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We present a new methodology for the steady-state performance analysis 
of circuit-switched networks with nonhierarchical state-dependent rout
ing. The main features are: a distributed approach, where each link is 
examined in turn; the quantification, through a set of coefficients, of the 
percentage of usage each network link undergoes over a long time inter
val under · the routing scheme; and, the establishment of connections 
between the above coefficients and parameters of the stochastic process 
which is selected to model the merged traffic streams on the link under 
consideration. The blocking probabilities (grade of service) are calcu
lated through an . iterative procedure. With appropriate changes, this 
methodology can be used to provide a long-term-equivalent fixed routing 
for every type of dynamic routing. The algorithm can be used for net
work design and for on-line monitoring of the performance of an operat
ing network. 

1. INTRODUCTION 

Recently proposed network architectures with nonhierarchical routing attempt to 
take advantage of new switching technologies in order to reduce the capital and 
operating costs and perhaps enhance the performance as well. In such nonhierarch~ 
ical networks there are no special classes or dedicated (hierarchical) functions of 
switches. Moreover, the routing decisions depend directly on the use of feedback on 
the status of the network and they are changed as frequently as call-by-call. The 
increased complexity associated with the nonhierarchical structure and the feedback 
processes, makes performance evaluation extremely difficult. 

The analysis of the performance of such routing schemes is very complex because 
of the implicit interdependences of traffic parameter's in different nodes, to the 
point that every routing decision is eventually based on what happens in all other 
parts of the network. In contrast to hierarchical routing where the resulting flows 
are (relatively) easy to describe mathematically, nonhierarchical state-dependent 
routing is greatly complicated because the actual carried loads are t~e result of a 
superposition of diverse correlated streams. 

Our objective is to calculate the steady-state blocking probability of a link, from 
which the node-to-node blockings can be deduced. Such information would be use
ful for network design, sensitivity analysis and administration. Our data include the 
network topology and the first-offered node-to-node loads. The great difficulty of 
a global attack to the problem led us right away to consider a distributed approach. 
Thus, each link is going to be examined individually and the results of this local 
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analysis will be used to update parameters in the parts of the network that are 
affected by that link. The parameters of the same link are, in turn, modified when 
other links, elsewhere in the network, are "processed." Eventually, after all links 
have been analyzed, the new values of the blocking probabilities will hopefully 
(since convergence is virtually impossible to prove' analytically) be closer to their 
steady-state values and after a number of such iterations a fixed point can be finally 
reached. Naturally, the final validation of the algorithm will be the convergence to 
such a fixed point and satisfactory agreement with simulation results or (perhaps) 
field trials. The methodology we present is general enough to cover all types of 
dynamic nonhierarchical routing . However, we shall concentrate here on Bellcore's 
separable state-dependent routing (SDR) [1]. 

H ere is a quick overview ' of what is to follow: in Section 2.1 we give a concise 
description of SDR and identify the basic components of traffic through a link. In 
Section 2.2 we analyze the distribution of traffic and introduce the split coefficients 
whose calculation is the topic of Section 2.3. In Section 2.4 we present the model 
of the traffic stream. Part 3 contains the algorithm and a discussion of computa
tional issues. Finally, in Part 4 we discuss the merits of the new methodology and . 
possible applications. 

2. TECHNICAL ANALYSIS 

2.1 Network Description and Notation 

Consider a network having N nodes (switches) and K = N(N - 1)/2 trunk groups, . 
the k-th group containing SIc trunks, SIc> 0, allowing thus for a not fully connected 
network. The network is nonhierarchical, that is, every node can switch as well as 
generate traffic. We make the following assumptions: the incoming calls are Pois
son distributed; the holding times of all calls are exponentially distributed with unit 
mean time; all routes have at most two links; all links block independently from one 
another; and the call set-up times are negligible. We suppose that we are given the 
offered loads A.in E R K between all node pairs. 

The routing technique is assumed to be the separable state-dependent routing 
(SDR) [1]. The crux of the SDR mechanism consists in determining numbers which 
approximate the cost, in terms of expected future call blockings, caused by increas
ing the number of busy trunks in trunk group k, from j to (j + 1) (Le. by carrying 
the call attempt). Thus, the cost C(k) of a (two-link) route k lE {k1, k~ is defined 
to be 

B ( ~ "1' S le) B ( ~ "2' S le) 
C(k) = A(k 1, X Ic) + A(k2 • X Ic) = B(* X) + B(* X" 

"1' "t "2' "r' 
( 1) 

where B(~, S) is the Erlang-B function giving the blocking on a link of capacity S 
being offered a load A; Xi is the number of busy trunks in trunk group i at the time 
of the call attempt, and * i is the offered load on link i under a simple non
alternate scheme. From the set of permitted routes the one with the minimum such 
cost is determined and if it is less than unity the call is routed over it; other,wise it i~ 
blocked. 

Regarding notation: capital indices, in general, will refer to node pairs; ~ will 
always represent offered traffic; a superscript D or A of ~ will indicate its qualita-
tive type (see below). Up to two levels of su.bscripts may be present identifying the 
element · to which traffic is offered: the uppe.r level (always in upper case when 
present) will indicate the node pair and the lower level (in lower case) will identify 
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the path or a link in that· path. For example, 'A J will denote the offered traffi·c 
(demand) for node pair J, and 'Ai will denote the offered traffic to path i. Similar 
notation will be followed for the blocking probabilities. 

A node pair that has a trunk group linking its two ends will be called a direct pair, 
otherwise the pair is called nondirect. For every node pair there exists a set of 
alternate routes, which in the case of direct node pairs includes the link joining ori
gin and destination. Let us denote the set of alternate routes for a node pair J by 
AJ , with cardinality equal to aJ' 

If instead of concentrating our attention on node pairs we focus on a link i. We can 
distinguish two types of traffic flowing through it according to the functionality of 
the link with respect to the traffic' offering nodes: direct traffic, denoted by 'Af, and . 
alternate-route traffic, denoted. by 'At. For every link there is a number of node 
pairs this link serves as a part of their alternate routes. We let pt, i EL, stand for 
the set of direct and nondirect node pairs which use link i in an alternate route. In 
general, any link i will be offered traffic 

, D A A .. 
'Ai = 'Ai + 'Ai' 'Ai = ~ 'Al' (2) 

JEPt 

In the next Section we will see how these component flows can be calculated. 

2.2 Traffic Distribution Analysis 

In this Section, we study the long term effects of Bellcore's SDR on the percentage 
of time a link is used. However, the same ideas can be applied to other routing 
techniques as well. In the case of a direct node pair the traffic is split among the 
direct link and the paths which provide the two-link connections, while the flow 
percentages depend on the conditions on the rest of the alternate route set and the 
network at large. By introducing the split coefficients sf which represent the per
centage of traffic between the ends of node pair J that flows through path i, we can 
write for the total offered load 

QJ 

~ sf = 1. \. - sJ \. in 
I\.Ji - i I\.J ' (3) 

i=l 

Now, since we are going to base our analysis on what happens on a single link, let 
us calculate the total traffic that is offered to a link i: 

"A.; = "A.f + "A.t = "A.f + ~ sf"A.5n
. (4) 

JEPt 

The carried traffic for link i, '* i' is given by '* i = (1 - bi)('Af + 'At). Notice that 
. . 

"A.f is always Poisson and 'Af !E!! }..~n, for suitable i and J. Our o~jective is to deter
mine the blocking probabilities b., (and consequently hl, given A-.In , the link sizes Si' 
and the topology of the network. 

2.3 Split Coefficients Calculation 

In general, the split coefficient for path k will have the form 

s1 = (s;) -1 / (~(S) -1) 
,=1 

(5) 

where 5; is the unnormalized split coefficient, representing the average cost of path 
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k over some time-interval of interest, which can be written 
t 

s; = lim.lfC(k)dT . . 
t..oo t 0 

(6) 

This expression is deterministic and it would be the figure we would get if we were 
to analyze data from suitable measurements on the network. What we really need 
is a stochastic description of the same behavior, which could be related to the custo
mers' arrival and service rates and other key network and customer parameters. 

In order to determine the coefficients s· we will interpret the ratios in the SDR link 
costs (see E q. (1)) as the product of the steady-state blocking of the link, b, and the 
expected number of call arrivals on that link within a 'time interval equal to the 
mean time of first passage from (occupancy) state j to state (j + 1·). Thus, calling 
Tj , j+1 the smallest time it takes for state j to reach state (j + 1), the SDR co.st 
adm its the general form .. 

s = !(ETo,l, ET1,2, ... , ETs-1,s) (7) 

where E denotes mathematicalexpectation. We postulate now that it is possible to 
approximate this overall steady-state cost by forming a weighted combination of the 
costs for each (local) state of the link, i.e. 

s· = ~l ETo,l + ~2 ET1,2 + . . . + ~s ETs-l,s, (~iE A, i = 1, ... ,S). (8) 

Now, if the first-passage time from the initial state to a given state is long, it means 
that the latter is "expensive." It makes sense, then, to weight the mean first
passage times between successive states by some function of the mean total time of 
passage from the initial state to the particular state. Since we approximated the 
mean cost as a weighted sum of the costs between successive states, we should 
make sure that the cost of each state contributes to the sum an amount propor
tionate to the mean cost of the particular state. One convenient way to quantify 
this is the passage time from the initial state to the state under consideration. For, 
if a state is expensive (due to the operating conditions) the first-passage time to that 
state will be long. Thus, we put ~i = (EToi)-l and the split coefficient approxima-, 
tion will take the form 

S-l 
s· = 1 + (ETo,2)-1 ET1,2 + ... + (ETo,s)-l ETs-1,s = ~ (ETo,i+1)-1 ETi ,i+l' (9) 

The TO,i' i = 1,2,··' ,S-I, are given by 
i-1 

To i = ~ Tk k+1 , ~, 

k=O 

. and the same relation holds for their expected values. 

2.4 Traffic Stream Model 

i=O 

(10) 

A fter the split coefficients have been calculated, the offered traffic to any given link 
can be determined by summing the appropriate intensities (see Eq. (2)). Next, a 
model for the point process modeling the traffic stream flowing through the link 
under consideration must be chosen. This process results from the superposition of 
all the point processes which represent the offered traffics D and A. Simplicity 
being one of our major considerations, we chose to approximate this merged stream 
through the doubly stochastic Poisson process (DSPP). which extends the regular 
Poisson .process to situations where the inten'sity parameter is itself a point process. 
For an in depth analysis of this very versatile process see the monograph [2]. 

3.4A.1.4 



ITC 12 Torino, June 1988 

The basic premise of our approach is that the rate of arrivals to a given link alter
nates between two values: AD when it is not used as part of an alternate rout~, 
AD + AA when it is. The corresponding time intervals depend on the sum of inten
sities of the branches incident to the origin and destination nodes. . Based on the 
above the D SPP becomes an interrupted Poisson process (IPP), for which we can 
form the birth and death process. Calling pf the probability of being in occupancy 
state k for the stream D, and similarly for stream A, and calling 1/"( the mean time 
that the alternate route stream is "on" (is contributing) and 1/00 the mean time that 
it is "off," we have the following equations for k = 0,1, ... ,S-I: 

ADPf-l + (k+ 1) .... pf+l = ( .... k + AD + oo)pf - 'YPt (11) 

( 12) 

with initial conditions at k = 0 

.... p1 + oopg = ('Y + AD + AA)P~, .... pf + 'YP~ = (AD + oo)pg (13) 

and normalizing conditions 
s 
~pf=l-p, 

1=0 

s 
~p: = p, 

1=0 
p = 

«(a) + 'Y) 
(14) 

where p is the probability that the external stream is a contributing one. The solu
tion of these equations is straightforward by taking their z-transform. Numerically, . 
however, it is better to use a recursive technique [3]. The only param.eters not 
known directly in the above system are 'Y and (a). Thinking heuristically again, one 
expects these on- and off-times to be proportional to the relative intensities of the 
merged streams, so that 'Y = ADi(AD + AA) and (a) = AA/(AD + AA). 

It would be interesting to investigate the worth of complicating the model any 
further. A possible enrichment, potentially beneficial according to [4], will be to 
increase the number of component IPP's which model the inflowing traffic streams. 
However, since augmenting the D SPP will increase the computational load on an 
already complicated algorithm, it should be clear that only a significant improve
ment in accuracy will justify such an action. 

2.5 Split Coefficients Update 

A fter determining s· for the direct link using first-passage times statistics the prob-
'lem arises of how to update the split coefficients for the whole cluster. Instead of 
carrying out an expectedly burdensome analysis to figure out exactly what happens 
in the alternate paths, we used a simple sche~e for updating the split coefficients: 
from the old '!Pn~9rmalized split coefficient s· for the link under consideration and 
the new one s we calculate 

(15) 

Then, the (possibly negative) increment 8; for each alternate path i can be written 
as 

S ~n) , 
8; = 8D ----~ sJn) 

jEPf-D 

( 16) 

Le., the split coefficients on the alternate routes are updated proportionally with 
their existing values since the last time the direct link has been considered. Finally, 
the carried traffics on the cluster are given by (1 - bJD)A:;S)~+l). _ 
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3. ALGORITHM DESCRIPTION 

3,1 Algorithm Statement 

STEP 1: Form database (or file system) with all external information: 
network topology, node connections (sets Pt and vector a.;), alternate routes sets and 
point-point offered traffic, 

STEP 2: For each direct node-pair J, in order of decreasing degree: 
--get offered load statistics from database 
--identify all contributor and recipient nodes from database 
--get offered load from all nodes contacting either end of J 
--find total offered traffic statistics 
--solve the DSPP and find first-passage times for all states 
--compute blocking on direct link 

f d ·(11+1) f d' I' k ' f' .. . -- In s or uect In uSIng Irst-passage (l~mes statIstIcs 
--get the (old) unnormalized split coefficient s • for J 

I, d I' ff' . .(11) h . --get norma Ize sp It coe IClents si for pat s In alternate routes 
--update split coefficients and carried traffics for cluster 
--write new values in database (or files) 

STEP 3: Check convergence: 1l2.(m+1) - l2.(m)~ < tolerance? 
If yes, terminate; otherwise, go to STEP 2 

END 

3.2 Computational Issues 

From the analysis so far it is clear that the system of equations which yields the 
steady-state blocking probabilities constitutes a continuous mapping from the com- , 
pact convex set [0, 1] to itself, (where L is the number of direct links), and there
fore, by Brouwer's theorem [5], has a fixed point. It is unclear, however, whether 
the computed fixed point is unique. According to [6] it most probably will not be. 
Furthermore, there arises the matter of investigating the nature of each fixed point 
with respect to stability. 

The algorithm is basically a Gauss-Seidel type of technique, where each link is 
examined according to a predetermined sequence and each intermediate result is 
immediately available for further computations. It is reasonable to expect that the 
order in which the links are examined can play some, perhaps significant, role in 
the speed of convergence toward the final solution. Even though no results appear , 
to exist on this issue, a reasonable thing to do is to order the node pairs by decreas
ing degree (num ber of attached links), The logic behind this proposition is that the 
higher degree node pairs will update a larger number of link blockings each time. 

It should be mentioned further that the computations for the location of a fixed 
point can also be performed in an asynchronous, distributed ("chaotic") manner,. 
where each node has access to information regarding only neighboring nodes. The 
convergence of such a scheme, however, has to be demonstrated. This can perhaps 
be achieved by using the result from [7] which establishes that if the centralized ver
sion of an algorithm converges, so will its distributed one, provided there is reliable , 
and appropriate communication between the component parts. Such a distributed 
type of computation could be used to predict or assess the ,performance of SDR on- ' 
line an'd suitable actions can be taken to correct for anticipated undesirable situa
tions. 

3.4A.1,6 



ITe 12 Torino, June 1988 

4. CONCLUDING REMARKS 

We have presented a new methodology for the performance analysis of circuit
switched networks with state-dependent routing with applications to network design 
and administration. The main points and novelties of the methodology start with a 
link-oriented approach, where the attention is focuse~ on one link at the time, con
sidering the rest of the network as a single source of traffic. Then, the split coeffi
cients are introduced to quantify the percentage of usage each path undergoes in the 
alternate routes cluster (which includes the direct link) over a long time interval. 
A simple version of the doubly stochastic Poisson process was used to model the 

. traffic on each link and a relation .of its statistics with the split coefficients has been 
heuristically established. Since the split coefficients essentially convert dynamic 
routing into a relatively long-time equivalent fixed one, it has been possible to use 
the powerful fixed point theorem to show that the resulting system of nonlinear 
equations has a solution. Another advantage of this approach lies in the fact that if 
a distributed asynchronous scheme is adopted for the same calculations, the perfor
mance of an operating network can be monitored on-line by processing real-time 
measurements. It is also worth noting that this methodology is directly applicable 
to other routing schemes as soon as a suitable way to calculate the associated split 
coefficients is devised. 
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