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Abstract 

A translation from German to English of Conny Palm's classical thesis, 
made by Christian Jacobaeus, is now available. The title is "Intensity 
Variations in Telephone Traffic". 

Palm's thesis is very rich of ideas and contains many interesting 
and thorough discussions of a number of important problems. The 
probabilistic argumentation and the mathematical treatment are gene
rally very sh~rp ' and instructive. Especially interesting are the 
general basic assumptions introduced by Palm. 

Some of the ideas of Palm wilL be discussed in this paper, and also, 
briefLy, some aLternative approaches, that have appeared in the 
Literature. EspeciaLLy an approach by the author wiLL be described, 
and a~ example, using this approach, will be given. 

1. INTRODUCTION 

Just in time for this twelfth international teletraffic congress a ·translation 
into English of Conny Palm's classical thesis is available. The thesis was 
published in 1943, written in the German language, with the title "Intensitats
schwankungen im Fernsprechverkehr" (1). The English titLe is "Intensity Varia
tions in TeLephone Traffic" (2). The translation has been made by Christian 
Jacobaeus. Now, unfortunateLy, this great personality, a very weLL-known and 
most respected representative of teletraffic science, has left us - Jacobaeus 
died in January 1988. It is an admirabLe contribution to teLetraffic research 
Jacobaeus has performed by undertaking this comprehensive and intricate task 
and he has carried it through in spite of his health being bad during the Last 
years. 

Palm's thesis was written more than four decades ago. CouLd such an oLd work 
be of any interest for the traffic researchers of today? In my opinion the 
answer is yes: it can stilL be strongly recommended for study. This is so because 
the thesis is so rich of ideas and contains so many interesting and deep-going 
discussions and because of the generally very sharp and cLear mathemat~cal 
treatment. Of course there has been a very comprehensive and most interesting 
deveLopment in traffic theory and its appLications - and in the generaL theory 
of stochastic processes - since this thesis was written. NaturaLly, then, PaLm's 
work may sometimes need an "elucidation" based on later achievements. 

In traffic theory basic assumptions concern the input processes and the service 
times and a model of the service system. The system is generally a network 
serving end-users. It could be, for example, a dedicated wide area packet-switch
ed computer communication network, a local area network, or - of greatest in
terest - an integrated services digital network offering different services 
to its end-users. Often components in such a network are treated separately, 
e g a processor system controlling an SPC-exchange. The traffic theoretical 
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modelling aims at evaluating the performance quality of such service systems, 
e g computing blocking probabilities and distributions of delay-times. Ideally 
one wants to optimize the whole network, for example minimize the cost of the 
network for given requirements on different performance measures. The .optimi
zation should be done with regard to different parameters of the netwb~k, such 
as the topological structure, routing procedures, capacity assignments to nodes 
and transmission links. One also wants to include in the optimization, adapta
tion systems, which shall respond as well as possible in terms of performance 
to possible, sporadically occurring, overload situations due to excessive traffic 
for some reason, or due to failures in the system. Further, as the network 
shall provide service for some planning period, during which types and amounts 
of service demands can only be foreseen with different degrees of uncertainty 
(or may even be totally unforeseen), the whole system shall be robust against 
such uncertainties, pointing to a build-up based on flexible modules. Such 
global optimizations are the uLtimate goals of traffic theoretical investiga
tions and, of course, provide extremely complicated problems. 

It is to be expected that the continued progress in traffic research, as in 
other sciences, will take place in steps. One investigates parts of the global 
problems, gradually increasing the knowledge and understanding of different 
problems. The knowledge of subproblems then can be expected to be used as buil
ding-stones in the treat~e~t of more global problems. 

It is natural that traffic theory development has been and will continue to 
be driven by the technological development. Palm, of course, had in mind pure 
telephone traffic applications, so in that respect, his work might not be so 
exciting nowadays. However, with regard to the basic assumptions on the input 
process and the service times, especially the input process, he used a very 
general approach. 

In the following discussion we will use the general terminology for stochastic 
service systems, i e we talk of customers arriving to the service system, of 
interarrival times between successive customers and of service times. The custo
mers and the service times may be, e g, packets and transmission times, respec
tively, in a packet-switching computer communication network, or the customers 
may be jobs arriving to a computer system and the service times execution times 
on the different resources of that computer system. Palm's system was a selector 
stage in a telephone system, the customers were telephone calls and the service 
times were hoLding times on the devices of the seLector stage (the holding 
times couLd consist mainLy of conversation times if conversation-carrying de
vices were considered, or functioning times on registers, for exampLe). 

Traffic research was aLready when Palm worked with his thesis rather extensive, 
building on the pioneering work of the founder of this research, A K ErLang. 
Regarding the basic assumptions on interarrivaL times and service times the 
early traffic research worked with the assumption that all times were indepen
dent of one another and that they followed exponential distributions. Rather 
early one generaLized, especially by aLlowing the service times to have an 
arbitrary distribution - see Palm himself (in other works), ~ollaczek, Khinchin, 
to mention some prominent researchers - but one kept the complete independence 
assumption. In the very extensive research up to now the great majority of 
works stiLL uses the complete independence assumption. This is quite natural 
because new complex systems of greatest interest have been treated and it is 
certainly reasonable to start with simple assumptions regarding the stochastic 
elements, in order to build up knowLedge of the performance characteristics 
of the new systems. As examples of the many different extensions of traffic 
theory we can mention the development of queueing theory to deal with time-
sharing and priority systems, queueing network theory, the modeLLing of random 
access systems etc. Palm works with much more general assumptions concerning 
the stochastic elements, so in that respect his investigations could stilL 
be said to be in the front of t~affic research. 
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This paper will discuss some of the ideas of Palm. Further will be given a 
brief discussion on other approaches to generalize on basic assumptions - several 
such generalizations have appeared since Palm wrote his thesis. Especially 
will be mentioned some research of my own with anothe~ generalization approach 
than Palm's. A new analysis from this research will also be presented~·. 

2. POINT PROCESSES 

Chapter 2 of Palm's thesis develops a theory of point processes, which is very 
interesting to read. In fact Palm must be considered to be pioneer in point 
process theory. This theory - as well as the general theory of stochastic pro
cesses - has shown a strong development during the last 40 years. Regarding 
point process theory there is an excellent book to consult for applied research 
work within this area, namely the book by Cox and Isham (3). We refer to -this 
book for important references in the development of point process theory. 

Point process theory deals with the random occurrence of points along a time 
axis or in some region of space. We confine ourselves, as Palm did, to point 
processes where the points represent arrivals of customers along a time axis, 
the interarrival times are positive continuous random variables and multiple 
occurrences are excluded. Such a point process can be defined in terms of a 
complete intensity function or by an interval specification or by a counting 
specification (compare with the simple ordinary Poisson process). 

Palm started with the interval specification. Let T denote the interarrival 
n 

time between the (n-1)th and the nth customer arriving to the system considered, 
customers being numbered in the order they arrive. Palm looked at the stochastic 
process (T ; n = .. , -1, 0, 1, •• ) in discrete "time" n (we will write (T ) for n . n 
simplicity). He assumed (Tn) to be a strictly stationary process, i e all finite 

dimensional distributions of (Tn) were assumed to be independent of arbitrary 

translations in the discrete "time". Then the marginal distribution function 
of an interval is the same for all intervals, say A(t) = P(Tn ~ t) (n = •• , 
-1, 0, 1 •• ). We denote the corresponding frequency function aCt) = dA(t)/dt. 

Palm introduced the concept of equilibrium points for point processes. An equi-
librium point is a point of time, where the future development of the process 
is independent of the development up to that point. Of course he discussed 
the ordinary Poisson process, where every point of time is an equilibrium point 
- he called this the definite process. He further introduced the renewaL pro
cess, where all intervals are independent of one another. He called this a 
point process with limited after-effect. Here every point of time where an 
arrival occurs is an equilibrium point. Such a process can, of course, be com
pLetely described using only the distribution function ACt). 

The concept of equiLibrium points has been extremely useful in Later develop
ments of traffic theory. UsualLy the concept has been used for more compLicated 
processes, for exampLe for a process describing number of customers in a system, 
which is derived from component processes representing interarrival times and 
service times. An exampLe of this will be given later in this paper. 

Of course some care must be exercised when one works with the interval speci
fication of an arrival process and discusses stationarity concepts. Palm is 
obviousLy aware of this, but it couLd be recommended to consult newer Literature 
to get a clear grasp of those problems. Reference is made to the book by Cox 
and Isham mentioned above, and for the later development of renewal theory 
to the book by Cox (4). However, Palm generally intends to treat traffic prob
Lems, where the arrivaL process is a component process, the process of service 
time being the other component process, and those interplay with the system 
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considered. He further mostly intends to treat those traffic problems directly 
in statistical equilibrium. Then it is quite natural to use the interval speci
fication for the arrival process. This is demonstrated quite clearly in Chapter 
4 of his thesis, where he shows how to solve a very general problem, n~mely 
to determine the blocking probability in statistical equilibrium for a full 
availability group in loss system, where the service times are independent 
of one another and of the arrival process, all service times following one 
and the same exponential distribution, but where the arrival process is such 
a general stationary point process as described. He further specialize this 
to the case, where the arrival process is an arbitrary renewal process. This 
later case is thoroughly treated also in Chapter 3 of the thesis, where several 
interesting problems are treated. As mostly in the work the probabilistic argu
ment and the mathematical treatment is very clear and instructive. Especially 
interesting is the treatment of overflow processes and the demonstration of 
the concept of convergence to so called pointwise clustering, introduced by 
Palm in Chapter 2. 

Another important problem treated by Palm, in Chapter 2, concerns the superposi
tion of point processes. He was first to indicate that, under certain condi
tions, the superposition of a number of independent component point processes, 
as that number tends to infinity, will lead to an ordinary Poisson process. 
In this problem area there" are several later investigations to study, see the 
book by Cox and Isham and the references there. 

3. SLOW INTENSITY VARIATIONS 

The ideas and investigations in Palm's thesis described above are as interesting 
as the main theory he presents, which is a theory on random traffic modified 
by slow intensity variations. Palm performs an argument in Chapter 5 based 
on conditions for pure random traffic and stationarity assumptions, regarding 
the variations in intensity, which leads to the approach that one could use 
all results on traffic quantities known to be valid for pure random traffic 
and via so called integrated traffic functions arrive at the corresponding 
results for these traffic quantities valid for the case where the traffic ex
hibits slow variations. He uses an intensity distribution function G(x) = 
P(intensity < x). If one then has, in the case of pure random traffic with 
intensity x,-a result F(x) for a traffic quantity which ~epresents a time mean 
value, then the corresponding traffic quantity becomes .r F(x)dG(x). If one 
has, in the case of pure random traffic with intensity x~ a result f(x) for 
a traffic quantity, which represents a call mean value, then the corresponding 
traffic quantity becomes rxf(x)dG(x). As an example the time congestion be
comes ~E (sx)dG(x) and th~ call congestion (~o xE (sx)dG(x»/y for a full 

o n n 
availability group in loss system with n service stations. Here s is the mean 
service time, y is the mean of the arrival intensity and En(sx) is Erlang's 

formula for loss systems for n service stations and offered traffic sx. A 
thorough discussion on such integrated traffic functions is given in Chapter 6. 

In Chapter 7 Palm treats another approach, where he generalizes the pure random 
traffic case to the case where the arrival intensity is a known function of 
time. This he calls the case with fast intensity variations. Especially he 
gives the general time-dependent solution for number of customers in the system 
in the case of an infinite number of service stations. He further gives a deep
going discussion of this case and the relation between fast and slow intensity 
variations and argues from this on the plausibility of using the theory of 
slow variations. 

In Chapter 8 Palm discusses superposition problems, introduces the concept 
of traffic 'classes, and suggests the use of two parametric models to describe 
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intensity variations, which lead to parametric models for the marginal distri
butions of the interarrival time and of the time to next arrival, counted from 
a randomly chosen point of time. The two parametric cases are called normal 
form 1 and 2. Normal form 2 is a more general case, including normal form 1 
as a limiting case. Chapter 9 contains a detailed investigation of th~ ' proper
ties ~f traffic flows in normal forms 1 and 2. Chapter 10 contains an inter
esting general discussion on how to perform computations of intensity varia
tions from measurement results. 

In the last chapters of the thesis, Chapters 11-14, is given a detailed report 
on extensive measurements performed to test the possibilities of representing 
a real traffic flow with the mathematical model developed. The measurement 
equipment is carefully described in Chapter 11 - this is interesting to read 
from a historical point of view. 

In Chapters 12-13 methods to treat the observation material and measurement 
accuracy problems are dealt with. The results here are then applied to the 
observations in Chapter 14 and conclusions are drawn. There has been an exten
sive development of hypothesis testing and estimation methods in connection 
with statistical observations on stochastic processes, since Palm wrote his 
thesis. Still it is very interesting and instructive to read Palm's thorough 
treatment of these problems. I think he shows a very practically sound way 
'of treating his observation material. Palm's conclusion is that his model 
gives a good description of the measurement results. 

4. OTHER APPROACHES . 

There have appeared several works which generalize on basic assumptions concer
ning arrival processes and/or service times. A few will be mentioned here. 

Benes has presented a very general treatment of the single server system (5). 
Neuts (6) and others generalize the classical queueing models using semi-Markov 
processes. Another type of generalizations is given by Franken and his colleagues 
(7). Their approach is to treat the queueing processes as general stationary 
"marked" point processes. Still another approach is to deal with queueing prob
lems by using martingale theory. We refer to Bremaud's book (8). Myskja has 
treated traffic theoretical problems with the same assumptions as Palm, using 
the concept of slow variations in arrival intensity (9). 

Another approach to generalize classical independence assumptions is to introduce 
Markov-dependence in the arrival process and/or for the service times. This 
was done in a contribution to ITe 10 (10). 

5. STATIONARY MARKOV-DEPENDENT SEQUENCES 

In the class of general stationary processes of interarrival times introduced 
by Palm, there is a sub-class, which is rather tractable to use in traffic 
theoretical problems, namely the case, where (T) is a stationary Markov-de-

n 
pendent process in discrete "time" n. This sub-class was not considered by 
Palm. This process, of course, is much more general than the renewal process. 
We can also say in this case that the arrival process is modeled with a statio
nary Markov-dependent sequence. The process is completely characterized by 
the marginal distribution function A(t) and a conditional distribution function 
A(tty) = P (T < tfT 1 = y) n - n-

A stationary Markov-dependent sequence can also be used to describe service 
times, i e we have a sequence of service times (X ; n = --, -1, 0, 1, •• ), n 
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compLetely characterized by a marginaL distribution function B(x) = P(X < x) n-
and a conditionaL distribution function B(xty) = P(Xn.~ x {X n- 1 = y). The 

numbering of the service times, of course, must be determined. If a queueing 
syst~m with one service station is considered, it is naturaL to number " the 
service times in the order they are executed. If a queueing system with m pa
raLLe~ service stations is considered, we can number the service times in the 
order they are started. 

A simpLe assumption to make about the relations between interarrival times 
and service times is to folLow Palm and assume that the sequences (Tn) and 
(X ) are independent of one another. 

n 

A further simplifying assumption is to assume that one of the sequences is 
a sequence of independent times whiLe the other is a stationary Markov-depen
dent sequence. 

This cLass of problems was introduced in (10). In that paper was aLso treated 
in detail the queueing system with one service station, Poisson arrivals and 
a general stationary Markov-dependent sequence of service times during busy 
periods - it was assumed that there was a regeneration point in the process 
every time a busy period begins. In (11) the "dual" problem was treated, i e 
the queueing system with one service station, exponentially distributed service 
times and a general stationary Markov-dependent sequence of interarrival times. 
The deduced equation system in (11) is correct but the solution presented is 
not correct. The correct soLution for this probLem, in the case of a generaL 
discrete distribution for the interarrivaL times, has been presented in (12). 

6. WAITING TIME DISTRIBUTION FOR A FCFS SINGLE SERVER SYSTEM WITH POISSON 
ARRIVALS AND MARKOV-DEPENDENT SERVICE TIMES 

In this section a deduction wiLL be given, which provides a good example of 
how to generalize classical queueing theoreticaL analysis, if Markov-dependent 
sequences are involved. 

We consider one service station, to which customers are arriving according 
to a simple Poisson process, i e A(t) = 1 - exp(-]\t), where")\. = arrivaL in
tensity. The number of queueing positions is unlimited, and no customers Leave 
the system before having received service. The queueing discipline is FCFS 
(First-Come-First-Served), and we number the customers and their service times 
in the order customers arrive to the system. We treat the system in statistical 
equilibrium. The service times are independent of the arrival process, but 
generally dependent of one another. It is assumed that there is a regeneration 
point in the queueing process at every point of time, where a busy period is 
started. The first service time in a busy period is always drawn from the mar
ginal distribution, vaLid for all service times, given by B(x) or the correspond
ing frequency function b(x) = dB(x)/dx - we assume for simplicity that aLL 
service times are positive continuous random variables. The successive service 
times during a busy period form a stationary Markov-dependent sequence, comp
letely described by Sex) and S(xly). Here we aLso assume, for simpLicity, that 
there is a conditionaL frequency function b(xly) = dB(xly)/dx. 

It may be noted that we could consider a somewhat different model, where aLL 
service times form a stationary Markov-dependent sequence without regeneration 
at the beginning of busy periods. The analysis becomes almost the same, but 
the assumption of regeneration points gives a certain simpLification, which 
speciaLLy gives an astonishingLy simpLe expLicit formuLa for the mean waiting 
time in the case of Linear regression between successive service times during 
busy periods. 
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We will use the denotations: 

x= E (Xn~~2= Var(X n), ex = <Sx/x and p =?\T. 

We assume that p < 1. The following Laplace transforms will be used: . 

00 

(a) * b (B) = f 
o 

-ex e b(x)dx 

Because of stationarity we have 

(b) 

C>O 

b(x) = J b(x Iy)b(y)dy 
o 

00 

b * (Sly) = J e -9xb (x Iy)dx 
o 

Let W denote the waiting time for customer number n. We will study the vector 
n 

process (Wn, Xn). A little thought gives that (Wn, x ) is a two-dimensional 
n 

Markov process in discrete "time" n. If a unique equilibrium solution exists, 
then there is a two-dimensional distribution function F(w,x) = pew <w, X <x) 

~ rr-
(O<w<oo, O<x<oo). The distribution will be represented by the function f(w,x), 

defined by f(O,x)=dF(O,x)/dx(w=O, O<x<OO) and f(w,x)=d2F(w,x)/dwdx (O<w<~ 
O<x<",) • 

The distribution of W , of primary interest for us, is given by 
n 

( c) 

00 

few) = J f(w,x)dx 
o 

(O~w<OO) 

Observe that f(O) is a discrete probability, pew =0), while few) for O<w~s 
n a probabiLity density. 

The marginal distribution of X is given by b(x), so that 
n 

which we write 

(e) 

00 

b(x) = f(O,x) + f f(w,x)dw 
o 

00 

b ( x) = J f (w, x) dw 
0-

The following transforms will be used: 

( f) 

** (g) f (s,8) 

00 

* f -sw f (s,x) = e f(w,x)dw 
0-

-sW · -ex 
= E(e n e n) = 
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The transform for the marginal distribution of W is 
n 

* (h) f (s) 
-sW 

= E(e n) 

00 

S -sw '** = e f(w)dw = f (s,O) 
0-

If now an equilibrium solution for f(w,x) exists, then f(w,x) must satisfy 
the following system of equations: 

00 00 

(i) f(O,x) = i I f(v,y) e~A(V+Y)·b(x)dvdy (w=O) 
v=o- y=o 

f(w, xl = ! j f(v ,yl Ae - A.ev+y-wl bex Iyldvdy ew>O) 
v=o- y=max{O,w-v} 

(j) 

We apply the transform (f) to (i) - (j) 

00 
* ( -sw f (s,x) = f(O,x) +Je f(w,x)dw 

o 

For the integral in (k) one obtains, by changing the order of integration, 
and after some calculations: 

(L) 

00 -sw Se f(w,x)dw 
o [ 

00 (;)'0 

A ' -~(v+y) 
= - i f e f(v,y)b(x.l y)dvdy -

S-A v=o- y=O 

If we now insert (l) in (k) and let s tend to 0, we obtain, by use of (e), 
<f) and <b), 

c>O 00 

f(O,x) = Jr ~ e-~(v+Y)f(v,y)b(xly)dvdy 
vcO- y=O 

Thus, the right hand members of (i) and (m) are equal, which can be said to 
derive from the stationarity assumptions and the assumption about the equi
librium points. 

Now we insert (m) in (L), which is then inserted in (k), and we obtain: 

00 

* f -sy * (s-")f (s,x) = sf(O,x)-A e f (s,y) ·ttx \y)dy 
y=O 

From our basic assumptions we have f(O,x) = f(O)b(x), which is inserted in 
(n), which then is transformed with respect to x, so that we obtain, using 
(g), 

(0) 

OQ 

(s-~)f**(s,B) = Sf(O)b*(B)-"jI e-SYf*(s,y)b*(Bly)dy 
y=O 
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This equation is differentiated with respect to s. Letting then s and a tend 
to 0 we get, after som calculations, 

(p) f(O) = 1- P 
wh i ch- we knew beforehand. 

Inserting now (p) in (0), we get the general integral equation for determination 
** of the Laplace-Stieltjes transform f (s,9): 

(q) 
** f (s,8) 

** (s-I\)f (s,9) 

-sW -eX 
n n) = E(e e (n = .. -1,0,1, •• ) 

00 

* (-sy * * I = s(1-P)b (S)-I\je f (s,y)b (9 y)dy 
o 

** * * The classical case is a very special case of (q), where f (s,8) = f (s)b (9), 

f*(s,y) = f*(s)b(y), b*(9fy) = b*(9). If this is used in (q), one obtains the 
well-known Pollaczek-Khinchin transform equation. 

If we now assume that there is linear regression between X
n
-

1 
and X

n
' i e 

E(X Ix 1 = y) = by + (1-b)x, where 0_<b<1, we will obtain a very simple explicit n n-
formula for the mean waiting time W = E(W

n
). 

Equation (q) is differentiated with respect to sand 9, we let s and a tend 
to 0, and we obtain, after some calculations, 

( r) b62 = (1-b)(E(W X ) - ~W) 
x n n 

Then (q) is differentiated twice with respect to s and we let s tend to 0, 
obtaining: 

(s) 

The last two equations then give 

(t) px 1 +b 2 
W=---(1+-C) 

2(1-P) 1-b x 

which provides a simple generalization of the classical Pollaczek-Khinchin 
formula. 

The classical case implies b=O. If we put b=O in (t), we obtain, as expected, 
the classical formula. 

The result (t) is valid for all "ordinary" queueing disciplines. We must exclude 
more refined queueing disciplines, which by interruptions of service, so to 
speak, introduce an order in the service that favours short service requirements 
at the expense of long ones (for example Round Robin disciplines, Last-Come
First-Served-Preemptive disciplines). The integral equation (q), on the other 
hand, ;s only valid for the FCFS discipline. 
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