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ABSTRACT: A mathematical model for modernization of multilocation facilities has been 
formulated by the, modern control theory.The exact solution for the model have been obtained 
by the Danhig-Wolfe decomposition method. The results have shown that the model and 
method are available and efficient for large networks. 

1. INTRODUCTION 

Administration of telecommunications are frequently faced with the task of modernizing their facilities as 
results of technological advance of new service introduction or growing demands. These administrations 
try to seek a modernization policy(a schedule, specifying time, location, facility type and capacity to be 
installed) which optimizes an appropriate Economic Indkator,while satisfying all the growth of demands 
and budget constraints. Different areas in a c'ity have different growing rates in developing countries. It 
is important to study multilocation facility modernization with arbitrary growth of demands in different 
locations. Issues of economic service introduction and plant replacement have been of long-standing concern 
to planners. In 1969,Y.Rapp employed dynamic programming for planning of extension of conduits and 
main cable networks(l]. Since 19108, electromechanical switches have been replaced by electronic switching 
systems(~S). as a result of decreasing costs of ESS. S. W.Johnston et.a! have considered the problem of swi.tch 
replacement where an integer programming formulation has been employed to derive optimal replacement 
schedules subject to capital budget constraints[2]. Recently,both singallocation and multilocation facility 
modernization with budget constraints have been done by the approaches of combining economic engeering 
and state variable methods in the control theory(3,4,5]. 

The mathematical model of the multilocation facility modernization problem and its Lagrangian Relaxation 
technique were presented in reference[5]. But the Lagrangian Relaxation technique,together with a heuris
tic, only yields a upper bound. This paper tries to find a exact solution to the model of the multilocation 
facility modernization with budget constraints by adopting Dantzig-Wolfe decomposition technique. In or
der to deal with a long planning period, we partion the period into several segments and turn the dynamic 
problem of time evolution of modernization into a static problem in each segment. The Dantzig-Wolfe de
composition and the period segment provide a efficient algorithm for solving modernization in large networks 
wi1h minicomputers and exact solution, as compared with Lagrangian Relaxation technique in(5]. 

This paper is organized as follows. Section 2 presents the mathematical model of muitilocation facility 
modernization with budget constraints and arbitrary growing rates of demands. In section 3, application 
or the Danlzig-wolfe decomposition technique and the time segment into the modernization problem is 
described. Numerical results are found in section 4. Section 5 concludes and discusses current areas of 
reeea.rd:t on modernization problems with the Dantzig-Wolfe decomposition technique. 

2. MATHEMATICAL MODEL 

This study of modernization problems is motivated by the growth of demands and technological advance, 
for instance, digital transmission and stored programming control switching. Telecommunication networks 
installed by analog(A} or digital(D) equipment are able to provide Plain telephone service(P), Enhanced 
service(E) and Wideband service(R). In the example consided here, there are five possible states which a 
given customer line may assume, corresponding to the service offered and facility types employed to support 
the service. The options{P,E} can be supportd by either analog or digital facilities, while the wideband 
option is only coDSiderd for digital facilities. A customer is to be connected to a. element of the set 
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S={PA,EA,PD,ED,RD}constitued by a kind of services and a type of facilities. Multilocation facility mod
ernization also includes the transition among states, i.e.,a type of facilities is replaced by another one. We 
a1se impose ceJ1ain im"erBih1it, constraints in state transition, i.e.,once a service has been upgraded it will 
no~ subsequen~ly be downgraded, and once facilities digitized they will not be replaced by analog equipment~ 

Given a known demand at a given time, the task faced to the planner is how to meet this demand. This can 
be done either by increasing the number of lines of a particular type or changing existing lines to another 
state, also some linea will remain in the current states. Each option has its own net cash flow value per line, 
which may be positive or negative. Cash flows include capital repayment, income tax, expense, salvage, end 
of study and revenue. They can be computed by straitforward engineering ecnomic methods. These decisions 
have to be taken for each office in the network, here called a location, and would be independent ( costs of 
interconnecting locations could be neglected because of its small portion) except for the presence of global 
limits on capital available for mordemization. Since the budget is limited within a certain period, the model 
of multilocation facility modernization will be characterlized by discrete cash flows. 

We now give a detailed LP formulation of the modernization problem and explain its multicommodity liner 
network flows. 

Fig.l state transition diagram between period k and k+l at location 1 

2.1 Notations and Definitions 
L: Number of locations; T: Number of periods; N: Number of states per location 
S: Set of states constituted by services and facilities S={P A, P D, EA, ED, RD} 
G(k): Total demands in period k at location I 
a'.(k): Number of new lines introduced in statei at the the beginning of period k at location I 
~i(k): Number of lines undergoing the transition from state; to i at beginning of period k at location I 
~(k): Number of lines that remain in state i between period k and k+l at location I 
It: (k): Capital cost per line introduced into state i in period k at location I 
~~(k): Capital cost per line invol~ed in converting fro~ st~te; to s~ate j in· peri~ k at location I . 
d.(k): Gap between revenue per line and expense per line ID state t between perlod 'k and k+l at locatIon I 
B(k): Total budgets available at the beginning of period k 

2.2 Objective Function and Constraints 

The state transition between period k and k+l at location I is depicated in Fig.l. In fact, it is a network 
flow diagram. We define the transition network of location I at a given time k. This network has a node 
for each state and additional node called a source node where new demands arrive, which flows are at (k). 
There is an arc between the source node and each state node at which a new line can be directly served, and 
an arc between any pair of state nodes for which a transition is possible. Flows on these arcs represent the 
evolution of lin~ at this instant. The a~(k) flow indicates the number of lines being allocated to each state, 
while the type of flows ~,. (k) indicates the number of lines that undergo the transition (ij) at the current 
period. These arc costs are the corresponding cash flows defined ~(k) and ~i(k) respectively. The lines 
that do n~t change states are represented by a y!(k) flow out of the node , i, 'which net cash flow gains are 
dHk). The ImtJenibility of the state transition is characterised by the directed flow graph. Finally, both a 
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virtual source node and a vertual sink node are added at period k=o and k=T + 1. The total folws leaving 
the verlual80urCe node to each. state at period k=1 are given by 8(0) = Ef=, i(O) and total flows entering 
the vertual sink node from each state at period k=T are S·(T + 1) = Er~l ct(1') + Ef:l ~(O). By the 
convention, the cost of arcs between the vertual node and each state is zero. . 

Given N,T,L,G' (1'), ~j(1'), ~(1'), 1ia(1') and B(k), total cash flows Z of globle networks are computed by 

L T [N N] 
Z = ~ ~ ~ tf;(k)yj(k) - f1 d;j(k)x\j(k) - ~ b\ (k)a! (k) . (1) 

The mathematical model of multilocation facility modernization with budget constraints and arbitrary 
growth of the demands is explained by 
objective function: maxZ (2) 

where 

constraint (i): 

constraint (il): 

J:",G 

z = {~j(1')}, y = {~(k)}, 

t. [~~(k)a\ (k) + t: d;i(k)Z\i(k)] :$ 8(k) 

y!(1') - aH1') - E x~i(k) + E z~i(k) = y!(k - I) 
J<' J>' 

E aHk) = (j (k) , 
aHk), ~(1'), z~i(1') ~ 0 

La~(J:) ~ aHk) ~ UaHk) 

L~(k) ~ ~(k) ~ U~(1') 

Li ·(k) < i .(1') < Uz~ .(1') 
'3 - '3 - 'J 

l=I,2, ...... ,L ijeS 

The constraints(ii) are upper bounds and lower bounds of decision variables z,y,a. 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

H the objective function Z is represented by NPV(Net Present Value), the cost factors ~(k), ~i(k), dHk) will 
be multiplied bY(l+D)-k, where D is a discount rate. 

3. DECOMPOSITION TECHNIQUE 

Eqs.(2-10) define a liner program with a very special structure. It is a separable flow on a time-expanded net
work. It is further complicated by the equation (5) of flow conservation which couples the decision variables 
in planning periods and equation (4) of budget constraints which links the various locations. It is impossible : 
for dealing with multilocatioil facility modernization in a large scale network without decomposition in time 
and location. In reference[5J, Lagrangian Relaxation was constructed for the problem by incorporating the 
budget constraints (4) into the objective function and companied with a efficient heuristic algorithm for 
computing step sizes in order to decrease memories and CPU time. The upper bound for the problem was 
obtained by the method. Separability of the objective function is employed (or partioning the objective 
function into T periods and the variables ~(1' - I) for period(k-I) are taken account into as known values 
for period k in order to relaxate decision variable links in time. It is further simplified for the problem by 
decoposition various locations with Dantzig-Wolfe algorithm[6J. The algorithm consists of a master program 
and sewralsubproblem programs. H we keep constraints (4) as the linking constraints, then the subproblem 
~o be solved for the computation of entering colum into the master program which determines coordination 
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variables, i.e. price, are again single location linear program that o~tains decision variables ~(k), ~;, aHk) 
'. and can be solved efficiently by Revised Simplex or a network flow algorithm. ' Recurrent coordinations 
between the master program and subproblems make the objective function optimal Practical computing 
examples show that combining segment of planning periods and decomposition in various locations with ' 
Dantzig-WoHe algorithm is a efficient algorithm for modernization in large scale networks. Now we give a 
detailed algorthm as follows. 

Given a period t( t=k), the cash flow value at period t is given by . 

L [N N] Zt = ~ ~ d\(t)ul(t) - t,: ~i;'i - ~ /f,(t)a\{t) (11) 

Substituting the flow conservation equation (5) at node i into the equation(ll), we obtain 

where 
A~(t) = ~(t) - ~(t) 

61i (t) = ct,(t) - ~(t) - ~i 

(12) 

(13) 

(14) 

The second term 14(t -l)(i = 1, ...... , N) in equation(12) are calculat~ at the previous period(t-l) and are 
known. The objective function and constraints of a subproblem I are gIVen by 

Zr = max [C, (t) - 1f1 (f)A, (t») X,(t), (15) 
. .7:,0 

8.1. B,(t)Xz (t) ~ b,(t) (16) 

where 
C,(t) = lA~ (t), .. " A~(t), ct2(t), , .. , ~~(t)) (17) 

(18) 

(

1 1 1 1 1 0 0 0 ... 0 
00000100 ... 0 

BI(t) = ~ ~ ~ ~ ~ ~ ~ ~ ::: 0 

00000000 ... 1 

(19) 

X,(t) = [a~ (t), ... , a~(t), X~2(t), ... , x'45{t))T (20) 

bl(t) = (a' (t), Ua\ (t), ... , Ua~(f), U X;2(t), ... , U z'45(f)) (21) 

11"1 (t): determined by the master program basic matrix; [ )T : transposition matrix 

If solutionsto the constraints(16) BI(t)XI(f) = b,(t) are writen X,(t) = ~n Az,!zS'(t} with the 2:r(t) exire~e 
points of B,(t)X,(t) == b,(t), X,(t) ~ 0, then it is easily verified that the Tollowmg master program results. 

max Zt = max [f 2: /In (t INn (tl] (22) 
>., " ( t ) f;:f n 
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L 

~ ~ P'n(t)Aln(t) ~ B(t) 

L Aln(t) = 1 
n 

1= 1,2, .... , L; 

"!In (t) = Ct (t)xr (t) 

Prn(t) = A,(t)xr(t) 

(23) 

(24) 

(25) 

(26) 

(27) 

The solution Aln{t) to the master program may be obtained by the Revised Simplex. Let B(t) be a feasible 
basic mastrix constituted by Eqs(23) and (24) and let {7I"dt), 71"01 (t), ... , 71"01 (t), ... , 7fOL(t)} be the simplex 
multipliers for this basis, with 11'] (t) associated with Eq.(23) and KOI with Eq.(24). The solutions :rr- (t) to 
the subproblem I are given by 8ubstiting 1rt{t) into it obtained by the Revised Siinplex again. The I,~, (t) 
value will be calculated as follows: 

fu, (t) = Z~· - 1I"odt) (28) 

H I· = mF II~, (t) ~ 0, the current solution is optimal, otherwise we will make a new master program given 
by . 

(29) 

L L 
8.1. L L Ptn (f)Atn (t) + L Pt~1 (f)A;" (f) ~ B(t) 

1=1 n 1=1 

(30) 

L Aln(t) + .\i,,(t) ~ 1 (31) 
n 

1= 1,2, ... ,L; Aln{f) ~ 0; A;,,(f) ~ 0 

where P,~, (t) = [A" (t)xi' (I)). We will again solve the new master program with Revised Simplex and compute 
the simplex multipliers K1 (t), ""01 (t) , ... ,1I"01{t), ... ) 1I"oL(f) and determine whether another new master program 
would be made or not by substituting the 7ft{f) into subproblem I and computing f·(t). The recurrence may 
not be terminated until allr (t) ~ o. 

4.NUMERICAL RESULTS 

Segmentation in planning periods and decomposition were evaluated numerically for a number of multilo
cation test problems. This evolution is done on the basis of the modernization policy produced for each 
location and the computation time required on a minicomputer. 

Table 1 Cost Data 

PA PD LA ED RD 
Het Revenue 326 346 380 416 616 
End of Study 500 900 1040 1080 1125 

Capital PA PD EA EO RD 
PA 0 900 540 1080 1350 
PO - 0 - 640 1360 
EA - - 0 1080 1360 
EO - - - 0 1125 
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A number of test runs were made for a 5-location for comparing the decomposition technique with the 
Lagrangian &laxation in Ref.5. Cost parameters for companng these loactions were as follows. Location 1 
employed normal cost and corresponded the value given in the Table 1. Cost for location 2,3,4,5 were obtained 
by varying the normal costs by (5,10,15,20)% respectively. The initial states {PA, PD, EA, ED, RD} are 
20000, 5000, 15000, 3000,0 respectively and inicial states for all locations are same. The growth of the 
demands and budgets available during planning periods are given in Table 2. 

Table 2 Demand and Budget Data Table 3 Modernization Policy for Lo.l 

Lo.l Lo.~ Lo.3 Lo.4 Lo.5 Budget PA PD EA En RD 
1 1300 1300 1300 1300 1300 1.6xl07 0 20000 5000 16000 3000 0 
2 1360 1360 1360 1360 1350 1.8xl07 1 17074 6000 15000 3000 4226 
3 1300 1300 1300 1300 1300 1.6xl07 ~ 11307 6000 15000 3000 11343 
4 1200 1200 1200 1200 1400 1.25xl07 3 6923 5000 16000 3000 18027 
5 1260 1250 1250 1250 1400 1. 25xl07 4 2413 5000 15000 3000 22737 
6 1300 1300 1300 1300 1450 1.3xl07 5 0 5000 15000 3000 26400 
7 1360 1360 1360 1360 1300 1.36x107 6 0 5000 16000 3000 27700 
8 1500 1600 1600 1600 1500 1.80xl07 7 0 5000 16000 3000 29050 
9 1460 1450 1450 1450 1300 1. 45xl07 8 0 0 0 0 63660 
10 1200 1200 1200 1200 1300 1. 65x107 9 0 0 0 0 66000 
11 1300 1300 1300 1300 1300 1.80xl07 10 0 0 0 0 66200 
12 1000 1~50 1300 1~00 1400 1.80xl07 11 0 0 0 0 67600 
13 1000 1400 1350 1100 1250 1.50x107 12 0 0 0 0 68600 
14 1300 1300 1400 1~00 1360 1.60x107 13 0 0 0 0 69700 
15 1300 1~00 1450 1200 1400 1.50xl07 14 0 0 0 0 61000 

15 0 0 0 0 62300 

Fig.2 depicates the computation time as a function of the planning horizon for 5-location problem, while 
the decomposition technique results in a substantial reduction-cost relative to the Lagrangian Relaxation. 
The approach exhibits a linear growth in the computation time versus the number of stages in the planning 
horizon. The performance and policies selected by the decomposition technique for location 1 were shown 
in Thble 3. 

Fig.3 depicates the computation time as a fundion of the number locations. The cost parameters for 
loca1ioDs(1,2,3,4,5,6,7,8,9) were set at normal values plus(O,+5,-5,+lO,-lO,+15,-15,+20,-20)% respectively. 
Roughly speaking, the approach exhibits a square growth in the computation time versus the number of 
locations. Running the algorithm for the number of locations may require much less memories than origonal 
approaches. It is suitable for studying mul1iloca1ion modemizatuion on minicomputers. 
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5. CONCLUSION 

A mahtematical model for the multilocation facility modernization problem and combining the segments 
in planning periods and decomposition in locations have been formulated and implemented in software. 
Numerical studies show the decompositIon technique is a efficient algorithm for modernization problem in 
large scale "networks and can obtain exact solution for large deviations in local costs from the average values. 
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