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1. INTRODUCTION 

Burman, Lehoczky and Lim [1] studied a circuit switching network with no alternative 
routing and showed that the ·steady state distribution for the number of calls in progress 
has a product form. This result was shown to be valid even when holding times were 
allowed to be generally distributed, i.e. the network is insensitive to the form of the 
holding time distributions. Berry and Henderson [2] obtained similar results for certain 
types of alternative routing networks with call packing. In this paper we consider other 
types of alternative routing networks which possess product form and are insensitive. 

In section 2 we define a class of networks and show that the steady state distribution 
has a product form. The network of Burman, Lehoczky and Lim [1] falls within this class 
as do many of those discussed by Berry and Henderson [2]. This section is concluded 
with some other examples of such networks. In section 3 we use the work of Henderson 
and Taylor [3] to examine the effects of negative exponentially distributed interruptions 
on holding times. 

2. NET\VORK DESCRIPTION 

Consider an alternative routing network in which the states of the underlying Markov 
process can be described by a vector n = {net), t E T} containing just the numbers (as 
opposed to position) of the calls present. The state comprising exactly one call of type t 
is denoted e( t ). 

AssUlne that the network has the following properties: 

(a) Calls of type t arrive in a Poisson stream with parameter A(t). 

(b) For all 11 with n( t) > 0, the service facility works on calls of type t at a total rate 
given by 

( ) 
_ </>( n - e( t ) ) 

c t, n - </>(n) 

with </>( n) any arbitrary non-negative function. 

(c) When a call of type t ends it departs the network with probability r(t) or changes into 
a call of type s with probability pet, s) where r(t) + E"ET pet, s) = 1 for all t E T. 

( d) A call of type t, arriving to find the network in state n - e( t) is allocated label 
1 amongst the type t calls with probability 6,(1, n). When this happens calls with 
labels 1,1+ 1, ... ,n(t) - 1 are relabelled 1 + 1,1 + 2, ... ,n(t). 
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( e) The proportion of service effort that is given to the Ith call of type t when the state 
is n is /t(l, n). When a call with label I departs calls with labels 1+ 1, 1+ 2, ... , net) 
are relabelled I, I + 1, ... ,n(t) - 1. 

(f) If type t calls have a non-exponential holding time distribution c5t (l, n) = /t(l, n). 

Note that the transition intensities for the network depend on the total number of 
each type of call present and not on the precise routes being used. 

Theorem 1: The steady state solution of any alternative routing network which 
satisfies conditions (a) to (f) above is 

(2.1 ) 1I"(n) = C</>(n) IT [y(t)]n(t) 
tET 

where the y( t) satisfy 

(2.2) y(t) = A(t) + Ly(s)p(s,t) for tET 
3ET 

and C is the normalising constant for the network. 

Proof: An alternative routing network satisfying (a) to (f) is an example of the 
network of Chandy and Martin [4]. The equilibrium distribution (2.1) follows directly 
from their product form theorem. 

In general a network satisfying (a) to (f) will have an infinite state space, whereas 
most realistic alternative routing networks have a finite capacity and thus a finite state 
space. There are various ways to model restrictions on state spaces via the parameters 
defined in (a) to (f) above. These involve setting </>( n) = 0 for infeasible states n and 
choosing It (1 , 11) appropriately. When a call arrives to create an infeasible state the service 
facility works infinitely quickly, rejecting calls until a feasible state is attained. 

A difficulty with this approach when modelling loss systems is that it is not always 
possible to choose /t(1, n) so that the last call to arrive is the one which is removed. In 
these cases an alternative method for restricting the state space must be used. 

Theorenl 2: An alternative routing network which satisfies (a) to (f) above and 
is restricted to a set of feasible states :F which satisfies condition (g) below possesses a 
solution of the form (2.1). 

(g) For all t E T and n + e(t) E F, if A(t) > 0 or r(t) > 0, then n E F, and if pes, t) > 0 
or p( t, s) > 0, then n + e( s) E :F. 

Proof: It is well known that networks of the Chandy and Martin [4] type are balanced 
on "building blocks" of the form {n, n+e(t), t ET}. (see for example Lazar and Robertazzi 
[5]). For certain values of A(t), r(t) and pet, s) a network can be balanced on subsets of 
these building blocks. A set F satisfying (g) is an arbitrary union of balanced subsets. 
Consequently a Chandy and Martin network must be balanced on any set :F satisfying (g). 

Kelly [6] showed that the equilibrium distribution for a Markov process truncated to 
a subset A of its state space is unchanged (except for normalisation) if and only if the 
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process is balanced on A. The equilibrium distribution of the Markov process associated 
with a Chandy and Martin network, truncated to a set :F satisfying (g), is therefore of the 
form (2.1). A simple application of insensitivity balance equations (see Konig and J ansen 
[7]) using property (f) shows that the equilibrium distribution of the network still has the 
product form (2.1) when holding times are generally distributed. 

The fixed routing network of Burman, Lehoczky . and Lim [1] can be derived as a 
particular case of an alternative routing network satisfying (a) to (g) by 

(i) setting r( t) = 1 so forcing all calls to depart the network upon completion of holding 
time, 

(ii) setting 

(2.3) 
1 

q,(n) = IT n(t) (t)1 
tET J.Lt n . 

which is equivalent to setting c(t, n) = n(t)J.Lt, 

(iii) set ting 

(2.4) 
1 

8t(l, n) = ;t(1, n) = -(
n t) 

(iv) and noting that, since p( t, s) = 0 for all sand t, (g) reduces to the requirement that 
if n + e( t) E F then n E F. This is satisfied for all state spaces F in which calls are 
allowed to leave the network. 

Berry and Henderson [2] discussed two categories of system which can also be fitted 
into the framework defined by (a) to (g). The first contains networks in which lost calls 
are held for a certain length of time, and the second contains a variety of call packing 
networks in which calls are reallocated to preferred routes when these become available. 
In Berry and Henderson's paper the function 4>(.) is again of the form (2.1). 

Example 1: A Two Gateway Network 

Consider the network depicted in figure 1, consisting of destinations D 1 , ..• , Dr and 
gateways A and B. For each j E {I, ... , r} calls for destination Dj arrive at gateway A 
in a Poisson stream with parameter Aj, requesting a holding time with mean J.Ljl and at 
gateway B in a Poisson stream with parameter Aj+r, requesting a holding time with mean 
J.Lj~r' There are N j circuits from A to Dj, N j+r circuits from B to Dj and AI circuits 
between A and B. A call arriving at gateway A (respectively B) to find all direct circuits 
to its destination busy tries an overflow route via gateway B (respectively A). If it cannot 
find such a route it will be lost. Any call using an overflow route will be "call pa.cked" to 
a direct route immediately one becomes available. 

This network can be seen to be of the class described in (a) to (g) above by considering 
a customer arriving at gateway A (respectively B) with destination Dj to be of type j 
(respectively j + r) and 4>(n) to be given by (2.3). :F is the set of all vect~rs n satisfying 
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Figure 1. A Two Gateway Network 

2r 

L [ni - N i]+ ~ M, 
i=l 

and 

ni ~ Ni + min(M, Nit) where k = (i + r)(mod2r) and i = 1, ... , 2r. 

In this example r(t) = 1 for all t = 1, ... , 2r and therefore :F satisfies (g) for the same 
reason as given in (iv) above. 

Example 2: A Priority Call Packing Network 

Consider the alternative routing network as illustrated in figure 2. Priority and non
priority calls arrive at the origin 0 requesting a connection with the destination D. There 
are r possible routes labelled in order of preference 1 to r with the capacity on route j 
equal to N j for j = 1, ... ,r. Priority calls present in the system occupy the most preferred 
routes and if necessary will displace a non-priority call onto a less preferred route on arrival. 
However, if the network is full, any arriving call, whether priority or non-priority, will be 
lost. A well defined call packing procedure is assumed. 

On completing its holding time a non-priority call can generate a new call which 
will be a priority call with probability PI or a non-priority call with probability P2 where 
PI + P2 < 1. 

The mean holding times of priority and non-priority calls are J.ll1 and J.l2"1 respectively 
but priority calls are requested to speed up whenever the number of priority calls in the 
network exceeds a predetermined limit N*. The net effect is that the network "serves" 
priority calls at a rate c > 1 when there are more than N* of them present. 

Label priority calls. as type 1 calls and non-priority calls as type 2 calls. Assumptions 
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• 
• 
• 
• 
• 
• 
• 
• 

Nr 

Figure 2. A Priority Call Packing Network 

( a) to (g) are satisfied by choosing 

r(l) = 1, p(2, 1) = PI, p(2,2) = P2 and r2 = 1 - PI - P2. 

Here:F = {n = (n(1),n(2)) : n(l) + n(2) ~ 2:;=1 Nj }. Note that if n + e(2) is in:F then 
n and n + e( 1) are also in:F. Thus (g) is satisfied. . 

This example can be immediately generalised to certain networks in which there are 
an arbitrary number of priority classes and an arbitrary set of origin-destination pairs 
sharing the network. 

It is possible to take much more general forms of the function 4>(.) than given in the 
examples above. For instance taking 

n{t) 

4>(n) = IT IT [Jl(1, t)]-1 
tET 1=1 

makes 
c(t, n) = Jl(n(t), t) . 

and the service rate for calls of type t, when the state is n, can be an arbitrary function 
of t and net). 

3. INTERRUPTIONS IN TELETRAFFIC NETWORKS 

Henderson and Taylor [3] studied interruption processes. These are stochastic pro
cesses in which generally distributed lifetimes can be prematurely killed off due to negative 
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exponentially distributed interruptions. The future behaviour of the process depends on 
whether a lifetime dies naturally or is interrupted. Some phenomena. which occur in tele
traffic networks can be modelled in this way. For example, interference on a line may cause 
a call to be lost from a network before its natural holding time has been completed. Such 
an interrupted call could be re-established immediately, re-established as a different type 
of call or lost completely. If such interferences are assumed to occur in Poisson streams 
the analysis of Henderson and Taylor can be applied to give the results summarised below. 

Consider an alternative routing network satisfying (a) to (g) in which holding times 
of type t calls have general distribution Gt (.) with mean I't. (Note that this is a slight 
departure from the notation of Section 2 where we assumed that all holding times had unit 
mean. There is, however, no effect on the analysis since in Section 2 the value of the mean 
holding time was incorporated in the arbitrary function </>(.) whilst here it is not.) 

In addition the network also has the following characteristics 

(h) A holding time of type t is subject to exponentially distributed interruptions with 
parameter aCt) which are worked on at the state dependent speed c(t, n). If a call of 
type t is interrupted it departs the network with probability rI (t) or changes into a 
call of type s with probability pI(t,s) where rI(t) + l:"ETPI(t,s) = 1 for all t E T. 

(j) For all t E T and n + e(t) E F, if rI(t) > 0, then n E F, and if pI(s,t) > 0 or 
pI(t,s) > 0, then n + e(s) E F. 

Theorem 3: The steady state solution of any alternative routing network with in
terruptions which satisfies conditions (a) to (j) is 

(3.1 ) [
"1 )] n(t) 

7r(n) = C</>(n) IT Y",t 
tET J-lt 

w here the y( t) satisfy 

(3.2) yet) = A(t) + LY(s)p(s, t) for t E T, 
.. eT 

(3.3) 

(3.4) '" 0'( t) 
Ilt = '" , 

1-Gt (a(t)) 

(3.5) G,(a(t» = 100 exp( -a(t)u)dG,(u) 

and C is the normalising constant for the network. 

Remark: The steady state solution (3.1) for a network with interruptions depends on 
the holding time distributions G t(.) only through the values of P(t, s) and Pt and hence only 
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through the values of Gt ( a(t)) for t E T. Thus the steady state distribution of the network 
is invariant provided its holding time distributions possess a constant value of Gt(a(t)). 
The network can be said to be in3en3itive over sets of distributions with constant Gt(a(t)). 

Proof: Henderson and Taylor [3] introduced the Q process associated with an inter
ruption process. They showed that if the Q process is insensitive the original interruption 
process is also insensitive and possesses a stationary distribution identical to that of the 
Q process. The Q process of a network with interruptions which satisfies ( a) to (j) is a 
network of the form discussed in Section 2 satisfying (a) to (g) with transition rates given 
by PC t, s) and mean holding times given by jit. It is has a solution given by (3.1). The 
solution of the interruption process is therefore also given by (3.1). 

4. CONCLUSION 

It has been shown that product form and insensitivity results can be used to analyse 
certain alternative routing networks. Even when the networks are subject to interruptions 
which may affect customer behaviour the solution is still a product form. vVe note that 
the treatment of interruption processes given in Section 3 also applies to other "product 
form" teletraffic networks, for example some store and forward packet switching networks. 
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