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1. INTRODUCTION 

The main aim of this paper is to derive prediction intervals for forecasts 
generated within the framework of a state space model. The state space model 
is estimated by the so-called Kalman filter method. 
However, the main drawback of this estimation method is that the variances of 
the measurement noise and the system noise have to be known which is rarely 
the case in practice. Mor.eover, because of the recursive character of the 
Kalman filter there is also an initialization problem. 
Several solutions in the literature of these problems are discussed. Then it 
is shown how the recursive Sage-Husa formula can be improved, in particular as 
regards the estimation of the measurement noise variance. This is important 
for the detection of outliers as well. Next, it is argued that the 
Holt-Winters model can be used to overcome the problem of the starting values 
for the state vector as well as for the noise variances. 
Furthermore, formulae for the variances of forecasts are given both for the 
forecasts seperately as well as for the sum of a certain number of consecutive 
forecasts. The former formula is known and applies quite well, for instance, 
to the situation of traffic volumes, while the latter formula can be used, for 
instance, in case that one is interested in the total net demand for telephone 
lines during the remaining months of the actual year. 
The paper concludes with a numerical example dealing with the net demand for 
telephone lines in Holland. 

2. THE STATE SPACE MODEL 

The quite general state space model in a forecasting context consists of two 
equations 

(2.1) Yt = Hb t + Ut (measurement or observation equation) 

(2.2) b t = Abt-l + at (system equation), t = 1 2, ••• , T 

where Yt is the observation of the variable Y in time period t, bt is the 
so-called kxl state vector of unobserved components. 
As regards the measurement noise Ut and the process noise at it is assumed 

(2.3) EUt = 0, Eu2t = s2 and EUtus = o if t;ts 

(2.4) Eat = 0, 
, 

Eatat = Q and Eatas 
, = 0 if t;ts 

(2.5) EUtas = o for every t and s. 

The lxk matrix H relates the state vector bt jointly with a measurement error 
Ut to observation Yt • The matrix A is a transition matrix necessary to 
describe the evolution of the state vector bt • 

3. THE KALMAN FILTER 

In this section the Kalman filter is given. Kalman (1960) derived his 
equations in order to estimate (to filter out) the. unobserved state vector bt 
by means of the observations Yt , t = 1,2, ••• ,T. 
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Denote by b t / s the estimator of bt given the observations Yl, ••• , Ys or b t / s 
= E (btIYl, ••• , Ys ) and denote its error covariance matrix by Pt / s ' i.e., 
Pt/s = E (bt / s - b t ) (bt / s - bt )'. 
Then in period t-l there are three prediction equations. Equation (2.2) 
suggests that the minimum mean square estimator of bt equals 

(3.1) bt/t-l = A bt -l/t-l' 

the error covariance matrix of which follows from (2.2) and (3.1) 

(3.2) 

(3.3) 

Pt/t-l 

Yt/t-l 

, 
= A Pt-l/t-l A + Q 

= H bt/t-l (the one step ahead prediction). 

Taking into account observation Yt we can evaluate the one step ahead 
prediction error 

(3.4) 

Next, three so-called updating equations can be derived to obtain a better 
estimate of bt and its error covariance matrix 

(3.5) 

with error covariance matrix 

(3.6) 

where the Ka1man gain Kt is equal to 

(3.7) K P H' (H P H' + s2)-1. t = t/t-1 t/t-1 

The expression for Kt follows from minimizing the following expectation 

(3.8) 

It is recalled from regression theory that K in the regression equation 
y = Kx + U can be found by minimizing Eu2 = E (y - Kx)2. This yields 
dEu2/dK = O.Hence, we obtain 

(3.9) 

In order to derive Kt in (3.5) we first write (3.5) in an alternative manner 

(3.10) 

Then, similarly to (3.9), minimizing (3.8) implies 

(3.11) 

So two terms are to be determined. Firstly, we obtain 

(3.12) 

E (b t - bt/t-l) et = E (bt - b t / t -1) (Yt - H bt / t -1), 

= E (b t - bt / t -1) (H (bt - bt / t -1) + Ut)' = Pt / t -1 H'. 

Secondly, we have 

(3.13) 

Now (3.7) follows from (3.11), (3.12) and (3.13). Also it is recalled from 
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regression theory that the residual bt - bt/ t is orthogonal to the regressor 
et. Hence, it can be seen from (3.10) by taking variances of both sides that 

(3.14) 

From (3.11) and (3.12) it can be seen that 

(3.15) 

Hence, (3.6) follows from substitution of (3.15) into (3.14). The proof of the 
Kalman filter equations is globally given here, because not all textbooks, 
mention it. Although various textbooks give a proof it is often in a different 
context and hence, in a quite different manner. 
Because of its recursive character the Kalman equations (3.1)-(3.7) can be 
applied for t = 1,2, ••• ,T, successively. The Onl! problem in applying (3.1) -
(3.7) lies in finding suitable values of Q and s or, more precisely, in 
finding a matrix V, V being defined by V = Q/s2. The estimator bt/ t is 
invariant with respect to the scaling factor of the variances, i.e., cQ and 
cs2 produce the same value of bt/ t as Q and s2. Hence, only V is required. 

4. ESTIMATION OF COVARIANCES Q AND s2 

There are several approaches to overcome the problem of the unknown 
(co)variances Q and s2. 

1. the maximum likelihood (ML) approach 
2. setting Q = 0 and adapting the Kalman gain 
3. using a complementary filter, such as the Sage-Husa filter. 

ad 1 This approach is described by Chow (1983). However, a disadvantage of 
this approach is that it can be fairly time-consuming. Tome and Cunha (1985) 
follow the same apporach except for the fact that s2 has not been concentrated 
out. Furthermore, they suggest to evaluate the log likelihood function for 
several combinations of values of the parameters of Q and s2 and to choose 
that combination which produces the largest value of the log likelihood 
function. However, the problem still remains what combinations have to be 
selected without a priori knowledge. 

ad 2 As a consequence of setting Q = 0 Kt will converge to zero. In order to 
~void this an alternative Kalman gain KKt is proposed; see Ionescu-Graff 
(1982) and Szelag (1982). 
This approach is very practical and gives good results. However, since Q is 
unknown it is hard to derive a 95% prediction interval for the forecasts of 
the variable under consideration, necessary for a sensitivity analysis. 

~ The com~lementary Sage-Husa filter consists of two extra equations for 
evaluating sand Q during every step of the Kalman filter algorithm. They are 

(4.1) t-l 2 1 2 ' 
t St_l + t (et - HP t/t-lH ) 

(4.2) 

This approach is followed by Chemouil and Garnier (1985). However, in practice 
it may turn out that s2t and/or diagonal elements of Qt become negative. 
Since variances should be non-negative this is not acceptable. This may partly 
be due to wrongly chosen initial values for s20 and Qo • Fahrmeir (1981) 
suggests to replace (4.1) by a numerically more stable expression 

(4.3) 
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However this does not solve the problem of negative values of the diagonal 
elements of Qt. 

Another point is that the formulae mentioned above, might converge quite 
slowly if the starting values s20 en Qo are incorrect. This holds for the 
Fahrmeir variant as well; see Sage and Husa (1969) and Fahrmeir (1981). 

5. ALTERNATIVE ESTIMATORS FOR Q AND s2 

After reparameterizing the covariance matrix Q as Q = s2V and after replacing 
Q by V in the equations (3.1) - (3.7), V being the variance ratio matrix, and 
after defining Rt / t -1 = s-2 Pt /t-1 and Rt/2 = s-2 Pt/ t it can be shown that 
the maximum likelihood (ML) estimator of s equals 

1 T e2 
(5.1) s2ML = - I t 

T t=l HRt / t -1 H' + 1 

See Chow (1983) or Abraham and Ledo1ter (1983). Based on (5.1) a recursive 
formula for a suboptimal estimator of s2 can be derived which formula can 
easily be incorporated in the Ka1man filter equations. The formula is as 
follows 

2 

(5.2) 
2 t-1 2 1 et 

St = t St_1 + t ft' 
-2 

f t = St-1 HPt / t -1 H' + 1. 

Compared to the Sage-Husa estimator and the Fahrmeir estimator of s2 (5.2) 
converges relatively fast. Besides, formula (5.2) always produces positive 
values. 
As regards Q a similar argument leads to the following recursive formula 

2 ' 
t 1 1 (et Kt Kt + Pt/t)ij 

(5.3) Qt (i,j) = ~ Qt-1(i,j) + t 
1 + (A Pt-1/t-l A )ijl Qt-1 (i,j) 

Note that it follows from (2.4), (3.2) and (3.14) that 

(5.4) 

However, from numerical experiments it emerges that (5.3) slowly converges. 
Therefore, it is recommended to use a slightly different version of the 
Sage-Husa estimator of Q. Formula (4.2) can be written alternatively as 

(5.5) 

Now replace (5.5) by 

(5.6) 

6. INITIALIZATION AND IMPLEMENTATION 

o if min(wt(i,i), Wt(j,j» <0 
wt(i,j) otherwise 

For quarterly (or monthly) data the linear growth model with a seasonal 
component is often employed. In the case of quarterly data the state space 
form of this model reads as 
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(6.1) Yt = (1,0,1,0,0,0) bt + Ut 

Mt 1 100 ° ° "t-l alt 
Bt ° 100 ° ° Bt-l a2t 

(6.2) bt = St = ° ° ° ° ° 1 
St-l + a3t 

St-l ° ° 1 ° ° ° St-2 ° St-2 ° ° ° 10O St-3 ° St-3 ° ° ° ° 1 ° St-4 ° 
In the CCITT GAS 10 Handbook "Planning Data and Forecasting Methods" (1987) it 
is shown that the additive Holt-Winters (KW) model in state space form is 
exactly the same as model (6.1) and (6.2). Also it is shown that for the KW 
model matrix Q is equal to 

(6.3) 

where aI, a2 and a3 are the smoothing parameters for the level Mt , the slope 
Bt and the season St, respectively. 
As we have seen above only the variance ratio Q/s2 is relevant when applying 
the Kalman equations (3.1) - (3.7). Therefore, take s2 = 1 and QHW = gg'. 
Furthermore, since many seasonal time series can be well captured by the 
KW-model when al = a2 = a3 = 0.2, it is also recommended to take ai = 0.2, 
i = 1,2,3. And because it does not make much difference one might take for the 
off-diagonal elements QHW (i,j) = 0, i ~ j. Also it is sometimes worthwhile to 
take the natural log transformation of the data. 
Next we only need an initial estimate of the state vector and its error 
covariance matrix before we can start the sequential Kalman algorithm. A 
convenient approach is as follows. Use the first observation for the first 
element of the state vector and set the other elements equal to zero 

(6.4) bIll (1) = Yl and bIll (j) = 0, j = 2,3, ••• ,6. 

Because these values are rather arbritrary set the initial error covariance 
matrix equal to PIll = m 16' where m is a very large scalar number (m = 106Yl) 
which reflects our uncertainty about the true values of the state vector for 
t=l. 

However, since the seasons in the model are, in fact, seasonal deviations from 
a trend we need a specific quarter to refer to. If this is the first quarter 
this means that the seasonal deviation of the first quarter is zero by 
definition. And, consequently, the error variance will be zero as well; note 
that SI = bIll (3) = 0. Hence, we obtain 

(6.5) PIll (i,j) = I m if i=j and j - 3 o otherwise 

Now apply the recursive Kalman filter equations (3.1) - (3.7) for t = 2,3, ... 7 
(or in the case of monthly data t = 2,3, ••• ,15). Then the elements of P7/7 
will approximately have their true values. See Harvey and Phillips (1974). 
Then use 4 (12 in case of monthly data) observations to obtain a reasonable 
estimate of s2 

(6.6) 
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After this has been done reparameterize all variances, that is 
2 2 

(6.7) Q7: = s7 QHW and P7/7 : = s7 P7/ 7 

Then since b7~7 can remain unchanged the Kalman equations can be applied 
again. Also stand Qt can be updated according to (5.2) and (5.6), 
respectively, each time a new observation comes available for t = B,9, •.• T, 
successively. 

7. TIME VARYING NOISE VARIANCES 

If it emerges from the data that the noise variances vary over time and/or 
that s2t and Qt do not converge one could change the weights (t-l)/t and 1ft 
in the formulae (5.2) and (5.6) into I-wand w, respectively, w being a 
smoothing parameter (0 < w < 1). 

B. OUTLIERS 

From the foregoing results a (l-a)lOO% prediction interval for Yt can easily 
be derived 

(B.l) 

where ~ is the value that leaves ~*lOO% in the upper tail of the standard 
normal distribution and Ee2t is defined by (3.13). Hence, if Yt lies outside 
this prediction interval observation Yt requires special attention. Many 
outliers succeeding each other, however, might indicate a misspecification of 
the model or a random shock in the system and/or time varying variances. 
Whatsoever special attention has to be paid to it. 

9. PREDICTION INTERVALS 

9.1 Single forecasts 

In order to make a prediction interval for YT+k we need the error variance of 
the k step ahead forecast which equals the variance of 

(9.1) 

If we denote the variance of (9.1) by VYT+k/T it can be shown that VYT+k/T can 
be estimated by 

2 ' k 'k k-l. , j 
(9.2) VYT+k/T = sT + ~H , ~ = A PT/T(A) + j~O A

J 
QT(A ) 

See Abraham and Ledolter (1983). Hence, the (l-a)lOO% prediction interval for 
YT+k is 

(9.3) 

This formula applies quite well in the situation of traffic volumes. 

9.2 Cumulative forecasts. 

If one is interested, for instance, in the total yearly net demand for a 
specific service given the information up until a certain month of the current 
year one needs an expression for the error variance of the sum of a number of 
consecutive forecasts generated by the state space model. 
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Define 

k 
(9.4) ZT+k/T = j~l (YT+j/T- YT+j ) 

and denote the variance of ZT+k/T by VZT+k/T. Now it can be shown that 

(9.5) 
2 ' k-l , 

VZT+k/T = ks + H (WkPT/TWk + m~O (I + Wm) Q (I + Wm) ) H 

k j 
Wk = j~l A and Wo = O. 

For a proof see the appendix. After replacing s2 and Q in (9.5) by their 
estimates s2T and QT a (1-«)100% prediction interval can be constructed for 
the sum YT+l + YT+2 + ••• + YT+k as follows 

(9.6) 

10. A NUMERICAL EXAMPLE 

The Dutch administration generally uses the Box-Jenkins approach to produce 
the forecasts of many time series based on monthly data. One of the major 
forecasts is the forecast of the total net demand for telephone lines during 
the whole year, given already some observations during the first m months of 
the current year, 1 ~ m ~ 11. Hence, a time series model with a seasonal 
component is required. To get some insight into the performance of the method 
described in the previous sections a comparison is made between several' 
methods. The results are given in tabel 10-1. 
Method 1 is the Box-Jenkins method. Method 2 is the method described above 
under the assumption that Q has a diagonal form, while in method 3 this 
assumption is dropped. Note that for both method 2 and method 3 we have 
Qij = 0 if max (i,j) > 3. 

Table 10-1. Cumulative forecasts of the net demand for telephone lines in 
Holland in 1986 in thousand 

method net demand in cumulative fore- total 90% prediction 
Jan and Feb 1986 cast Ma-Dec 1986 interval 

1 35 135 170 170 ± 25 
2 35 161 196 196 ± 36 
3 35 164 199 199 ± 26 

(actual net demand in 1986: 194). 

It can be concluded from table 10-1 that the methods 1 and 3 produce 
prediction intervals of the same width, whi.le method 2 produces a relatively 
large interval. This might be caused by the assumption that Q is a diagonal 
matrix. The latter assumption is often a part of the ML estimation procedure 
for Q. It seems that this assumption is not always justified. 
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APPENDIX 

By repeated substitution of (2.2) into (2.1) we obtain 

(AI) YT+j = HbT+j + uT+j = H (AbT+j _1 + aT+j ) + uT+j 

j j-l i 
= HA bT + H i~O A aT+j _ i + uT+j 

Furthermore, we have YT+j/T = HAjbT/T. Then from (AI) and the definition of 
VZT+k/T it follows 

(A2) VZT+k/T = HWkPT/TW'k H' + HXkH' + ks2, 

where Wk is defined in (9.5) and Xk is equal to 

k j-l i 
(A3) ~ = COy (j~l i~O A aT+j _i ) 

k j 
j-m 

= COy (j~l 1: A aT+m) m=l 

k k j-m 
= COy (1: 1: A aT+m) m=l j=m 

k 
= coy (m~l (1 + Wk_m) 8 T+m) 

k 
= 1: m=l 

(I + Wk_m) Q (I + Wk_m) 

k-l , 
= 1: (I + W ) Q (I + W ) m=O m m 

Substitution of (A3) into (A2) yields (9.5). 
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