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In many applications arising from computer operating systems, telecommunication 
switching systems, and production processes a resource is required to handle two or 
more tasks. Such systems can be analyzed by a cyclic service queueing model 
consisting of a single server that visits two or more queues according to a hybrid N
policyff-Policy schedule. Explicit formulae for the average waiting time, the average 
cycle time and the penalty rate are provided for the case where the service times are 
sufficiently short relative to the interarrival times that they can be accurately 
approximated as zero. 

1. INTRODUCTION 

This paper addresses the analysis and optimization of schedules of resources that are required to 
process two or more tasks requiring very short service times. Specifically by restricting 
consideration only to systems with service times sufficiently short relative to the interarrival 
times of the tasks that they can be accurately approximated as zero it is possible to obtained 
closed form expressions for complex schedules that would be intractable otherwise. 

This model arises in many applications in communication switching systems and computer 
operating systems. Here, the resource may represent a processor and the tasks may represent 
different traffic classes corresponding to queries or messages requiring either different databases 
or different application programs [1], [2]. In a production management setting, the resource may 
correspond to the production time in a manufacturing facility and the tasks correspond to jobs 
arriving to different production processes. In a typical scenario, a single machine is fabricating a 
number of different parts. When a production run of a particular part is completed the machine is 
set-up for a production run of another part [3], [4]. Monitoring of distributed 
communication/computer systems represents another setting for this model [5],[6]. Here, the 
customers correspond to failures occurring in the devices and the single server corresponds to the 
test processor which cyclically checks the devices for possible failures. 

Such systems have been previously analyzed using a cyclic service queueing model consisting of 
a single server that visits two or more queues according to a pre-specified schedule. The 
interarrivals to the queues are assumed to be exponentially distributed, the service times are 
assumed to have a probability density function of a arbitrary form and changeover times, i.e., the 
time required to stop serving one queue and begin serving another are assumed to be 
deterministic. 

Considerable research has been devoted to the cyclic service queueing models. The analysis has 
followed either an integrated approach or a decomposition approach. The integrated approach 
entails analyzing a multidimensional random walk which, even in the simple setting of a two 
queue model, necessitates the solution of a Riemann-Hilbert boundary value problem (see e.g., 
[7]). In a more complicated setting no closed formed solution is known. The 'decomposition 
approach approximates the solution using a vacation model. For this single server single queue 
model, the server either serves a queue or is unavailable (or lion vacation") to serve the queue. 
When the server is unavailable it is serving other queues. Such an approach has been successful 
for several specific schedules, e.g, [8], [9], [10], [11], and recently was used to analyze a broad 
class of new schedules - the Bernoulli schedules [2], [11]. 

The N-Policy and the T-policy have been previously studied in the context of of a vacation 
models by Heyman [11], [13], Levy and Yechiali [14], Yadin and Naor [15], and Sobel [16]. In 
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the context of two queues the N-policy schedule specifies that the server does not leave queue i 
until Ni customers are present in the other queue (where NI and N2 are pre-specified constants). 
Alternatively, the T -policy schedule specifies that the server does not leave queue i until Ti 
amount of time has past. Heyman [15]) demonstrates that the ·optimal N-policy does better than 
all T-policies. Gersht and Marbukh [17] considered a two queue N-policy schedule and a variant 
of aT-policy in which the time the server spends in each queue is the time required to exhaust the 
queue plus the time for an additional prespecifioo number of customers to arrive. They found an 
expression for the expected waiting time for the case where the changeover time is randomly 
distributed and evaluated this expression in the limit as the service time converges to zero. They 
demonstrated that the insertation of these "forced idle" periods can result in improved 
performance. 

This this paper an analytical expression for the waiting time of hybrid N-policyff -policy 
schedules is found for two queue systems with zero service times. In the remainder of this paper 
particular schedules are discussed as special cases of this schedule. 

A more complete treatment of the analysis and optimization of hybrid N-policyff-policy 
schedules can be found in [18]. 

2. HYBRID N- POLICY/T-POLICY SCHEDULE 

Assume that customers arrive to the queue i, i=I,2 according to a Poisson process with rate Ai, 
the service time of both queues is 0 and the changeover time for queue i, i = 1 and 2, (Le., the 
required to stop serving queue i and begin serving queue 3-i) is deterministic and equal to Di. 
In addition, we denote 

hi - the cost of waiting in queue i per customer and per unit of time ($/unit time); 
Ai - the penalty cost ($) a'ssociated with changeover from queue i to the queue 3-i; 
Wi - the expected total wait of queue i customers; 

The decision variables for the schedule are: 

Ni - the prespecified number of waiting customers in queue i required before a 
changeover takes place; 

Ti - the prespecified time required to wait in queue i and serve customers as they 
arrive before a changeover takes place. 

Given the values of the scheduling parameters NI, N2, Tl, and T2, the system will repetitively 
follow a cycle made up of six phases illustrated in Figure 1: 

N1'·-··-·~·······-·····---·--··--·---·-·--·----------·-.----.... --.. -.--- - -.-- -

I Queue 1 I 

IphoseIL .. ~o .. _~ __ . ____ ._.~b._._ ... _ .. __ ._~--=.C--.. I-._.d~_ .. _~_._ .. __ ~e. ___ .. ___ ! .. --.• -.~ .. -

Figure 1. A typical realization of the hybrid N- policy / T- policy. 
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phase a- Stop serving queue 2, take a (deterministic) changeover time of duration 02, 
and begin serving queue 1. 

phase b- In zero time, serve queue 1 exhaustively; wait T 1 (serving type 1 customers 
as they arrive). 

phase c- If the number of type 2 customers is less than N2 then wait until there are N2 
type 2 customers (serving type 1 customers as they ~ve); otherwise instantaneously proceed to 
phase d . 

. phase d- Stop serving queue 1, take a (detenninistic) changeover time of duration 01, 
and begin serving queue 2. 

phase e- In zero time, serve queue 2 exhaustively; wait T2 (serving type 2 customers as 
they arrive). 

phase f- If the number of type 1 customers is less than NI then wait until there are NI 
type 1 customers (serving type 1 customers as they arrive) and then proceed to phase a; 
otherwise instantaneously proceed to phase a. 

It has been shown [18] that the expected waiting time of type i customers during a cycle, for i =1 
and 2, is given by 

W1 = .5A1 (01+ D2 + T2)2 - A1(01+ T2) 02 P1(N1-1) 

+[.5(N1-l)A1-1 +02]N1P1(N1) -.5A1 (01+T2)2P1(Nl-2), (2.1) 

W2 = .5A2 (02+ 01 + T1)2 - A2(02+ T1) D1 P2(N2-1) 

+ [.5(N2 - 1)A2-1 + 01] N2 P2(N2) '-.5 A2 (02+ T1)2 P2( N2-2), (2.2) 

respectively, where 

Pi(n) = L exp( -Ai {Oi + T3-i} )(Ai(Oi + T3-i»J / j! . 
jSn 

The average cycle time, i.e., the average time between the beginning of two consecutive phase 
a's is given by 

C = 02 + T1 + P2(N2-1) N2fA2 - (02+ T1) P2(N2-2) + 01 + T2 + PI 

(NI-I) NI )1A1 - (D1+ T2) P1(Nl-2). 
(2.3) 

The cyclic service queue form a regenerative process with a regeneration point at the beginning of 
each cycle. From Ross [19] the average cost per unit time is 

_ E[cost during a cycle] 
r(TbT2,NJ,N2) - E[cycle time] . 

which, for the problem considered in this paper, is 

(2.4) 

The function r(T1,T2,NbN2) serves as a metric for comparison of different schedules. In 
general r(T1,T2,N1,N2) is hard to optimize in closed form. However, for several special cases 
of interest explicit analytical optimization is possible. 
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3. T-POLICY SCHEDULES 

In this section we will consider the special case of a pure T-policy. Here NI = N2 =0 so PI (N2-
2) = Pl(N2-1) = P2(NI-2) = P2(Nl-l) = 0. 

CASE a: The Exhaustive Service Schedule 

For this schedule the server serves all customers at queue 1 instantaneously, after D1 seconds 
serves all customers at queue 2 instantaneously and then after D2 seconds repeats the cycle. This 
schedule with general service times has been previously examined, .e.g., [1], [8], [9], [10]. 
Here NI = N2 = T1 = T2 =0 so, from (2.1)-(2.4), 

(3.1) 

In this case there are no decision variables: all the parameters are fixed and thus r(O,O,O,O) 
represents the expected cost rate for the exhaustive service schedule. 

CASE b: A T-policy Schedule 

For this schedule the server serves all customers at queue 1 instantaneously, stays at queue 1 for 
T 1 seconds serving type 1 customers as they alrive, takes D 1 seconds to go to queue 2, serves 
all customers at queue 2 instantaneously , stays at queue 2 for T2 seconds serving type 2 
customers as they arrive, takes D2 seconds to go to queue 1 and then repeats the cycle. This 
schedule with general service times has been proposed and examined in the context of a single 
queue by Heyman [13]. 

From (2.1)-(2.4), 

(3.2) 

Note that the function r(Tl , T2,O,O) is convex in Tl and T2 and hence can be optimized using 
classical optimization methods [ 18]. 

In the case of zero changeover times, i.e., Dl = D2 = ° it can be shown [18] that (3.2) simplifies 
to 

(3.3) 

and is minimized at 

(3.4) 

for i = 1 and 2. 

CASE c: Random T-policy. 

Consider aT-policy where the parameters Ti are random variables with positive variance and the 
changeover time is zero. In this case one can show that 

(3.5) 
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From (3.4) and (3.5) one sees that the cost function for the deterministic T -policy is a strictly 
lower than the cost function of the strictly random T-policy. 

CASE d: Gersht and Marbukh T -Policy Variant 

Gersht and Marbukh [17] considered the following schedule: Serve queue 1 exhaustively. Upon 
the exhaustion of queue 1 start serving queue 2 only after M 1 type 1 customers have arrived and 
have been served. When at queue 2 serve it exhaustively. Upon the exhaustion of queue 2 start 
serving queue 1 again only after M2 type 2 customers have arrived and have been served. 

An important advantage of this schedule is that its implements requires only counters and local 
information. Its analysis can be made in the the context of this paper by noting that this schedule 
is special case of a random T-policy with Ti has an Erlang distribution with rate Ai and Mi 
stages. 

4. N-POLICY SCHEDULES 

CASE e: Two queue N-policy with changeover times 

Consider the following schedule: Choose two integers NI and N2. Serve queue 1 exhaustively. 
If, upon the exhaustion of queue 1, queue 2 has N2 or more customers then take a 
(deterministic) changeover time Dl and start serving queue 2. Else, wait at queue 1 serving type 
1 customers as they arrive and then take a changeover time Dl just after the N2th type 2 
customer arrives. When at queue 2 serve it exhaustively. If, upon the exhaustion of queue 2 , 
queue 1 has NI or more customers then take a (deterministic) changeover time D 1 and start 
serving queue 1 again. Else, wait at queue 2 serving type 2 customers as they arrive and then 
take a changeover time D2 just after the NI th type 1 customer arrives and start serving queue 1 
again. 

This schedule corresponds to T 1 = T 2 = 0 and (2.1) '- (2.3) simplify to 

and 

where 

W2 = .5A2 (Dl + D2 )2 - A2Dl D2 P2(N2-1) + [ .5(N2 - I)A2-1 + Dl )] N2 P2(N2) 

- 5 A2 D22 P2( N2-2), 
(4.1) 

,Wl =.5A l (Dl+D2)2- AIDl D2 Pl(Nl-l)+[.5(Nl- l )Al-l +D2)] NlPl(Nl) 

-.5 AIDl2 Pl( Nl-2), 
(4.2) 

C = D2 + L P2(n) (N2 - n)/A2 + Dl + LPI(n) (N 1 - n)!Al (4.3) 
~2-1 n~1-1 

The cost function is 

(4.4) 

The following two special cases, the triggered cycle schedule and the N-Type policy with zero 
changeover, are of interest in their own right and can be analyzed in more detail. 
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CASE f: The Triggered Cycle Schedule 

Suppose Tl = T2 = 0 and NI = N2 = 1. This model was examined for non-zero service times by 

Luh and Hoitomt [4]. Note that Pi(l) = (1+A,iDi)Pi(O) and Pi(-I) = 0 for i = 1 and 2 so from 
(4.1)-(4.4), 

.5(hlA,l+h2).,2) (Dl+D2)2 + h2D IP2(0) + hlD2Pl(O) + A 1+ A2 
r(I,I,C) = (4.5) 

D2 + P2(O)/)"2 + Dl + PI (O)/A,l 

One can show [18] that the cost function for the trigger cycle schedule is not always lower that of 
the exhaustive service schedule. 

CASE g: N-policy schedule with zero changeover times 

If the changeover time of the N-Type policy is zero, Le., Dl = D2 = T 1 = T 2 =0, then for i = 1 
and 2, Pi(n) = 0 if n;tO , Pi(O) = 1 and Pi(Ni) = 1 for all Ni ~ O. Hence, from (4.1)- (4.4), 

r(NbN2) = .5h 1(N1-1)N1/A,t + .5h2(N2-1)N2/Az + (At + A2) 

(N t/A,t) + (N2/A,2) 
(4.6) 

and the optimal value of NI and N2 can be easily found using classical methods. In [18] it is also 
shown that the optimal N-policy is always better than the optimal T- policy. 

5. CONCLUDING REMARKS 

In this paper we analyzed the scheduling of a single server two queue system with service times 
of sufficiently short duration that they can be accurately approximated by zero. The expected 
waiting time and expected long run average cost per unit time was found for the hybrid N
policyff-policy schedule. Special cases of this schedule were also optimized analytically. 
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