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We present a novel methodology for the analysis of packet delays in token-rings with 
large numbers of nodes, where traditional methods for delay distribution analysis break 
down. The methodology we derive remains effective regardless of the number of ring 
nodes, and its accuracy improves as the number of nodes increases. The approach also 
allows the approximate handling of both smooth and bursty traffic, whereas traditional 
analytic approaches have depended on a Poisson traffic model. The methodology is 
tested by comparing delay statistics predicted by the analytic approximation against 
simulations. The results are encouraging and suggest that the approximation is useful 
for predicting delays. 

1. INTRODUCTION AND SUMMARY 

Token-rings comprise one of the IEEE 802.X-standardized configurations for interconnecting, via 
packet transport, a set of stations, or nodes. This basic architecture is applicable for local area net
works (LANs), as well as for the more geographically dispersed metropolitan area networks 
(MANs) between a very large number of nodes. In these configurations, access to the interconnec
tion fabric is controlled by the passing of a "token" from node to node. Nodes are permitted to 
transmit packets onto the ring only if they are in possession of the token, and they must pass the 
token on to the next node on the ring whenever there is no message to transmit. In designing and 
configuring token-rings there is a practical need for accurate, yet simple, delay formulae for 
predicting performance. Moreover, it is desirable to have a methodology for quantifying not just 
mean delays, but delay percentiles as well, since some token-ring applications may prove viable 
only if the tails of delays can meet certain obje~tives. 

This paper presents a novel methodology for the delay analysis of token-rings with a large number 
of nodes. While the feasibility of traditional methods for delay distribution analysis breaks down as 
the number of nodes increases, we note that an increasing number of nodes contributes to the regu
larity of the token-ring operation, and that this can be exploited in approximating the delay distri
bution. A key feature of this approximation is that its accuracy improves as the number of nodes 
on the ring increases. The approach also allows the approximate handling of both smooth and 
bursty packet traffic, via a simple second-order traffic characterization, whereas traditional analytic 
approaches have depended on a Poi~son traffic model. 

The methodology is tested by comparing delay statistics predicted by the analytic approximation 
against simulations. The results are encouraging and suggest that the approximation is useful for 
predicting delays. 

2. CYCLIC QUEUEING MODELS AND ANALYSIS 

The basic model underlying the delay analysis 'of token-rings is the cyclic queueing model, in which 
a single server attends to the service of a set of K queues (one queue for each ring node), to each 
of which a separate stream of jobs arrives to await service by a single server handling all K queues 
("jobs" in the model correspond to packets in the actual system, and "service" of a job, to transmit
ting the packet to the destination node, so that "service times" relate to packet lengths). In addi
tion to the arrival and service time characteristics at each queue, a cyclic queueing model is 
specified by 
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1. The server cycle, which defines the order in which queues are to be visited by the server. 

11. The overhead that the server expends when transitioning between queues in its cycle. This 
captures the overhead due to passing the token from node to node (processing, transmission, 
and propagation delays) in a token-ring. 

iii. The service option at a given queue. Three main service options at a given queue are: (i) 
exhaustive service-leave that queue only when it is empty; (iD gated service-serve those, 
and only those, jobs present at the queue when the server arrived; and (iii) limited service
serve no more than a specified number of jobs during each visit to the queue. 

Cyclic queueing models have been studied extensively for many years. One property that has been 
recognized is the relation between the average server cycle length, c, the average total server over
head per cycle, h, and the set of server utilizations at the K queues, {Pi, i-O,I,2, .. ,K-t}: 

h 
c = --K---l- (2.1) 

1 - ~P; 
;-0 

This relation holds for a wide range of server cycle structures, serving disciplines, and arrival and 
service time assumptions (see, e.g., [17] for a general discussion). Unfortunately, for most situa
tions c by itself indicates very little about delays; since, e.g., the majority of cycles could be very 
small, and only a small fraction of cycles, very large, but it is this small fraction of large cycles 
that affects the delays of most jobs. 

In contrast to the general applicability of (2.1), performance analyses directed at quantities other 
than the mean server cycle length, e.g., delay and queue size means and distributions, have made 
simplifying assumptions concerning the stochastic natures of arrival streams and service times. 
Early papers exploiting the special structure of Poisson arrivals with gated or exhaustive service are 
[8] and [13], and a recent comprehensive treatment of this class of models is [19]. Exhaustive and 
gated service queues are also studied in [11,12,20], and limited service is studied in [11,19,201. 
Exact numerical and approximate results on non symmetric queues may be found in [1-4,8-10,12-
16,181. Unfortunately, the computational complexity increases rapidly with the total number of 
queues; and while the technique can be extended from Poisson to batched-Poisson arrivals, more 
general arrival streams cannot be accommodated exactly. 

The objective of this study has been to investigate fundamental properties of cyclic queues which 
facilitate their analysis when the number of queues is large. To aid in the exposition of these pro
perties, we restrict attention in this paper to cyclic queueing models in which service is gated, 
where the queues are fed by statistically identical arrival streams, where service times at all queues 
have identical statistics, and where there is a simple server cycle, (0, 1, 2, ... ,K - 1), where K is the 
number of queues. Most generalizations, e.g., to nonsymmetric configurations, to exhaustive ser
vice, and to more general server cycles can be accommodated within the framework laid out below, 
but with an increase in complexity that obfuscates the basic ideas. 

3. DERIVATION OF THE APPROXIMATION METHODOLOGY 

3.1 Key concepts and assumptions underlying the methodology 

Explicit assumptions are as follows. There are K queues, to each of which arrivals occur according 
to statistically identical general stationary arrival streams. No detailed model (e.g., renewal) is 
assumed; rather, each stream is characterized by its intensity, A, and its variance-time curve, v (.) 
(one of several equivalent second-order characterizations; another is the peakedness characteriza
tion; see [6,7]). A equals the mean number of arrivals per unit time, and v (t) equals the variance 
of the number of arrivals during the interval (0, t] (assuming that the arrival stream is stationary 
with respect to choice of the time origin at 0) . . The service times at each of the queues are charac
terized by their mean and variance, T and (J"2, common for all K queues, and a FIFO discipline is 
used at each queue. The server utilization per queue, denoted p, is clearly p - ~T. With respect to 
any given queue, server cycles are defined as the time. intervals between successive server visits to 
that queue. The server overhead per cycle is constant, and is denoted by h. 

We also make a Stationarity/lndependence Approxim~tion concerning the arrival streams: 
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The arrival process to a queue, during any given cycle with respect to that queue, (SIA) 
is approximately modeled as being independent of events prior to that cycle, and 
stationary with respect to a time origin chosen at the start of that cycle. 

The modeling implications of SIA will be discussed later; it can be argued that in many cases this 
approximation will introduce only minor errors. 

The approximation methodology is motivated by two main observations: 

1. When K is large, a major component of the delay experienced by an arrival at a queue is the 
wait for the server's return to that queue. In fact, in many cases, with high probability at 
most one job will be waiting at a queue when the server returns; then the wait for the server's 
return comprises virtually the entire delay. Even when multiple jobs can be waiting when the 
server returns, the statistical characteristics of the server-cycling will be seen to play a major 
role in determining the delay distribution. 

11. Also when K is large, a server cycle is composed of a large number of components, namely, 
the serving periods spent by the server at successive queues in the cycle. This suggests that 
the cycle length distribution should assume a regular form, e.g., by a variant of the Central 
Limit Theorem applicable for non-independent summands, and be approximately characteriz
able by its first two moments. 

3.2 Relation of delays to cycle statistics 

In this section we derive approximate expressions for the mean delay, and for upper and lower 
bounds to the delay distribution, in terms of cycle statistics. We first define the following random 
variables (r.v.): 

W the waiting time for service to begin, experienced by an arbitrary arrival~ at the system, 
decomposed as W == W I +W 2 . 

W I the wait for the server to return to the queue, from the time the arbitrary arrival enters 
the queue 

W 2 the service backlog already in the queue at the time of the arrival 

M2 the number of jobs already in the queue at the time of the arrival 

C a (generic) cycle time, characterized by the p.d.f. g (x) and mean c 
" C a "length-biased" cycle time, Le., with p.d.f. xg (x) le; see, e.g., [5] 

C+ the length of a (generic) cycle time plus the time spent by the server at the queue fol-
lowing the end of the cycle 

It is generally recognized (see, e.~, [5]) that an arbitrarily chqsen time point will fall within a 
cycle with a length distributed as C, and SIA allows us to use C as the cycle length r.v. experi
enced by an arbitrary arrival. Also, given C, the time froXll an arbitrary arrival to the end of the 
cycle (Le., the r.v.W I ) is uniformly distributed over [O,C). Consequently, the delay component 
W I has a mean equal to E [W d-=E [C2 ]/2c and a p.d.f. given by 

d 1 IJ~ -p[W I ~x] == -p[C>x] == - g(y)dy 
h c C x 

" 
Similarly, given C, "the time from the beginning of the cycle to the arbitrary arrival is uniformly 
distributed over (0, C), and, from SIA, the conditional mean of M2 satisfies 

E[M2 1c==x] == J l..·u (y)dy .... l [v (x) + Ax ~ I] 
o x 2 Ax 

where u (.) is the expectation function of the arrival process (Le., u (t) is the mean number of 
arrivals within an (open) interval of length t, one of the end-points of which is fixed at an 
arbitrarily-chosen arrival) and we have used a fundamental relationship between u (.) and v (.), 

t 

namely that v (t) == Af[2(u (x)-u)+11dx (see [5,6,7)). The mean of W2 is just 
o 

E[W2 ]==TE[M2 ], which results in 
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and the total mean delay is 

E[W] ... E[Wd+E[W;] - (1+p)E[C
2

] + z... (E[V (C)lI(Ac) - I) 
2c 2 

(3.2.0 

For arrival processes that satisfy SIA exactly, e.g., Poisson, Eq. (3.2.1) is exact. For the Poisson 
case, v (t) ... At, so that E [v (C)] ... AC, and the second term in (3.2.1) is zero, resulting in the 
known exact expression for mean delay for symmetric gated cyclic queues with Poisson arrivals; 
see, e.g., [191 

Unfortunately, higher-order moments and the distribution of W2 require more than a second-order 
description of the arrival process, and the (negative) correlation between W I and W 2 would need 
to be taken into account to obtain an expression for the distribution of W. We therefore recognize 
that W is no smaller than W I, and no larger than W I plus the total time spent by the server at the 
queue following the end of the cycle. This motivates approximately bounding the complementary 
distribution of W as 

- - - -'!"fdyfg(z)dz ~ p[W>x] ~ -I-fdyfg+(z)dz 
C x y c+ x y 

(3.2.2) 

where C+ and g+(x) are the mean and p.d.f. of the r.v. C+, and where our approach is to use 
Gamma densities matched to the means and variances of C and C+ for the p.d.f.'s g(.) and g+(.). 
From the observations in Section 3.1 we expect that in many cases these approximate bounds will 
be accurate and quite close. 

3.3 Second-order properties of cycles and their substructure 

The approximation methodology for delays described in the preceding section requires that Var [C] 
and E [v (C)] be determined. This section develops an approximate method for this determination. 
We begin by defining additional notation: 

Qk the kth queue, O~k~K-I 

tn the sequence of successive time epochs at which the server visits the queues; at epoch 
tn the server arrives at Q (n), where (n) == n mod K 

Cn the length of the server cycle terminated at tn' i.e., tn-tn-K 

Nn the numbt;r ,of arrivals waiting at Q (n) at tn; because of the gated service, these are the 
arrivals during the interval (tn-K,tn ] 

Bn the length of the serving period at Q (n), serving the Nn arrivals, beginning at tn 

We first determine the covariance function, 'Yk, for the sequence ... , Bn - I , Bn , Bn +1 , ••• of serving 
periods, where 'Yk == Cov [Bn,Bn-kl This is motivated by the fact that 

and 

K-I 
Var [C] == K 'Yo + 2 ~ (K -k)'Yk 

k-I 

K 
Var [C+] ... (K + O'Yo + 2 ~ (K + l-k)'Yk 

k-I 
K-I 

(3.3.0 

(3.3.2) 

From SIA, E[f (Bn+l ) IBn,Bn-" .. .1 == E[f (Bn+l ) 1 ~ Bn - i ], for any f (.), al}d in particular, 
;-0 

K-I 
E[Bn+I IBn,Bn-J, .. .1 == p(h+ ~ Bn-;) 0.3.3) 

. ;-0 

K-I K-I 
Var[Bn+IIBn,Bn-h .. .1 -= r 2v(h+ ~ Bn - i } + Xq2(h+ ~ Bn - i } (3.3.4) 

i-O ;-0 

We conclude, since E[Bn ] is independent of n, that E[Bn ] - ph/(l-Kp), and thus that 
c ... E[C] - h + K·E[Bn ] == h/(I-Kp), as was previously indicated in (2.I). Similarly, 
C+ - E[C+] - h (l+p)/(I-Kp). 
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Now let i ~ 0, and note that 

E[B,.+IB,.-i] - E[E[B,.+IB,.-iIB,.,B,.-b ... ]] 

K-I 
- E[B,.-i p(h+ ~ B,._}] (since i~O, and from (3.3.3» 

j-o 
K-I 

from which it follows that "Yi+1 - P ~ "Yi-j' for i~O. Using the fact that "Yk-"Y-k it can now be 
'-0 

shown that "Yk - P"YoJ(l-(K - Op], for 1 ~k ~K. 
Finally, 

"Yo - Var [B,.+I ] 

- E[Var[B,.+IIB,.,B,._b ... ]] + Var[E[Bn+IIB,.,Bn- h ... ]] 

- T2 E [v (e)] + Au2 E [e] + p2 Var [e] (from (3.3.3) and (3.3.4» 

and after some manipulations, the following results, using (3.3.0 and (3.3.2): 

Var[e] _ K(-r2E[v (e)] + Au2
C) 

. (I +p) (I -Kp) 
0.3.5) 

Var[e+] - (K+O(I+p) Var[e] 
K 

0.3.6) 

To determine Var [e] we need to be able to evaluate E [v (e) 1, which in turn clearly is influenced 
by Var[e1. The approximation E[v (e)] :::::: v (c) + YlVar[e] li(c) can be used in (3.3.5) to obtain 
a (sometimes very accurate) initial estimate for Var[e]: 

Var[e] :::::: K[-r
2
v (c) + Au

2
C] 

(I+p)(I-Kp) - YlKT2li(c) 

which can then be iteratively refined by explicit evaluation of E [v (e)] based on the Gamma 
approximation for the p.d.f. of e. In many cases E [ v (e)] can be exactly expressed in terms of the 
Laplace transform of the Gamma p.d.f., and this results in an efficient and rapidly converging 
iterative solution. Finally, we note that for any process for which SIA is exact, e.g., Poisson, 
(3.3.5) and (3.3.6) will be exact expressions. 

3.4 Discussion of the Stationary/Independence Approximation (SIA) 

The accuracy of the above approximations for E [W] and Var [e] depends to a great extent on the 
validity of SIA. Intuitively, one might expect SIA to become more justifiable for very large K, for 
then the arrival process to each queue tends to be sparse with respect to the server's cycling pat
tern, and no one queue can monopolize the server's attention for a significant period of time. How
ever, it is easy to construct examples where SIA is of questionable validity, e.g., where the arrival 
process to each queue is extremely bursty, alternating between periods of high and low arrival 
intensities, each of which spans several server cycles. 

Fortunately, there is a rough check that can he made to estimate the validity of SIA. This check is 
based on the asymptotic quantity V/M - lim Var[L(t}]/E[L(t)], where L(t) denotes the number 

1-00 

of server cycles completed during (O,t 1. V/M reflects the macroscopic cycling behavior, and can 

be easily shown to be V/M - Kc (T2V (00) + u2A)/h 2
• Equivalently, V/M can be expressed (see, 

00 

e.g., [5]) in terms of the (exact) covariance function "Yk as follows: VIM - K ~"Yk /c 2. 
-00 

The effect of SIA is to introduce errors into the approximation for "Yk determined via the tech-
" . 

niques of Sec. 3.3, which we denote here as "Yk to emphasize that it is approximate. Using the pro-
A 00 #It. A 

perties of 'Yk derived in Sec. 3.3, it can be shown that K ~'Yk - (t +p) Var[C]/(t -Kp) , where 
-00 

V~r[e] denotes the approximation (3.3.5). This implies that the ratio 
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11-
K(I -Kp)c 3 (T2V(OO) + u2X) 

(3.4.1) 

is an indicator of the validity of SIA: SIA can be considered to be a good approximation if 11 is . 
close to unity. 

4. EXAMPLES AND CONCLUSIONS 

The waiting time approximation was tested for the example of a 10 Mbps token-ring which was 
offered traffic according to one of four arrival processes to each of the individual ring nodes: (i) 
Poisson; (ii) approximately deterministic (essentially deterministic interarrival times, with a very 
small variance to produce stationarity for simulation purposes); (iii) Erlang of order 2; and (iv) 
hyperexponential with a coefficient of variation 2.0. The arrival rate to each queue was .245 
pkts/msec, the service distribution was taken to be hyperexponential with a coefficient of variation 
of 2.0 and mean of .08 msec (corresponding to a mean of 100 octets per packet), and the overhead 
per cycle was taken to be .75 msec, which included the effects of propagation delay on the token 
rotation time. The ring utilization varied from .392 to .98 as the number of ring nodes varied from 
20 to 50. 

11, via E[e] var[e] E[W] W95%i/e 
(3.4.1) Exact Sim. App. Sim. App. Sim. App. Sim. 

Poisson 
20 1.00 1.23 1.23 0.31 * 0.32 0.76* 0.72-0.74 1.81-1.85 1.94 
30 1.00 1.82 1.83 1.02* 1.05 1.2* 1.16-1.19 3.05-3.12 3.27 
40 1.00 3.47 3.40 4.9* 4.8 2.5* 2.37-2.41 6.53-6.66 6.64 
45 1.00 6.36 6.25 18.6* 18.0 4.7* 4.4-4.5 12.6-12.8 12.5 
48 1.00 12.67 11.6 79.0* 64.0 9.6* 8.2-8.5 25.9-26.3 23.0 
50 1.00 37.5 30.9t 720.9* 366.0t 28.9* 20.6-21.0t 78.0-79.4 56.41 t 

Determ. 
20 1.16 1.23 1.23 0.29 0.29 0.73 0.66-0.73 1.77-1.81 1.79 
30 1.11 1.82 1.82 0.91 0.90 1.2 1.1-1.2 2.93-2.99 3.03 
40 1.05 3.47 3.50 4.2 4.3 2.3 2.2-2.3 6.09-6.21 6.33 
45 1.03 6.36 6.41 15.3 16.0 4.4 4.3-4.4 11.6-11.8 11.9 
48 1.01 12.67 12.2 64.0 61.6 9.0 8.4-8.5 23.6-24.0 23.3 
50 1.00 37.5 37.2 579.0 550.0 26.9 25.7-25.8 70.7-72.0 71.4 

Erlang 
20 1.06 1.23 1.23 0.30 0.30 0.74 0.71-0.72 1.78-1.83 1.87 
30 1.05 1.82 1.82 0.96 0.98 1.2 1.1-1.2 2.99-3.06 3.17 
40 1.03 3.47 3.44 4.6 4.6 2.4 2.3-2.4 6.32-6.45 6.47 
45 1.02 6.36 6.20 17.1 15.3 4.6 4.2-4.3 12.1-12.3 11.7 
48 1.01 12.67 12.6 71.7 63.6 9.3 8.5-8.7 24.7-25.2 23.3 
50 1.00 37.5 34.8t 651.0 447.0t 27.9 23.2-24.4t 74.4-75.8 63.4t 

Hyperexp. 
20 .992 1.23 1.23 0.49 0.35 0.95 0.71-0.75 2.11-2.17 2.00 
30 .983 1.82 1.82 1.6 1.2 1.5 1.2-1.3 3.69-3.77 3.59 
40 .960 3.47 3.48 7.6 7.0 3.0 2.7-2.8 8.00-8.16 8.28 
45 .929 6.36 6.37 27.7 27.1 5.6 5.2-5.4 15.3-15.6 15.7 
48 .893 12.67 12.6 112.8 137.0 11.1 11.3-11.8 30.9-31.5 35.4 
50 .905 37.5 36.2 1043.0 737.0 33.6 30.3-32.8 94.4-96.0 87.1 

TABLE 1. Approximation vs. Simulation (* denotes exact, t denotes suspect). 

The numerical results are summarized in Table 1. The accuracy of the approximation is affected 
by the validity of both the SIA, as discussed in Sec. 3.4, and the Gamma approximation, which · 
becomes better as K increases. For example, Cor Poisson arrivals, SIA is exact and thereCore yields 
exact values for Var[C] and E[W] (as indicated by 77-1.0 and the asterisks in Table 0; however, 
the accuracy of the delay distribution approximation depends on K. For all cases in Table 1, .,,==1, 
and the approximation appears to perform well, even Cor the smallest number, Le., 20, of queues. 
Note that the simulations should agree with the known exact mean cycle time, Eq. (2.1). Due to 
the inherent difficulty in simulating queues with high utilizations, some of the simulation results are 
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suspect; those that are clearly inaccurate are denoted by Ht" in the table (further demonstration of 
the need for analytic methodologies). 

In summary, we have provided a methodology for the analysis of token-rings with a large number 
of nodes. The approach exploits the limiting behavior of the cycle time distribution when the 
number of queues in the cycle is large, and allows handling of both bursty and smooth traffic, 
whereas traditional approaches rely almost exclusively on a Poisson model for arriving traffic. 
Initial validations of the approximation against simulation are encouraging, and we propose that 
the approximation be further investigated for use in specific applications. 
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