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One property of SPC exchanges is that without appropriate measures the 
throughput decreases during overload. To prevent this, an overload control 
mechanism is needed. We discuss the problem of how to detect overload. 
We consider two models. The first one is based on a system with clock
pulse interrupts. We derive the distribution of the number of idle-ending 
clock-pulse intervals in k subsequent ones. The second model is a 
queueing system with vacation times. Here we consider the number of 
vacations during some interval. We show the correspondence between the 
detection of overload and a statistical test for the value of the load based 
on these random variables. Finally numerical results are given. 

,. INTRODUCTION 

One property of SPC exchanges is that without appropriate measures the throughput 
of the system decreases during overload. To prevent this, an overload control 
mechanism is needed. Many papers have been published on this subject already. We 
mention the references [1 ]-[5]. 

Most overload control mechanisms are of the form : Admit no calls or a limited number 
of calls during overload. It is, however, difficult to say whether the system is in 
overload, because usually the load cannot be, measured directly. So one defines an 
estimator of the load and if this estimator is above some prescribed level, the system 
is said to be in overload. 

In this paper we define such estimates for two models. We also study the probability 
of being in overload as a function of the offered traffic. Relations with the theory of 
statistical testing are shown. Finally numerical results are given. 

2. THE MODELS 

We consider two types of models. The first one is a model in which tasks arrive at 
equidistant pOints in time at the processor. This corresponds to a system in which at 
equidistant pOints in time an interrupt occurs. Then the newly arrived call processing 
tasks are admitted to the system. The estimator of the load we consider is based on 
Nk= the number of clock-pulse intervals in k subsequent intervals ending without tasks 
in the system. 

The second model is an M/G/1-queue with vacation times. It has the following 
interpretation. The processor executes the tasks until the queue is empty. Then it does 
some work of lower priority than call processing for a period of time. After this time, it 
starts executing the newly arrived tasks until the queue is empty again, and so on. 
More details of this model can be found in [6], [7] and [8]. The estimator of the load is 
based on Nt = the number of periods the processor does low priority work during a 
time interval of length 1. In the next sections we give some details of the distribution of 
Nk and Nt • 
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2.1 The clock-pulse model 

We consider the following model. Tasks arrive according to a Poisson process. At 
equidistant points in time (clock pulses) a batch consisting of the tasks which arrived 
in the previous clock-pulse interval are admitted to the queue. The service times of the 
tasks are constant. We assume that the processor only starts a service if it will be 
finished within the same clock-pulse interval. 

We introduce the following notation : 

Nn k number of idle-ending clock-pulse intervals in the intervals n + 1, ... , n + k 
Sj number of clock pulses until the ith idle-ending clock-pulse interval 
T 1 number of clock pulses until the first idle-ending clock-pulse interval = S1 
Tj number of clock pulses between (i -1 )th and ith idle-ending clock-pulse interval 

= Sj - Sj-1 ; i = 2 , 3, ... 

We are interested in the distribution of Nn,k' The analysis is based on the theory of 
renewal processes and recurrent events as can be found in [9] and [10]. We suppose 
that the process is stationary. This means that Nn,k is independent of n. We therefore 
omit the subscript n. Since T 1 is the time until the first idle-ending clock-pulse interval 
starting from a stationary distribution and Tj ; i = 2 I 3, ... is the time until the first 
idle-ending clock-pulse interval starting from an empty system, it follows that 
T 1 I T 2 , T 3, ... are independent and that T 2 , T 3, . . . have the same distribution 
which is different from that of T l ' The process { Si ; i = 1 , 2, ... } is called a 
delayed renewal process. Furthermore, Nk equals the number of renewal events until 
time k. It is related to Si via 

(2.1 ) 

First we derive the distribution of the number of tasks in the system just before a clock 
pulse. This is used to find the distributions of T 1 and T 2. This gives the distribution of 
Si and via (2.1) the distribution of Nk• 

2.1.1 Stationary distribution of the number of tasks just before a clock pulse 

To find the distribution of the number of tasks just before a clock pulse we introduce 
the following notation : 

L length of the clock-pulse interval 
A arrival intensity of tasks 
a mean number of arrivals during a clock-pulse interval = A. L 
d service time of a task (constant) 
m maximal number of services per clock-pulse interval = [Lld] 
An number of arrivals in the nth clock-pulse interval 
an number of tasks in the queue just after the end of clock-pulse interval n 
R~ number of tasks in the queue just before the end of clock-pulse interval n 
A (z) z-transforrn of An 
Q * (z) z-transform of an 
R* (z) z-transform of Rn 

Note that, since the process is stationary, the transforms A*(z) , O*(z) and R*(z) are 
independent of n. We further assume that a <rn. From the assumptions it follows that 
Rn+ 1 =(Rn+An-m)+, where x+=max(O,x). Furthermore, Qn=Rn+An. So 
a n+1 =(an-m)+ +An+1 . The stationary distribution of the a-process has been studied 
in [11]. There it is shown that 

.. _ (m-a)(z-1) m - 1 Z-9j 

a (z) - A*( ) -1 m 1 II 1 - 6 z z - i=l i 
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where Si are the zeros of zm=Ae(z) inside the unit circle of the complex plane. Since 
Rn and An are independent, and an = Rn + An, it follows that 

Re (z) = Q~ (z) (2.3) 
A (z) 

2.1.2 Distribution of the time between two idle-ending clock-pulse intervals 

We shall now derive the distribution of Ti for i = 2,3, .. '. Let Uk,i = Pr { Ri=O I Ro=k 
}; i,k = 0,1,2, ... and bk,i = Pr {R,>O,' .. , Ri-,>O, Rj=OIRo=k} ; i = 1,2, ... ; k 
= 0,1,2, .... Then for i>1 and k>O 

i 
Uk,i = L Pr{ R1 >0, ... , Rj _, >0, Rj=O, Rj=O IRo=k } (2.4) 

j=r ' 
= Lbk,j UO,i-j 

j=1 

:x. :x. 

Writing U~(z) = L Uk,iZi and B~(z) = L bk,izi , and defining Oi,j as the Kronecker symbol, 
i=O i=1 

it follows that for k?:O 

Therefore 

QC. 

U~(z) = Uk,O + L. Uk,j Zi 
i=1 . 

:x: 1 

= Ok,O + L L bk,j UO,I- j Zi 
i~1 j~1 

= ok 0 + ~ ~bk' Uo . _. Zi , ~.£.J ,J ,I J 
j~1 i=j :x. 

= Ok,O + L bk,jZi L UO,iZj 
j=1 i=O 

= Ok,O + B~(2)U~(Z) 

U~(Z)-Ok ,O 
B~(z) = ; k=O,1 ,2, ... 

U~(z) 

(2.5) 

Since Pr {T2=i} = Pr {R,>O, ... , Ri- ,>O, Rj=OIRo=O} = bO,j, it follows that 

ex; U~(z)-1 
T;(z) = L Pr{ T 2=i }Zi = B~(z) = (2.6) 

i=1 U~(z) 

2.1.3 Distribution of the time until the first idle-ending clock-pulse interval 

The time T, until the first idle-ending clock-pulse interval is the residual life time of the 
time between two idle-ending clock-pulse intervals, i.e. 

Pr{ T2 >i } 
Pr{ T, =i } = (2.7) 

ET2 

This means that 
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. ~ . 
T1(z) = L Pr{ T1 =i } Zl 

i=1 1 ~ . 
= -- ~Pr{ T22:i} Zl 

ET2 i=1 
1 z ,. = --(1-T2(z)) 

ET2 1-z 

Using (2.6) and the fact that ET2 = 1/Pr{ Rn = 0 } = 1/R"(0), we get 

T~(z)= R"(O)~ (2.8) 
(1-z)Uo(z) 

2.1.4 Distribution of the number of idle-ending clock-pulse intervals 

Sinc~ T 1,T 2,T 31 . •• are independent, T 2,T 3, . .. are identically distributed and 
1 • 

Sj= LTj, it follows that 5, (z), the z-transform of Si, equals 
j=1 

(2.9) 

Substitution of the expression for T ~ (z) and T ;(z) derived in (2.8) and (2.6) yields 

S.-(z)-- R·(O)z (U~(Z)_1)i-1 ( 
----Jo.--I-- -----; i = 1 ,2, . . . 2.10) 

I 1-z U~(Z)i 

It remains to find U~(z). This can be done in the following way. We introduce the 
transition matrix P with elements Pij = Pr { R1 =j I Ro=i }. Let Pi1n) = Pr { Rr=j I Ro=i l' 
n = 0,1,2, ... , then it is a standard result of Markov chain theory that Pi1n is the (i,j) h 

:le 

element of pn. Now define Pij(z)= L pi1n)zn. Then U~(Z)=P60(Z). Furthermore, 
n=O 

:le 

- (n) n p··(z)=&··+ ~ p. Z IJ I,J ~ IJ 
n=1 

QC QC 

~ ~ ~ (n-1) n-1 =Ui,j+ z ~ ~ PikPkj Z 
n=1 k=O 

:le ,. 

=&i,j+Z ~ PikPkj(Z) 
k=O 

(2.11 ) 

Let P*(z) qe the matrix with (i,j)th element Pij(z). Then (2.11) can be_written as p·(z) = 
I + z P P (z), with I the identity matrix and so P (z) = (I-ZP)-1. Uo(z) is the element 
(0,0) of this matrix. Substituting this into (2.10) yields the z-transform of Si' Inversion of 
this z-transform, e.g. via the Fast Fourier Transform, gives the set of probabilities { Pr 
{S;=j } ; j= 1,2, ... }. Combining this with (2.1) we can find the distribution of Nk, the 
number of idle-ending clock-pulse intervals. 

As we said in the introduction, most overload control mechanisms are of the form: 
Admit no calls or a limited number of calls during overload. We now define the 
system to be in overload if the number of idle- ending clock-pulse intervals is small, 
i.e. if Nk < n, where k is the number of subsequent intervals we take into account, 
while the choice of the level n determines for which values of the traffic p the system 
will be in overload. We will return to this point in section 3. 

2.2 The model with vacation times 

We now consider the model with vacation times. ' This is an M/G/1-queue in which 
. tasks are served until the system is empty. Then the server goes on vacation for some 
random time. After this time it starts serving the tasks arrived during its vacation, if 

4.3A.6.4 
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any, and goes on vacation again once the system is empty. 

We introduce the following notation: 

A arrival intensity of tasks 
p traffic intensity of the system 
Nt number of vacation starts during [O,t] 
Si time until the start of the Ith vacation 
T 1 time until the start of the first vacation = S1 
Tj time between the start of vacation i-1 and the start of vacation i 

= Si - Si-1 ; i = 2 , 3, ... 
duration of the ith vacation period 
length of a busy period in the M/G/1-system without vacations 
Laplace transform of Vi 
Laplace transform of C 

Again { Si ; i = 1 , 2 , 
related via 

} is a delayed renewal process. Further N! and SI are 

{ Si < t } = { Nt > i } (2.12) 

We first derive the Laplace transform of T 2. This is done by conditioning on the length 
of the first vacation period and on the number of arrivals in this period. 

• -zT T2(z)=E(Ee 21V1) (2.13) 

= E(e -zv, ~ e -Av, (AV 1)k (C' (Z))k) 
k=O k! 

E 
-zV, - AV, AV1C"(Z) = e e e 

In a similar way as in the previous model, T 1 is the residual life time of the time 
between the start of two vacation periods. So 

• -zT 1-T;(z) 
T1(z) = Ee 1 = (2.14) 

zET2 

Differentiating (2.13) and substituting z=O gives ET2=EV'(1 -rAEC). Since 
AEC=p/(1-p), it follows that ET2=EV/(1-p). Combining this with (2.13) and (2.14) 
gives 

T;(z)= 1-V*(Z+A(1-C"(z))) '(1-p) (2.15) 
zEV 

j 

Since Sj= LTj, T 1 ,T 2,T 3, . .. are independent and T 2,T 3, . .. are identically 
j=1 

distributed, we finally get 

Sj'(z)= 1-V'(Z+z~~ -C'(z))) '(1-p)'V'(zH(1-C'(zM-1 (2.16) 

Inversion of this Laplace transform yields the distribution of Si and via (2.12) the 
distribution of Nt• 
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3. DETERMINATION OF THE OVERLOAD STATUS 

In the previous sections we defined two models for a processor of an SPC exchange. 
To estimate the load of the system, we introduced the random variables Nk and Nt 
respectively. These can be used to detect whether or not the system is in overload. 
Let us consider the clock-pulse model. It seems reasonable to define the system in 
overload if the number of times the clock-pulse interval ends idle is small, i.e. if Nk<n 
for some value of n still to be determined. Ideally we want the system to be in 
overload if the traffic P is above some predescribed level Po. This means that we want 
that Nk < n if P > Po and that Nk ~ n if P < Po. However, because of stochastic 
fluctuations this ideal will never be satisfied. A similar problem occurs in statistical 
testing. Suppose we want to test the hypothesis Ho : P ~ Po against the alternative H1 
: P < Po for some value of Po. A possible test for Ho based on Nk is to reject Ho if 
Nk ~ n for some n; n can be found from the level ex of the test by Pr { Nk > n } = ex if 
p = Po· 

Because of stochastic fluctuations it is still possible that p > Po if Nk > n (Ho is 
rejected although it is true, i.e. we decide that the system is not overloaded although 
in reality it is), or that P < Po if Nk < n (Ho is not rejected although it is false, i.e. we 
decide that the system is in overload although in reality it is not) . The probability that 
this happens can be found from the power function of the test defined by 
-rr(p) = Pr { Nk = Nk(p) ~ n }. 

4. NUMERICAL RESULTS 

.In this section we present some numerical results for the clock-pulse model. The 
objective is that overload should be detected if P>Po for some given value of Po. We 
then have to find n such that Pr { Nk>n } = 0: if p= Po( where ex is the probability that 
we decide that the system is not in overload although in reality it is. The first graph 
shows the distribution function of Neo for several values of p. If e.g. Po = 0.9 and ex = 
0.05 then n=49. 
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Figure 1. Distribution function of. the number of idle-ending clock-pulse 

intervals for p = 0.1 (nght-most graph), 0.2,"', 0.9 (left-most 
graph) 

The next graph shows the power function o.f the test just ~escribed, i.e. it s.hows 1t'(p) 
= Pr { Nk(P)~49 }. The test is better as Its power fun~tlon looks mO.re like a step 
function. The present test has indeed the property that ItS power function decreases 
rapidly as the traffic is close to Po = 0.9. 
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Figure 2. Graph of the power of the test as a function of the traffic 

5. CONCLUSIONS 

The load of a system can usually not be measured directly. We have shown for two 
models how we can find random variables via which the load can be estimated. These 
can be used to determine whether the system is in overload, i.e. whether the number 
of admitted calls has to be limited. Relations with the theory of statistical testing are 
also shown. 
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