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This paper gives a transient analysis of blocking in Erlang's traffic model, the classic 
N-server model of a trunk group. Our results are asymptotic as N becomes large. 
We give expressions for E(t;N, -y) and R(t;N, -y), which are the blocking 
probabilities at time t where the system starts empty (for E) or full (for R), and N-y 
is the Poisson arrival rate. The results are based on the theory of large deviations 
and integral asymptotic expansions of Laplace transforms, and compare well with 
some exact (numerical) calculations. 

1. INTRODUCTION 

The Erlang traffic model is one of the oldest, most basic models in teletraffic. It is an MIMININ 
queue: the offered traffic is Poisson with rate ~ = N-y (this defines -y), service is provided by one 
of N trunks, holding times are LLd. exponentially distributed with mean 1, and blocked calls are 
lost, Le., there is no queueing. This model has been studied by Erlang [1], Takacs [2], Bene~ 
[3,4], Borovkov [5], Whitt [6], and Jagerman [7] among others, and yet no satisfactory 
expressions for the transient behavior has been produced. 

Much of the prior work has been aimed at the spectral expansions of E(t;N,-y) and R(t;N,-y), 
which are the probabilities of blocking time t starting respectively from all servers idle or all 
servers busy at time O. A spectral representation is a sum of N weighted exponentials in which 
the eigenvalues of the tridiagonal Markov generator appear in the exponents. Also, the work on 
diffu sion approximations does not seem to apply directly to these response functions. 

The approach taken here is quite different, as are the results obtained. The key to the present 
approach is the scaling; one scaling is where N, the number of trunks, and ~, the offered traffic 
rate, are simultaneously made large while their ratio -y = ~/N is held fIXed. This yields results 
with several novel aspects, including the universality and non-exponentiality of the obtained 
functions of time. A quick glance to Theorem 1 will show that, to leading order, E(t;N, -y) is 
given in terms of shifted, scaled versions of the basic function exp( - exp( -t». This function 
displays a cut-off phenomenon [8]; that is, most of the rise is concentrated in a relatively small 
neighborhood of t =0. 

The results are obtained from two complementary, distinct analytic approaches. The more 
traditional one starts with Laplace transforms of the time responses, represents these as integrals 
containing the large parameter N~ derives asymptotic expansions for these, and fmally inverts the 
terms in the expansion. The second approach examines events of interest. such as the one with 
all trunks busy. in the context of the theory of large deviations. This theory typically reveals a 
unique trajectory. or sample path, which is descriptive, with overwhelming probability, of the 
manner in which the event occurs. 

The results are simple in form and simple to derive. The latter surprising fact is due in part to 
the availahility of various mathematical methods which have been developed recently to address 
other problems. Integral asymptotics have been used for calculating various steady-state 
quantities, such as queue lengths in closed networks [9.10]. sojourn time distributions [11,12], 
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and blocking probabilities in circuit-switched networks [13]. The theory of large deviations has 
been developing over the past 20 years into a useful technique with many applications to traffic 
theory, see e. g., [14-17]. We have had to omit many proofs, details, and results from the 
present brief paper. The interested reader can fmd them in [23]. 

2. PRELIMINARIES 

We consider an M/M/N/N queue with arrival rate ~ = N-y, service rate 1 (of course no generality 
is lost here), and N servers. Defme 

ZN(t) = ~ (:# of busy servers at time t) 

E(t;N, -y) = P(ZN(t) = 1 1 ZN(O) = 0), R(t;N, -y) = P(ZN(t) = 11 ZN(O) = I). 

In this paper we will concentrate on E (t ;N, -y). Our results fall into the following three cases: 

1. Light traffic, -y < 1. 

2. Moderate traffic, -y = 1 + ..:iN, where a is fixed. 

3. Heavy traffic, -y> 1. 

For a function of time g (t), we write g(s) for the Laplace transform of g: g(s) = f e -Slg (t)dt. 
-x 

We write B (N, -y) for ErIang's loss function (see e.g., [4]), and note that 
limE (t ;N, -y) = B (N, -y). B o(N, -y) will represent an approximation to B (N, -y), specified in 
I-X 

context. We will give some representations for Bo(N, -y) in this paper; Jagerman [25] has studied 
approximations to B (N, -y) extensively. 

3. FIRST ORDER RESULTS 

3.1 Laplace Transform Asymptotics 

The first term in the asymptotic analysis is interesting enough to state separately. It is given in 
terms of the function 

Note that A (t) is a distribution function: A ~ 0, A (-x) = 0, A (x) = I, A is monotone increasing. 

Theorem 1. E(t+tt,N, -y) = Bo(N, -yHA (rt) + D(l/N)], where we have the following 
expressions for Bo(N, -y), r(-y), and tl(N, -y): 

-y Bo r tl 

-y=1 2 

'V>1 QC 

I N 
-log-
2 2 

log-1-
'V-I 

Note that as r approaches in fm ity , A (rr) approaches a step function. 

Theorem 2. In moderate traffic (-y = 1 + arv''N) 

E(t+tl;N, 'Y) = Bo(N, 'Y)(Eo(t;a) + D(II'VN» 

where we defme Eo(t; a) by its Laplace transform: 
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Eo(s;a) = r(s)W(O, a) _ 
2s/2W(s, a) 

Here r(·) is the gamma function, Wee, -) is the parabolic cylinder function ([18,19,11]): 
x ,,2 

---Cl" 1 Nil 
W(s, a) - fo e 2 vSdv; tl = log'Y + -2 log -2' Bo(N, 'Y) = ... r.;N 

v N 'YW(O, a) - • 
We have an explicit expression for Eo(t;a) only when a = 0 (see Theorem 1), but see Theorems 
7 and 8 for more information. However, it is straightforward to numerically invert Eo(s; a) 
([20,21]), since it is independent of N, and a great deal is known about its efficient evaluation 
since it is given in terms of classical functions. 

Theorem 3. Let Q(t, 'Y) denote the probability that an M/M/1 queue is empty at time t, given 
that it is empty at time 0, when the arrival rate is 1 and the service rate is 'Y. Then for each 
T>O, 

lim sup IR(t;N, 'Y) - Q(Nt, 'Y) 1= O. • 
N-x OStSrlN 

The following expression for Q (t, 'Y) is given, for example, in Feller [24]: 

t I (2V:; ) 
Q (t, 'Y) = 1 - f e - (1- "0.1' 1 'Y x dx 

o yr:yx 
where 11 ( .) is the modified Bessel function of order 1. 

3.2 Large Deviations 

Theorem 4. Define T· = QC if 'Y S 1; T· = log ~ if 'Y > 1. Then for t < T·, 
1'-1 

where 

and 

E(t;N, 'Y) = exp(-N!(t, 'Y) + o(N» 

1 

!(t,'Y) = - Kt-log 2'Y+ flog [V('Y-X)2+2K('Y+X)+K2 +'Y+X+K]dx 
o 

• et - 1 

Theorem 5. For each T < T· , define K (T) as above, and define 

rr( t) = 'Y(l - e - t) + K (e t - 1) . 

(Note rr(O) = 0, rr(n = 1.) Then 

lim lim P (sup IZN(t) - rr(t) I < £ IZN(n = 1) = 1. • 
(-0 N-x OSrsr 

That is, given that ZN(n = 1, the way the level is achieved is for ZN(t) to follow rT(t), a result 
reminiscent of a fluid approximation theorem. 

4. HIGHER ORDER RESULTS 

First order results are actually special cases of higher order results. Hence our proofs mainly 
concern the latter, and Theorems 1 and 2 are contained in the following theorems. 

Theorem 6. If 'Y < 1, then 
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E(t+tt;N. 'Y) = Bo [Eo(t;'Y) + ! Et(t;'Y) + 0 (~2 )] 

E o(t; 'Y) = A (t). Et (t; 'Y) = 'Y(1-'Y)2 A(t) (1 - ~~,) 

tl = 10gN(1-'Y) Bo = 1 ('Ye1-y)N (1- _1_). • 
'Y2TrN 12N 

ex 
If'Y = 1 + VN' then 

E(t+tt;N. 'Y) = Bo [Eo(t;O<) + .J.& Et(t;o<) + 0 (!)] 
where Eo(s; ex) and tl are given in Theorem 2, 

i ( . ) = - 1. i ( . ) [W(S +3, ex) _ W(3, ex) ] 
1 s,ex 3 0 s,ex W(s, ex) W(O, ex) , 

and Bo = ['Yv'N (W(O.o<) + ~~»)r. 
See Theorem 2 for the definition of W ( " '). • 

Again we have been unable to explicitly invert all tl!e Laplace transforms which appear in 
Theorem 7. However, the fast numerical inversion of El (s; ex) is straightforward ([20,21]). In 
the special case ex = ° (Le., 'Y = 1) we have obtained the explicit inverses; these are given next. 

Theorem 8. 

where 

x 

M~(x) !!! f e- u U- 1/2 (x+u)~du. 
o 

• 
The function M~(x) is related to the confluent hypergeometric function [18,19,22] OU(,,',') by 
the equation 

The computation of the integral for M ~(.) is efficiently done using Laguerre polynomials. 

Theorem 8 leads to the following approximation for E(t;N, 'Y) when 'Y = 1 + Vii and ex is 

small: 

Corollary: 

E (t+tt;N.l + VN ) =Bo.4(21+ - ; (;,. r\M 3/2(,,-21) -1) + 0< (! f\M1d e -
2t> -1». 

The errors are 0 (! ) + 0(0<2). 
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Theorem 9. If -y > 1 then 

E(t+tt;N. "'I) = Bo [1- ~ e!fc(Vf("'I- 1)(t-m») + 0 (~2)] 
where 

~ 

tl=log-L, m=- 3 Bo=.:L:!+l. 1 erfc(z) = ... ~fe-,2dt. _ 
-y-l 2(-y-l)2N ' -y N -y(-y-l) t v 11' I . 

S. DISCUSSION OF THE FIRST ORDER RESULTS 

Theorem 1 contains a great deal of qualitative information. It shows that the time where 
E(t;N, -y) is rising is essentially in a neighborhood of t}. The rate of rise is given by the 
coefficient r, and this goes from a low of 1 for light traffic to a high of oc for heavy traffic 
(actually Theorem 9 shows that the rate is of order Vii). Also, tl is larger for light traffic, but 
is never larger than 0 (logN). 

We have another numerical handle on the boundary layer via Theorem 4. The way to use this is 
to take an expression for E(oc;N, -y), either from Table 1, one of the theorems in Section 4, or 
the Erlang loss function, and note that 

E(t;N, ,) == ex (-N[-Kt + 110 V(X-l)2 + 2K(x+l) + K2 + x + 1 + K dx[]. 
E(oc;N, -y) P 0 g 2max(x, -y) 

This gives a simple, surprisingly accurate numerical approximation. Analytic expansion of the 
integral for small K (i.e., t near T·) shows that the results are consistent with Theorem 1. We 
should also note that Theorem 4 gives great accuracy when t < T·; i.e., when E (t ;N, -y) == O. 

Theorem 5 gives a sample path interpretation of how blocking occurs. We examine this briefly 
when -y> 1. Here the most probable path for zn(t) is to stay close to the fluid approximation 

zx(t)=-y(1-e-') for t<T·=log-L
1

. This shows that for t<T· we expect ZN(t) < 1, so 
-y-

.:L:! E(t;N, -y) == O. Also, for t> T· we have ZN(t) == 1, so E(t;N, -y) ==E(oc,N, N-y) == . That 
-y 

is, we see why E(t;N, -y) is nearly a step function at tl' 

6. METHODS AND PROOFS: INTEGRAL ASYMPTOTICS 

The calculation of the second order results, and of Theorem 1, begins with the expression ([2,3]) 
for the Laplace transform of E (t ;N, -y): 

_ ~N 

E(s ;N, -y) = -N----------
~ (~AN-) s(s + 1) ... (s + j) 

}-O j) 

where ~ = N-y. The key observation is that 

E(s ;N, -y) = r(s)ll(s, N) 

where res) is the gamma function, and 

I(s. N) - ! e-"u
J (1+ ~ ~ r du. 

This is similar to the observation which forms the basis of [9]. The result is easily seen by 
expanding the integrand in a binomial series and integrating term by term. Given the expression 
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for I(s, N), the idea is to expand I(s, N) for large N using Laplace's method, and then to invert 
the outcome. 

6.1 "'1 < 1, Light Traffic 

I(s, N) ~ N s +1 f e-Ng(z) zSds 
o 

after the change of variables z = xl N and the definition 

g (z) = z - 10g(1 + zl"'1) . 

Then standard Laplace asymptotics yield 

[(s,N) = ()'el-~)""V~ ((1-)')'+ ~ S(S;I) (1-),),-2+ s (1_),),-1 + 1;/ + O(~2)) 

and this gives 

E(s ;N, )') = (N (~~)'»' (ns) + ~ (13)')2 (r(s + 1) - n~~ 2) ) + 0 (~2 )) . 

l' oting that 

res) = f e-stexp(-e-')dr 
-:le 

yields Theorem 6. 

6.2 "I> 1, Heavy Traffic 

[ 1) [ 1J :le - 1 - - U :le - 1 - - u .2 
~ 1 ~ US . 1 

I(s, N) = f e uSdu - - f e --du + 0 (-) 
o 2N 0 "'12 N 2 

= (-.:L)S+l res + 1) (1 _ (s +2)(s + 1») + 0 (_1_) . 
"1-1 2N('Y- 1)2 N 2 

Therefore 

- "'V-I 
E(s;N,"'1) = ~ 

"'1 

which yields Theorem 9. 

6.3 "I = 1 + ..:iN' Moderate Traffic 

:le ,,2 
- --exv 

I(s, N) = ("'1VN)s+l f e 2 H(v, N)dv 
o 

after changing variables to v = ...J-& and defming 
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Then defining 
:x: ,,2 

---" 
W(s, a) = f e 2 VS dv 

o 

we may obtain 

l(s. N) = (",(\IN)' +1 (W(s. Cl) +.Jw W(s ~3. Cl) +0 (~ )) • 

and this leads to 

E(s ;N, "'I) = Bo 1 r(s)W(O, a) [1 __ 1_ [W(S +3, a) _ W(3, a)] + 0 ( 1 )] 
("YVN)S W(s, a) 3VN W(s, a) W(O, a) N' 

This is Theorem 7. 

7. NUMERICAL RESULTS 

Figure 1 is a plot of E (t; N, "Y)/B (N, "'I) for various values of "'I, and N = 200, and of our 
asymptotic expressions derived from Theorems 1,6,8, and 9. The numerical calculation was 
performed by integrating the underlying differential-difference equations using an adaptive 
R unge-Kutta scheme. This is a delicate calculation, requiring scaling to avoid over- and 
underflow, and is very time-consuming, being at least O(N3). 
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