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The planned growth of networks is based upon a deterministic forecast of 
future demands. That is, most planning systems do not fully account for 
the uncertainty of the forecast. But, in fact, the load actually offered to 
the network will be either above or below the forecast. If the load is 
higher than predicted, we must either provide extra capacity at a · 
premium cost (if it can be obtained), or lose a portion of the extra 
revenue (and possibly customers). On the other hand, if the load is 
lower than predicted, we have capital invested in the network which ' is 
not being utilized. However, since revenues are generally larger than 
trunk costs, intuitio~ suggests that we should provide a certain amount of 
extra capacity in the network to allow , for forecast uncertainty. This 
paper analyzes the issue for the case of a single trunk group and presents 
models to determine how much extra capacity to provide. 

1. INTRODUCTION 

Traditionally, telecommunication networks are designed to carry a specified load 
and to satisfy a specified blocking objective. The appropriate number of trunks is 
determined using the Poisson formula, the Erlang B formula, Wilkinson's 
Equivalent Random method, or the Ne al-Wilkins'on tables. In general, the 
overriding objective is to minimize network cost while satisfying certain 
performance criteria. [1] 

The planned growth of networks is based upon a deterministic forecast of future 
demands. That is, most planning systems do not fully account for the uncertainty of 
the forecast. But, in fact, the load actually offered to the network will be either 
above or below the forecast. If the load is higher than predicted, we must either 
provide extra capacity at a premium cost (if it can be obtained), or lose a .portion of 
the extra revenue (and possibly customers). On the other hand, if the load is lower 
than predicted, we have capital invested in the network which is not being utilized. 
However, since revenues are generally larger than trunk costs, intuition suggests 
that we should provide a certain amount of extra capacity in the network to allow 
for forecast uncertainty. 

Previous work by Franks, et aI, [2] [3] and Coco, et aI, [4] characterized the 
relationship between trunk group utilization and service level as a function of 
forecast uncertainty. Moreland [5] used this work to quantify the value of different 
point-to-point traffic data sampling rates. Later work by Kashper, et al, [6] [7] 
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developed methods to determine trunk quantities which minimized the cost ' of 
capital, maintenance, and labor under forecast uncertainty, subject to a probabilistic 
constraint on the level of demand servicing. 

All of the above works minimize network costs subject to exogenous service 
constraints; trunk group revenue is not an explicit factor. In this paper, we use 
revenue as well as cost to determine the number of circuits which maximizes the 
economic return from each trunk group. 

2. BASIC MODEL 

We present our analysis for the case of the single trunk group. To determine the 
economic number of trunks, two costs need to be considered: 1) trunk cost, and 2) 
net revenue lost due to blocking. A greater number of trunks requires a higher 
trunking cost, and a smaller number causes a higher net revenue loss. The optimum . 
trunk size is the one that minimizes the sum of these two costs. 

The expected incremental economic return II( s) will be a function of the number of 
trunks s. 

II(s) = E{N'a'p[l-B(s,a)(l-R)] - c's} 

= N·a;·p - N'p(l-R)E{aB(s, a)} - C's 

where 

N = number of busy hours per year 

a = trunk group offered load (a random variable) 

a; = expected value of a 

p = average net revenue per hour 

s = number of trunks 

B( s, a) = Erlang B blocking formula 

R = retrial factor - proportion of blocked calls that eventually 
complete 

c = annual cost per trunk. 

Note that the expectation is taken with respect to a prediction of future demand. 
Il( s) does not include fixed costs or revenues ' from side hours. Furthermore, we 
assume a constant num ber of trunks over the entire year and neglect the fact that the 
number of busy hours Nwill be a function of the blocking level and offered load. 

We find that 
00 

II(s) = N'7i'p - N'p(l-R)! xB(s,x)dF(x) - C's, 
o 

where F( a) is the cumulative distribution function of the predicted offered load. 
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Setting the first derivative of II( 8) to zero gives 
00 

J dB{s x) 
-N·V(l-R) x ' dF(x) = c. 

o ds 
(1) 

Note that 

dB( s x) 
-x ds' ~ x[B(s-l,x) - B(s,x)]. 

The quantity a[B(s-l,a) - B(s,a)] is referred to as the load on the last trunk LLT 
and represents the amount of extra load which can be carried due to the addition of 
the last trunk. We should add another trunk as long as it can generate enough extra 
revenue to pay for itself. Thus, Equation (1) can be re-written as 

N·p(l-R)E{LLTs} = c. 

In economic terms, marginal revenue must equal marginal cost. 

The load-on-Iast-trunk approach has the added benefit of specifying an economic 
standard for any size load, provided the trunk group has the same cost, revenue, 
and seasonality characteristics. 

To determine the economic number of trunks, Equation (1) can be evaluated 
numerically using, for example; Simpson's Composite Algorithm [8]. 

In practice, the number of trunks must be a multiple of the module size m (usually 
12 or 24). Therefore, s should be the largest multiple of m such that 

Nop(l-R)E{LLTs} > c. 

As long as the expected annual net revenue gained from a trunk module exceeds the 
annual cost of that module, that module is profitable. 

The method can easily be generalized to accommodate peakedness and day-to-day 
variation. A similar model for the case of deterministic traffic demands was 
developed by Gunnarsson and Nivert [9]. 

3. EXTENSION 

The basic model described in the previous section is somewhat unrealistic. In 
particular, it assumes that.if the load exceeded capacity, we would not add more 
trunks and we would lose potential additional revenue for an entire year. We next 
modify our previous assumptions. 

If the network contains insufficient trunks to carry the actual load, we assume that 
we will lose revenue for N busy hours (presumably less than before), and then 
install the required ' number of trunks at an annualized premium cost c'. The 
number of trunks necessary to carry a specific load at a particular blocking level b is 
represented by the inverse function B- 1

( a, b). The annual cost of the ' unplanned 
trunks will be c'max[O,B- 1 (a, b)-s]. 
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As before, we wish to find the number of trunks s which maximizes our incremental 
expected economic return, 

IT(s) = E{N·a·p[l-B(s,a)(l-R)]- c·s - c'max[O,B-1(a,b)-s]} 

= E{N· a·p [l-B( s, a )(l-R)] - c·s} - E{c' max[O,B- 1( a, b )-s]}. 

. We note that the last term is nonzero and equal to c'[B-1(a,b)-s] with probability 
1 - F( a'), where B( s, a') = b. Therefore, taking the derivative, we arrive at 

N·p(l-R)E{LLTs} + c'[l-F(a')] = c. 

As before, N·p (l-R)E{LLTs} is the expected revenue gained by adding one more 
trunk. Note that 1 - F( a') is the probability of having to add more trunks. Thus, 
N·p(l-R)E{LLTs} + c' [l-F(a')] is the expected net benefit from adding the s'th 
trunk. Therefore, we conclude that we should put in just enough trunks such that 
the expected net benefit from adding the last trunk is equal to the cost of ordering 
that trunk, c. 
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