proceeded as follows. We started with the following 
initial condition : 

1r(n,n) ~ c·e-).>'''/n! ,n = 0,1,2,··· ,16, 

with c is a normalizing constant, and set all the other probabilities equal to o. We then computed the 
state probabilities for 0 ::; n,m ::; 17, at the beginning of the next packet-slot by means of (6). These 
probabilities were normalized and then used as new initial condition. This step was repeated to obtain 
the state probabilities for 0 ::; n ,m ::; 18, which were again normalized and used as the stating point of 
the next iteration. This process was iterated with increasing upper limits for n and m until 
convergence to the equilibrium probabilities was achieved. These probabilities were then used to 
determine the output queue-length distribution and the packet-loss probability as described in the 
previous sub-section. 

4. NUMERICAL RESULTS AND CONCLUSIONS. 

A sample of typical calculations is presented in figures 3-8. 

The purpose of Fig. 3 is to show that the classical single-server model for batch arrival processes, 
Wm)/D /1, in which groups containing m packets on the average arrive according to a Poisson process, 
appreciably overestimates the average delay and the packet-Iou probability, even in the case of lero
spacing, moderate occupancy and small values of m • Data are plotted in Fig. 4 for the case where the 
packets belonging to the same burst arrive in consecutive time slots. This figure clearly shows that the 
packet-loss probability is strongly affected by even very moderate burstiness, a fact corroborated by the 
plots of Figs 5 and 6, where, for an average burst-sile of 2 and an occupancy of .6, the dependence of 
the packet-loss probability and of the average delay on spacing is illustrated. Comparison of Figs 5 and 
6 with Figs 7 and 8, respectively, shows a worsening of performance as the average burst-sile increases 
while keeping the burstiness ratio constant (equal to 1/4 in the present example). However, at a 
constant burstineu ratio, the performance steadily (but slowly) improves as the average burst aile 
increases beyond a certain value. For example, with a burstinesa ratio of 1/4 and an occupancy or .6, 
the packet-Iou probability and the average queue length decrease as m increases beyond 6 (10 that 
, =23). A fuller description or this behavior will be included in an extended version or this paper. 

The technical literature dealing with the performance of switching systems, the assumption is usually 
made that the packets arrive in a Poisson stream. covers only the case where the packets arrive in a 
Poisson atream. In Figs 3-8, curves pertaining to this aituation are labeled either m=l or '=00 , 
depending on whether we are considering the burst sile or the Ipacing. These curves provide UI with 
lower bounds (or the packet-Iou probability and the average delay and their use would, in many 
instances, grossly overestimate the Iystem capacity. 

5.1A.1.5 



ITe 12 Torino, June 1988 

3 

4 

5 

c 

7 

9 

AVERAGE QUEUE LENGTH YI 

AVERAGE BU1lST SIZE <ID> 
OCCUP ANa - A 

Figure 3 

PACKET-LOSS PROBABILITY VS. 
A VERAGE SPACING (5) 

OCCUPANCY - .6 
AVERAGE BURST SIZE - 2 

I. , , , 
\ \ 
\ j 

, 
\ \ , 

1\ \ ". 

, II " \ \ ~ 
\ l ) 

, II , \ 1\ 
_1 \ 

s- ... 1 I s-7 l_~ \CI ~n 
1\ 1\ \ 
, II 

\ \ ~ 
I \ .~ \ 

o 2 4 6 a 10 12 
NUMBER OF INDIVIDUAL BUFFERS 

Figure S 

PACKET-LOSS PROBABIUTY VS VURST SIZE (ID) 
ZEROSPAONG 

5.1A.1.6 

0 

1. 0 
S 

OCCUPANCY - .6 

11 .-'. ...l ~ ---1\ 1 \m-2.5 , .. ~1I.2 , 
mal. 

1\ ~ 

m-1 \ ~ 
\ 
, 

\ \ , \ 

1\ 
\ 
, 
\ 
\ 

~ , \ 
2 4 6 I 10 

NUMBER OF INDIVIDUAL BUFFERS 
Figure 4 

A VERAGE QUEUE LENGTH Vs. 

" ..1.\1..\ 

AVERAGE SPACING (.) 
OCCUP ANCY - .6 

A VERAGE BURST SIZE - 2 
A-

"' "-

~ 

12 

6 \ \\ " L\\ [\ "-

4 : 1\ \ .~ 

l' !\ \ , 
2 · \ ~\ ~ .~ , \ ~ \ 

.", 

r\. 

1 
.~ \ . ~ ~ '\ 8-0 , '- "- I' 

ne \ , "-
\ , "- " ~ 

0 .. 
, , 

" 
, 

~ 

\ \ "- , 
\ 8-15' 

, .-7 I\s-.-l 04 

\ \ 
~ s-. 

02 

01 
o 2 4 6 8 10 12 

NUMBER OF INDIVIDUAL BUFFERS 
F1aure 6 



1. 

1 

2 

3 

4 

5 

6 

ITC 12 Torino, June 1988 

PACKET-LOSS PROBABILITY VS 
NUMBER OF BUFFERS 

OCCUPANCY - .6 
AVERAGE NUMBER OF PACKETS 

POBURST - .. 
SPACNG - 15 

. . 

\ 
,. 
\ , 

i\ . . 

\ 
, , 

" 
" " 

"-
'III~ 

I " 2 4 6 8 10 . 12 
NUMBER OF INDIVIDUAL BUFFERS 

Figure 7 

1. 0 
8 

6 

4 

2 

1 
no 

Oc. 

04 

0" ,-

01 

A VERAGE QUEUE LENGTH VS 
NUMBER OF BUFFERS 

OCCUP ANCY - .6 
AVERAGE NUMBER OF PACKETS 

PER BURST - .. 
SPAaNG - 15 

\ 
~ 

" \ 
~ , 

r\" 
" ~ 

'Ill 

"-
"-

'. 

, 

o 2 4 6 8 10 12 
NuMBER OF INDI~UAL BUFFERS 

Figure 8 

I 

We have shown that the packet-loss probability lacks robustness with respect to the traffic parameters 
(in particular spacing and burst size). This fact suggests that, except in cases of known and persistent 
light load conditions, traffic control measures should be an integral part of every packet switching 
system, and should always include access restrictions. Alternatively, and this would probably be a less 
attractive approach, the traffic parcels that either show substantial burstiness (a fact that would be 
hard to establish) or consist of long non-random sequences of packets should be segregated and handled 

. on a circuit-switching basis. 
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