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We show that a manufacturing system in which the machine tools are serviced by a circular 
conveyor belt which brings the pieces to the tools has a "thrashing" type behaviour which 

has been observed in other multiple resource systems. This behaviour is due to statistical 
deadlock between the machine tools and the conveyor belt. These results 'are first presented 

with simulation experiments. We then provide a theoretical explanation of the instability of 
the behaviour of the conveyor. We prove under fairly general assumptions that an uncon

trolled open syste.m has a null thruput for every input rate. 

1. Introduction 

Consider the manufacturing system shown on Figure 1. It is composed of N machines which are ser
viced by a single conveyor belt which carries the pieces to each of the machines. The conveyor belt is 
composed of a fixed number of palets L, each of which is either empty or contains a piece at a given 

instant of time. We assume that the conveyor belt is filled from a given entry point A and is emptied at 
point B. Each piece may visit a given machine at most once; it will depart from the system from point B 

once it has obtained service from each machine it has requested. We suppose that the conveyor belt 

moves at constant speed. 

Figure 1. A manufacturing system with a conveyor belt and N machines. 

Let us number the machines I, ...• N with machine I being the closest to point A (in the direction of the 

conveyor belt's motion), 2 the next and N the farthest away. We shall denote by L(i) the number of 

t This research was initially supported by program ARA from the french national center for scientific 

research (CNRS). 
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palet positions on the conveyor belt separating the entrance point of the i-th machine from the entrance 

point to the (i+l)-th machine, with L(O) being the number of palet positions from point A to the entrance 

point of the first machine, and L(N) being the number of positions from the entrance point of the N-th 
machine to . point B, with (see Figure 1) : 

N 

L ~ L L(i) 
j=i) 

In some recent work, Coffman, Gelenbe and Gilbert [2] examine the interaction of a single machine and 

a conveyor belt and present analytical results for the queue length at a machine in such a system assum

ing that the input queue to the machine is unbounded and that the machine is blocked if it is unable to 

place a machined piece on the conveyor belt when the latter is occupied. A survey of conveyor belt 

models can be found in [3]. In [1,4] are presented some results concerning the application of queueing 

network models to flexible manufacturing systems. 

In this paper we shall assume that each machine can serve or store one piece at a time. If a piece arrives 

on the conveyor belt at the entrance of a machine, it will enter the machine if it is free and if the piece 
has requested service from the given machine. If the machine is occupied, then the piece will pass in 

front of it and will again attempt to enter on its next passage by the same machine. Pieces which pass 

on the conveyor belt without entering the machine have priority over pieces which must exit onto the 

conveyor belt when their service ends, because the conveyor belt passes at constant speed and palets 

advance in equally spaced intervals (i.e. palets cannot "queue" on the conveyor belt). All of our results 

can be generalized to the case where each machine has a finite capacity for the storage of pieces. 

When a machine has terminated serving a piece, it will place it on a palet at its output point into the 

conveyor belt, if that palet is free; otherwise it will remain blocked until a free palet arrives. A machine 

which is blocked cannot accept a new piece for lack of place. We see therefore that the interaction 

between the conveyor belt and the machines is of crucial importance to the performance of this system. 

Indeed, as the system load increases we may expect that machines will not be able to unload onto the 

conveyor belt the pieces which they have finished processing because of the lack of free palets; conse

quently, pieces may be unable to enter machines, leading to a drop in useful thruput of the system as a 

whole. 
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Figure 2. Simulation of unstable behaviour of the conveyor belt. 
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On Figure 2 we show some simulation results which characterize this undesirable behaviour. The thru
put, in number of pieces completely processed leaving the conveyor belt per unit time, is shown as a 
function of time. Initially, the thruput rises as the system gets loaded with pieces. For a relatively long 

period the system appears to have reached steady-state. Then all of a sudden, the system seems to 
"crash"; thruput rapidly decreases to zero and the input queue becomes indefinitely long. A deadlock has 

now occurred in effect between the conveyor belt and the machines. 

In the following section we shall present a theoretical model which will yield an explanation of this 

effect. The main results of interest will be the proof of the instability of the uncontrolled system. 

1. The Formal Model 

Assume that unit time is the time it takes for a palet to move under the input or output point of a 

machine. Let us construct the following state space for the system being considered. A state of the sys

tem will be the vector 

where I ~ 0 is merely the input queue length, ni E {O,1,2} represents the state of a machine, and 
Vi E {0,1, ... ,N,N + I} represents the state of a palet. For the i-th machine we shall have: 

niJ~ 
12 

~ the machine is unoccupied 
~ the machine is busy 
~ the machine is blocked 

Let us number the palets positions so that position 1 is always under the entry point to machine 1, while 

position L just precedes it in the direction of motion of the conveyor belt. Then 

{ 
0 ~ if the i-th palet is empty 

Vj = j> 0, ~ (b) 

(b) if it contains a piece which is presently destined for machine j (j=1, ... ,N) or for . the output at B if 

j=N+ 1. 

Consider the set of all such states U, and let u(t) E U denote the state of the system at a given time 

instant t. For reasons of commodity we shall assume that u(O) = ~ where ~ is obtained by setting all . ele

ments of 11 to 0 (the empty state). 

1.1. Sets of absorbing states 

Consider the following set of states defined for each; = 1, ... , N : 

Uj = (1I I nj E (1,2) , "'j =; , V j = 1, ... ,L, I ~ O} 

Thus a state in Uj is characterized by the property that there is a piece at machine i, the conveyor belt is 
completely full, and all of the pieces on the conveyor belt request service from machine;. It is clear that 

lI(t + t) E Uj V t > 0 if u(t) E Uj (1) 

for the simple reason that the piece in machine i will be unable to leave machine i because the conveyor 
will be full, and a piece on the conveyor cannot enter machine i because it is occupied by a piece. 

More generally we define the set of absorbing states Ub as follows; 
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{ 

Vj > 0 for 1 S. j S. L 
U E U <=> . .. 

b Vj =, for some 'J => nj E (1,2) 

Thus a state in Ub is characterized by a completely full conveyor belt, and each piece on the conveyor 

belt requesting a station which already contains a piece. Clearly (1) holds if we replace Ui by Ub' Notice 

that some machines may be free in a state in Ub, as long as they are not requested by any piece on the 
conveyor belt. 

Let Vs be the palet position on the conveyor (1 < B S. L) which corresponds to the output point B. Call 
e (t) the number of pieces leaving the conveyor per unit time; clearly: 

1 t 

e (t) = t L 1(v8 (k) = N + 1) 
k:::O 

(2) 

where Vt (t) is the value of Vt at time t, and 1(.) is the function which takes the value I when its argu

ment is true and the value 0 otherwise. 

Let e = lim e (t) be the steady-state thruput, when the limit exists. 
t -+ 00 

Clearly, Vt (t)* N + 1 if u(t) E Ub. Therefore for any finite t, 

e = Hm e (t + 't) = 0 given that u(t) E Ub (3) 
t -+ 00 

In other words, once a state in some Ub has been reached, the steady-state thruput e will be zero. 

In the following section we shall show under weak conditions that indeed one of the sets of absorbing 
states will be entered with probability one, leading to zero steady-state thruput, unless specific control 
policies are applied to avoid this. 

1.2. An example of transition into absorbing states 

Let 0 S. al S. a2 S. ... S. an S. . .. be the sequence of instants at which pieces arrive to the input queue, 

and denote by X h X2 • ...• Xn. . •. the identity of the machine first requested by the pieces arriving at 

those instants: Xn E {l, ... ,N} 

Furthermore, denote by Sit S2, ... , Snt . .. the requested service duration of the successive pieces at the 

first machine each will visit. Consider the following three events: 

an+l - an S. 1 V n = 1, ... , L (A) 

(B) 

(C) 

If (A),(B),(C) occur then before f = al + L, L + 1 pieces will have entered the conveyor of which the first 

will have entered machine i, and the remaining L request machine i (event (B». Because of (C), the 

piece in machine i will be unable to leave the machine and the system will have entered some state in 
Ui • In fact, a state in Uj can be entered under many other conditions, and in particular for instance if we 

replace (A) by (A') and (C) by (C ' ) 

at + 1 - ak S. 1 V k = 2, ... ,£ (A') 

(e') 

where r x 1 is the smallest integer larger than or equal to x. Of course r an 1 denotes the time unit 

(correspop.ding to the motion of palets) during which tire arrival a" has ?Ccurred. 
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Lemma 1 : If (A) and (B) and (C) are true then e = O. Similarly e = 0 if (A,), (B) and (C ' ) are true. 

1.3. Instability in the Stochastic Framework 

In this section we shall characterize the instability of the system being considered in the framework of a 

stochastic model. 

Let {An}r21 be a sequence of independent and identically distributed (iid) random variables taking non

negative integer values, with common distribution 

P [All = k] = C4, k ~ 0, with <Xo < 1 (4) 

All shall be the number of arrivals of pieces to the input queue during the n-th time unit. Clearly this 

assumption includes the case where the arrival process is Poisson. 

Let YII •m be the m-th machine which is requested by the n-th arriving piece, n~l, where 

YII •m E { 1, ... , N + I} 

so that YII •m = N + 1 implies that the m-th "machine" requested by the n-th piece is the output from B. 

We shall assume that {YII •m }" ~l is a Markov chain with transition probabilities satisfying the following 

constraints: 

P [Yn,m + 1 I Yn.m ] is independent of n 

py•y' = P [YII •m + 1 = y' I Y".m = Y ] = 0 if y' ~ y 

P [Y".m + 1:= y' I Y".m = y ] > 0 for some y' > y 

N 

L P [YII •1 = Y ] = 1 
y=1 

P [Y" .1 = y] is independent of n 

(5) 

(6) 

(7) 

(8) 

(9) 

Where we shall assume that the service time of the n-th piece at its m-th visit to a machine is SII.m' 

{S".m}1I ~l,m ~l are a sequence of mutually independent random variables such that P [S".m ] depends only 

on the machine number Y(II,m), and each SII.m has a geometric distribution. Furthermore the sequences 

{A,,}, {Yn•m }, {SII.m} are mutually independent. The following result is obvious. 

Lemma 2 : Under these assumptions, the process {u(t), t ~ O} is a Markov chain. 

Lemma 3 : There exists a t < 00 such that P[u(t) E Vh I u(O) = <\>] > 0 

Proof: As a consequence of (8), there exists at least one 1 ~ Y ~ N such that P [Y".1 = y] > O. Denote it 

by i. By (9) this will be true for each n = 1,2, . . . ,Consider the events 

[ Y1.1 = i' ''' ,YL + 1.1 = i] 

[ S".i > 1 ] 

Clearly (B and B ' and B " ) implies u(L+ 1) E Vi if u(O) = <\>. 

Therefore, P [u(t) E Ui I u(O) = q, ] ~ P [B and B ' and B " ]. 

But 

P [ B and B ' and B " ] = P [ YII,l = i t+1 (l - ao)L+l P [Sn,i> 1 ] 
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which is evidently positive, completing the proof since Uj CUb. 

The above result states that it is possible to reach an absorbing state (with positive probability) from the 
empty state. The following result is stronger. 

Lemma 4 : For any initial state tlo, 3 'to < 00 such that for every 't > 'to 

P[ u (t + 't) E Ub I u(t) = llo] > 0 

Proof: Consider some state llo ; without loss of generality it may be characterized by : 

(i) g machines in state 1 (i.e with a piece in service). We shall assume that the remaining service time 

of each of these machines is greater than (2N+3)L ; notice that the probability of this event is posi

tive. 

(it) h machines in state 2 (i.e with a piece in the machine, its service being finished and waiting to 

leave the machine). 

(iii) N-h-g free machines. 

Let y' be some machine for which P [YIl• 1 = y' ] > o. We shall construct the sequence 

u(t + 1), u(t + 2), . .. as follows. For any k ~ t : 

(iv) If vA(k) = 0 , then VA+l (k+l) = y'. Here vA(k) denotes the palet contents at the input point A at time 

k, and VA+l(k+l) denotes the contents of the same palet at time k+l, which is now one palet position 

"downstream" from the entry point. The probability of this event is positive even if l(k) = 0 (/(k) is 

the input queue length at time k) because the probability of at least one arrival per unit time is 

positive. 

(v) Any service beginning at time k, for t ~ k ~ t + (2N+3)L, will last longer than time (N+3)L ; this 

event also has positive probability. 

Under conditions (i), (iv) and (v) we shall show that u(t + 't) E Vb for t ~ (h+l)L, proving the lemma. 

Let us provide a fixed numbering to the palets : (1,2, ... ,L) defined by the palet positions at time t. Hence 

palet j is the one whose contents at time t is represented by vit). We shall denote by c(j,k) the contents 

of palet j at time k, where 

c(j,k) E {O,I, ... , N + I} 

refers to an empty palet if c(j,k) = 0, to the machine requested by the piece in the palet if 1 ~ c(j,k) ~ N 

and to a piece having completed its processing if c(j,k) = N + 1. Consider now c(j,t) , 1 ~ j ~ L. The fol

lowing two cases must be considered: 

(1) c(j,t) = N + 1 ; by (iv) we shall have c(j,k) = y' for k ~ t + L ; then for some k' ~ t + 2L we have 

either c(j,k') = 0, or we have no such k' ~ t+2L. In the first case station y' is in state 1 as a 

consequence of (v) until, at least time (2N+3)L + t. 

(2) c(j,t) = i, 1 ~ i ~ ; we shall have either c(j,k') = 0 for some k' ~ t + L, or we have no such 
k' ~ t+L in which case by (\.) station i is in state I until at least time (2N+3)L + t. 

(2.1) If the station requested by the piece on palet j is busy until time (2N+3)L + I, then 

clearly: 

c(j,(2N+3)L + t) = i, 1 ~ i ~ N 

(2.2) If for some k' we have c(j,k') = o. by (v) this palet can only be filled by a piece coming 

from the input A, or from a station in state 2. In the former case this can only be 
repeated for at most as many complete turns of the conveyor as there are free machines 

since each of these can be filled ; henc~ after (N-g) + 1 passages by the input point A 

the palet j will contain a piece which cannot enter a machine at least before time 
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(2N+3)L + t; 

if all of these passages by the input point A occur before time (2N+3)L + t which 

remains to be verified. But this maximum number of (N-g) + 1 passages may be inter
mingled with passages by point A of palet j containing a piece from a station in state 2 

; the number of such passages cannot exceed h. Thus the total number of sucessive pas- · 

sages of palet j .before it contains a piece which is unable to leave it by time (2N+3)L+t 

cannot exceed N g + 1 + h. 

Since by (I) and (2) we only have to consider cU,/c') = 0 for k' ~ t + 2L, which includes the cases where 

cU,t) = 0, we know that by time t + 2L + (N-g+h+I)L all palets will be full ; the pieces they contain will 

request machines which are in state 1 at least till time t + (2N + 3)L. Hence 

u(t + (N - g + h + 3)L) E Ub 

and we have proved the lemma for 

't ~ (N-g+h+3) L ~ (2N+3)L 

wh~re g and h obviously depend on the value of u(t). 

Therefore after some technical manipulations, we can establish the instability of the system. 

Theorem : For any initial state u(O) = fla, we have for any a. > 0 

lim sup P[ e(t) ~ a. I u(O) = 1Io ] = 0 
t~ 00 

2. Conclusions 

In this paper we have examined the simplest type .of piece transport system in a flexible manufacturing 

system, which is a conveyor belt with palets moving at constant speed. We have shown that such a sys
tem is intrinsically unstable. This work opens avenues for further research on the stability and the 

optimum control of flexible manufacturing systems. 
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