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This paper analyzes the dependence in packet queues carrying several classes of 
traffic, and shows that in addition to dependence among interarrival times, 
dependence among service times and between service times and interarrival times also 
has a significant impact on packet delays under heavy loads. This is demonstrated 
analytically by considering a multi-class single-server queue with batch-Poisson 
arrival processes. For this model and more realistic models of packet queues, insight 
is . gained from heavy-traffic limit theorems. 

1. INTRODUCTION 

Packet switching networks typically carry several classes of traffic such as interactive data, file 
transfer, voice, and signaling, each with its own service characteristics. The packet arrival process 
from each source is also often bursty, which creates dependence among successive interarrival 
times in the statistically multiplexed packet stream that is offered to the network. This dependence 
is known to have a significant impact on packet delays. In this paper we show that associated 
dependence among successive service times and between service times and interarrival times also 
has an impact on packet delays. These dependence effects are demonstrated analytically by 
considering a multi-class single-server queue with batch-Poisson arrival processes. For this 
idealized model and more realistic models of packet queues, we are able to predict packet delays 
under heavy loads. 

Extensive simulation studies of X.25 packet networks showed packet delays on both access lines 
and trunks to be substantially greater than those predicted by standard GI/G/I models, which 
assume independence of interarrival times and service times. One such GI/G/l approximation for 
the expected waiting time is given by . 

Tp [ c~ + c; 1 
EW - 1 _ p 2 ' (1) 

where T is the mean packet service time, p is the traffic intensity, c~ is the squared coefficient of 
variation of an interarrival time, and c; is the squared coefficient of variation of a service time[t1. 
Moreover, a direct simulation of a GI/G/I queue using the estimated interarrival-time and 
service-time distributions from the X.2S simulations showed average delays slightly less than 
predicted by (1). Therefore, we concluded, at least tentatively, that the greater-than-expected 
delays observed must be due to dependence in the interarrival times and service times, which is 
ignored in (1). 
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Dependence among successive interarrival times occurs primarily for two reasons. First, the packet 
arrival process from a single source itself often tends to be bursty, due, in large part, to the 
packetization of large messages. Second, the superposition of a number of arrival processes from 
independent sources, each of which may be a renewal process, is not a renewal process unless all 
processes are simple Poisson or batch Poisson with a common geometric batch-size distribution[2). 
Sriram and Whitt[3) have emphasized the importance of the correlations between successive 
interarrival times for packet queues and have suggested the index of dispersion of intervals (IDI) 
as a reasonable way to characterize it. The IDI represents the cumulative correlations among 
successive interarrival times. Its limiting value, denoted by c~ and referred to as the asymptotic 
squared coefficient of variation, includes the effect of all correlations. The parameter c~ is a 
normalization constant in the central limit theorem for the arrival counting process. The IDI is a 
seq uence {ci : 1 ~ k ~ 00 } with cr == c~ and c;, - c~. The full ID I is better than c~ and c~ 
alone when the correlations are important but not all correlations play a significant role. 

2. A MULTI-CLASS BATCH POISSON MODEL 

The primary purpose of this paper is to point out the importance of both dependence among 
successive service times and dependence between interarrival times and service times, as well as 
dependence among successive interarrival times. All three kinds of dependence can occur because 
of the presence of bursty arrivals and mUltiple sources of traffic with different service 
characteristics. To provide insight into these dependence effects, we consider a relatively simple 
analytical model. In this model, the arrival processes of k traffic sources are independent batch
Poisson processes. For source i, batches arrive according to a Poisson process at rate APi; the 
successive batch sizes are LLd. with mean mi and squared coefficient of variation C~i; the service 
times are LLd. with mean Ti and squared coefficient of variation C;i. {We assume that 
PI + ... + Pk - 1, so that A is the total arrival rate of batches. The total arrival rate of packets _ k 

is thus A = AmB where mB == ~Pimi is the mean batch size.} Service is provided by a single 
i-I 

server with unlimited waiting room and the FIFO discipline. The model can be denoted by 
(~MBIIGi) 11. We assume that all the batch interarrival times, batch sizes and service times are 
mutually independent. {Thus any dependence occurs somewhat indirectly.} The batch-size and 
service-time distributions can be general; they do not affect the expected equilibrium workload 
beyond the given parameters. It is significant that all three kinds of dependence even occur when 
the batch sizes are geometrically distributed, which would make the individual batch arrival 
processes renewal processes. 

We do not presume that this batch-Poisson model always realistically describes the behavior of 
packet queues. In fact, experience indicates that this (~MBI IG;) 11 model usually does not 
describe packet delays well under light-to-moderate loads, because the packets associated with a 
message do not actually arrive at one instant. Instead, packet arrivals are necessarily separated 
because of obvious constraints imposed by packet length and transmission rates. Although this 
simple model does not describe packet delays well under light-to-moderate loads, it does describe 
these delays under heavy loads well and it does describe the total dependence in the interarrival 
times and service times well. (Under light-to-moderate loads this dependence usually does not 
affect packet delays so seriously.) Thus, a mathematical analysis of this idealized model greatly 
helps to understand more complicated packet queues. For this model we are able to quantify the 
dependence effects in a way that is easily understood. 

Moreover, as discussed below, more realistic packet queue models that include spacing between 
packets do tend to behave similarly to this (2,;MB1 IG;) 11 model under heavy loads. The spacing 
greatl~ reduces delays under light-to-moderate loads, but has little impact under heavy loads. The 
(~M I IGi ) 1I model thus helps describe the limiting degradation of performance of real packet 
queues as the load increases. With the results here, it is possible to determine whether 
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dependence effects may have a significant impact as the load increases in any particular 
application. The heavy-traffic limit also serves as the basis for developing refined heuristic 
approximations for all loads. 

Our main mathematical result for the multi-class batch-Poisson model concerns the expected 
steady-state workload (or virtual waiting time). It can be expressed exactly as 

... .2.L [e~ + e~ - 2e~s 1 (2) 
EL 1 - p 2 ' 

where T is the average service time for individual packets, e~ and e~ are the asymptotic squared 
coefficients of variation for the interarrival times and service times, respectively, and e~s is the 
asymptotic correlation coefficient between the interarrival times and service times. In other words, 
for this model the asymptotic-method approximation[4] appropriately generalized to cover the 
correlations between interarrival times and service times via e~s, is exact. Moreover, the 
asymptotic parameters e~, e~ and e~ typically differ from the stationary interval counterparts e~, 
e; and e~s, so that the dependence matters. (Here, e~s/~e~e; is the correlation between the 
service time of the nth packet and the interarrival time between the (n - ost and nth packet.) 

Furthermore, (e~ + e~ - 2e~) /2 is often much greater than one so that a simple M/M/1 

approximation would be quite inadequate. The six parameters e~, e~, et:, e~, e;, and e~s can in 
turn be expressed directly in terms of the original model parameters lA, Pi, m" et" T" e;,) to 

determine how model structure affects the different components of variability. Let 
k 

q, == p,m;! ""J;p,mi and ri = T;!T. Then, 

e~ = 2mB - 1 ~ 1 

e; ~ .~q; (e;; + 1 H -1 ;;. 0 
I-I 

k 

e~s = ""J;Piri - 1. 
i-I 

Also, let e~i r?,resent the asymptotic variability parameter of the arrival process of class i, which 
is equal to mi l Cbi + 1) for the batch-Poisson queue. Then, 

k 

e~ = ""J;qie~i ~ 1 
i-I 

d - .~q; [rle;/ + (rj - I)2e~;l ;;. 0 
1-1 

k 

e~ = ""J;q,(1 - r)e~i' 
i-I 

The asymptotic-variability parameters follow from central limit theorems for the arrival counting 
process alone, for the service counting process alone, and for the arrival and service processes 
together. Their derivations rely heavily on [5]. 

3. SPACING BETWEEN PACKETS 

It is also true that (2) is asymptotically correct as p - I for a much larger class of GIGII 

models, e.g., for models in which packets from the same batch do not arrive at the same instant. 
(This follows as a variant of results in [6].) For these more general models, (3) remains valid if 
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the expression for c~; is appropriately modified. For example, if the source of packets for class i 
alternates between an idle state of exponential length and a busy state during which packets arrive 
separated from one another by deterministic, but class-dependent, spaces of length T; (so that 
{3; == (m; T;) CAp;} is the long-term proportion of busy time}, then (3) remains valid with 

c~; == m;(I-p;}2(c~;+O. (4) 

The case of batch-Poisson arrivals occurs in the limit as P;-+O. For realistic packet queues, {3; is 
usually small, so (4) changes little when we simply set P; .. o. 

4. EXAMPLE 

To appreciate the relevance of dependence effects in packet queues, it helps to compare the 
parameters for a model with spaces between packets to the multi-class batch-Poisson model. We 
consider the packet queue described in the last section with model parameters as follows: 

Packet Queue with Sl!aces 
class CAp;> I m; 

2 
Cb; T; 

2 
Cs; {3; 

1-20 8800. 2. . 5 100 . O. .0227 
21-40 8800. 2. . 5 4 . o. .0227 
41-45 63000. 30. . 97 200 . o. .0952 
46-50 63000. 30 . . . 97 4 . o. .0952 

To specify the model completely, we also assume that batch-sizes are geometrically distributed for 
each class. Classes 1-20 represent virtual circuits carrying interactive data, while classes 41-45 
represent virtual circuits carrying batch data. Classes 21-40 and classes 46-50 represent 
acknowledgements for interactive data and batch data, respectively. For this model 

c~ == 1.5, ct .... 1.0, c~s" 0.0 

C~ -= 18.5, c~ -= 33.0, c~s"" -7.1 (5) 

where the stationary-interval parameters were obtained from simulation and the asymptotic 
parameters from (3). The asymptotic parameters suggest a dramatic increase in delays relative to 
the M!M!! model as p increases unless the dependence is controlled via windows or other flow 
control mechanisms that alter the behavior of the sources that generate packets on each virtual 
circuit. 

The corresponding analytic results for the multi-class batch-Poisson model are 

c~ == 4.9, ct - 1.0, c~s - -.2 

c~ == 22.3, c~ == 40.2, c~s == -8.8. (6) 

The results in (5) and (6) demonstrate that the asymptotic variability parameters for the multi
class batch-Poisson model and the model with spacing are all very close. Thus, the relatively 
simple multi-class batch;.Poisson model is useful for describing the asymptotic variability 
parameters and the performance under heavy loads. Under light-to-moderate loads, the simulated 
mean steady-state ~orkload was not nearly as great as (2), but was much greater than (1). Even 
at p == 0.5, the observed value of (1 - p)ELlrp was more than three times greater than predicted 
by (1). 
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