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1. Introduction. 

The purpose of this paper is to study the preformance of a rather general 
markovian queueing network with arrival flow control. The control mechanism 
is simply a limitation of the number of customers allowed to be in the 
network simultaniously. The total number of customers in the network are not 
allowed to exceed a certain maximum number. If a customer arrives at the 
network when it is full, he must wait in an external queue until the number 
of customers get less than the maximum limit. 

Queueing models described above are widely used in practice, and the ~se m3Y 
be in quite different areas, for instance as a simple overload strateg i in 
processor or computer systems. In processor systems it is important t hat tI le 
input of new jobs is controlled so that none of the processors get 
overloaded. However the limit must be set to such a high level that a 
reasonable utility can be achieved. Another quite different application is 
performance evaluation of packet switched data network with flow control. In 
data network one are mainly interested in maximating the throughput and 
minimazing the delay. However to avoid deadlocks and overflow in buffers the 
inputrate is controlled by acknowledgement messages. In data networks with 
end-to-end sliding window control the number of un-acknowledge packets is 
limited by the window size. 

In the litterature computer or communication networks usually are modelled as 
either open or closed queueing networks [1] [2]. For networks without flow 
control the open queueing model is applied. However for networks with 
population size constraints the closed queueing model can only give the 
limiting performance. Recently some works on queueing networks with 
population size constraints have been published. The solution tecnique used 
is the so-called Hierarcial Approximation Approach orginally proposed by Avi
Itzhak and Heymann [3]. The main idea is to substitute the network by a 
sentral server with state dependent service rates. These service rates are in 
turn determined to be the throughput for the corresponding closed network . 

In this paper we show that a general markovian queueing network with 
population size constraints may be viewed as a quasi-birth-and-death process 
(QBD) introduced by Neuts [4]. The solution can therefore be written matrix
geometric, however the numbars of equations to solve become so high trlat the 
method gets difficult to use even for small networks. We therefore suggest a 
different method by using generating functions. As a result we obtain 
approximative solutions by assuming product form solutions for the boundary 
probabilities. For the mean number in the network we get in fact the same 
results as if we had used the Hierarcial Approximation Approach . 

The paper ;s organized as follows: In section 2 we analyse a Queueing model 
with population size constraints. In section 3 we discuss an application of 
the method and give a numerical example, and finally in section 4 we make 
some concluding remarks. 

4.1 ~.5.1 
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2. A network of markovian Queues with arrival limitations. 

2.1 The steady state balance equations. 

Let us now state precisely the assumtions. We consder a Queue;ng network 
consisting of an external Queue Os and a networ~ of N nodes °1 .... , ON' where 
the r-th node (r=l, ... ,N) is nr server Queue with exponential service times 
with mean ~~1. The arrival proce~s is assumed to be a Poisson process with 
parameter A. 

The dynamic in the system is described by: An arriving customer joins the 
queueing network immediately if the number of customers present in the syste~ 
are less than the maximum size L, and joins the exteral Queue Os if the 
number of customers present have reached the maximum size L. When a customer 
leaves the system, a customer in the external Queue Os (if there are any) 
immediatly joins the Queueing network . Further we assume that an external 
customer (eiter from the external Queue or from outside) joins the r-th node 
(r=l •... ,N) with probability gr' and upon leaving a customer proceeds to s-th 
node with probability Qrs (s=1, . .. ,N) and departs from the system with 
probability Qr' 

Let MB be the number of customers in the external Queue OB and Mr be tne 
number of customers in Queue Or: r=1, ... ,N. The stochastic vector 
(MS ,M1 , ... ,MN) will be a multi dimentional Markov process ana we define the 
steady state probabilities p(i,2)=P(MS=i,M=j); where M = (M1, ... ,I"N) and 

j = (jl' .... jN). Let us also define the sets: A(k)= {j; jl+··.+jN=k} 

and B(k)= {j; jl+" ·+jN~k}. To get the balance equations on compact form we 

also define the operators Tlk,T.k,T l . acting on the state vector 

j = (jl' .. ·.jN) by Tlk j=(jl. ··· 'jl-l,· ·· 'jk+ 1 . ··· 'jN) (and Tllj=j). 

Tl.j=(jl' .... jl-l,· .. 'jN) and T.kj = (jl' .... jk+1' ... 'jN) . The steady state 

balance equations for the Queueing network may be written: 

N N 
{A+ r 6J· ar(jr)~r}p(O,j)= r oJ' AgrP(O,T r j) + 

r=l r r=l r . 
N N N 
r r 6J· as(js+l)Qsr~sp(O,Trsj)+ r qr~rar(jr+l)P(O,T.rj) 

s=1 r=1 r r=l 

jcB(L-l) 
( i ) 

N N 
{A+r~16jrar(jr}~r}p(O'j)=r~10jrAgrP(O,Tr.j) + jcA(L) (ii) 
N N N N 
! ! oJ' as(js+l)Qsr~sp(O,Trsj)+ r r oJ' as(js+1)Qsgr~sp(1,Trsj) (2.1) 

s=1 r=l r s=1 r=l r 

N 
{A+ r oJ' ar(jr)~r}p(i,j) = Ap(i-1,j) + (iii) 

r=l r ;)0, jcA(L) 
N N N N 
L L oJ' as(js+l)Qsr~sp(i,Trsj)+ r r OJ as(js+1)Qsgr~sp(i+l,Trsj) 

5=1 r=1 r s=1 r=l r 
where 6r is the discrete unit step-function and is included to indicate that 
the service rate must be zero when a node ;s emty~ furthermore 
ar(jr)=min(jr.nr) is the numbers of customers in service in r-th node when 
there are j customers at that node. 

In the usual way we define the traffic ar and load er at r-th node by 

Afr ar a = - e r = -n- r=1, .... ,N (2.2) 
r ~r r 

4.18.5.2 
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and wher·e fr is the solution of the following set of equations: 
N 

f r = ,gr + r qsrfs r=l .... ,N 
s=l 

By summing (2.3) one get the (useful) relatioll 
N 
r f r qr=l 

r=l 

2.2 Stability analysis. 

(2.3) 

(2 . 4) 

The solution of (2.1) cannot bE fou~c by usir.g the well known technique of 
partial balance equations [5], ana there for the solution cannot be of product 
form. However following Neuts [4] we may view the system as a quasi-birth
death prosess (OBD), and the solution of (2.1)(iii) must be of the form : 

p(;,j)= r p(O.l)Oi(l,j} jE:A{L) (2.5) 
lE:A(L) 

where l={ll' ... ·.lN) E: A(L) is a statE vector, and Q(l,j) is a square matrix. 
Inserting for (2 . 5) in (2.1)(ii;) we get the following matr~x-quadrat ~ c 
equation for Q: 

N N N 
r r oJ' as(js+1)qsgr~s02 \ 1 "rs j ) - {AT [ oJ. ar(jr)~r}O(l ,j) 

s=l r=l t' r=l r 

+ 
N N 
r r oJ' as(js+1)qsr~sO(1 .Trsj) + AI = 0 

s=l r=l r 

(2 .6) 

Once Q(i.j) is tound, p(O,j) jE:B(L) is determined from (2.1)(;) and 
(2.1)(ii) where \ve insert p(l ,Trsj )= r p(O,l)O(l,Trsj), and p(O,j) is 

lE:h(L) . 
normalized so that the tots1 probab ilitie s sums unity. 

The dimension of the quadratic matrix equation (2.6) is the square of the .., 
numbers of states, which is (NT~-lt . So even for small values of Land N, the 
number of equations to solve becomes large. Therefore the matrix geometric 
approach is not well suitable for nu~erical calculations . However by 
analysing the QBD process we get the following limitation on the in~ut rate 
to get a stable system: 

Teorem 1. The queueing system is slable if and only if 

A < y(L) where (2.7) 

y(L) is the throughput for the corresponding closed network. 

The througput for the corresponding closed network y(L) is given by the ratio 

y(~)= 
sL-1(f1/~1,·· · ·fN/~N) (2.8) 
sL (fl/~l···· .fN/~N) 

where fr (r=l, ... N) is the solution of (2.3) and the sums sk is given by 

N 
jr 

3 r 
sk = sk(al'··· ,aN) = r n 

Pr(J r ' jE:A(k) r=l 
(2.9) 

and the function Pr(jr) is defined as follows: 

{ . I jr ~ nr Jr· 
~r{jr) = jr-nr . r=l •... ,N 

nr ! nr jr ~ nr 
(2 .10) 

The proof ;s essentially teorem 3.1.1 in Neuts[4]. The matrix eqation (2.6) 

defines the matrices AQ ,A1 ,A2 so that in matrix fr.rm it may be written 
A202 + A10 + Aa= a . The matrix ~ AO+ A1+ ~2 (defined in Neuts[4]) 
determine whether the OBD process is positive recurrent or not. ·Let u=n(j) 

4.18.5.3 
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stationary probability vector for the matrix ~ . From (2.6) we get the 
equation for 11 : 

N N . N 
r r 6 j as(js+l)(qsgr+qsr)~sll(Trsj)-{ r 6 j ar(jr)~r}n(j) = 0 

s=1 r=1 r . r=l r 

Equation (2.11) we recognize as the steady state equation for 
corresponding closed network and we may write the solution as 

N (f~/J..lr1r 
r~1 PrUrJ 

1t (j) = 

and where f; is the solution of the linea: equation 
N • 
r (qsr+qsgr) f s 

s=1 
r=l, ... ,N 

the 

(2 . 11 ) 

(2 . 12 ) 

(2.13 ) 

From (2.3) and (2.4) we see that we can choose f~= fr and the condition for 
positive recurrent OBD process is then given by n AO.e < n A2.e, or in our 
system 

(2.14 ) 

OED. 
Remark: The result of Teorem 1 is in fact not a surprise. When the input to 
the system is high enougrl, se that the probability of finding the externa l 
queue emty is small, the network will behave as a closed network. O~ the 
other hand, when the input is small the probab i lity of finding the externa l 
queue emty is close to 1 , and the network will behave as an open network. In 
both these limiting cases, the solut i on Of the steady s~ate equations are of 
product form . We shall make use Of these observations and construct 
approximative solutions in the general case, but first we shall study the 
system by using generating functions . 

2.3 The approach using generating functions. 

A different approach is to use generating functions. This method seems more 
suitable to obtain approximative solutions. We therefor define: 

P(x,j)= r xip(i,j) 
i=O 

jE:A(L) 

Combining the equations (2.1)(ii) and (iii) by the generating function, 
we get the following system of equations : 

(2.15 ) 

N . . N N . Qsgr 
{A(l-x)+ r 6J. ar(Jr)~r}P(x,J)- r r DJ' a s (J s+l)J..ls{qsr+ -x-- }P(x,Trsj) 

r=1 r s=1 r=1 r 

~ 6
J
· gr{AP(O,Tr j)- ~ ~sas(js+l) ~s p(O,Trsj)} 

r=1 r . s=1 
= (2.16 ) 

(2.16) is a linear system of equations and determine P(x,j) uniquely in term 
of the right hand side . Together with (2.1)(;) and the usual demand that 
P(x.j) ;s analytic inside Ixl~l, determine P(x,j), jeA(L) and p(O.j), 
jcB{L-l) Up to a constant, and the constant is of course found by the fact 
that the probabilities sum unity. 

In the general case it seems difficult to solve (2.16) explicitly. However 
since we are primarily interested in the moments of MB, we therefore suggest 
a Taylor serie of P(x.j) about x=l. 

4.18.5.4 
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P(X,j)= r pk(j)(x_1)k jeA(L) 
k=O 

Inserting in (2.16) and collecting equal potens of (x-I) gives the following 
equations for pk(j) : 

o N N . 
D{P (j)}= t 6J. gr{Ap(O,Tr j)- t ~sas(js+l)qs p(O.Trsj)} (i) 

r=1 r . s=1 
and for k=1,2,... (2.17) 

D{pk(j)}=Apk-l(j)+(_l)k ~ ~ 6j gr~sas(js+l)qs{krl(-l)npn(Trsjl-P(O.Trsj)\ r=1 s=1 r n=O (ii ) 

Where D{ } is the "closed network" operator given by 
N N N 

D{P(j)}={ t 6J. ar(jr)~r }P(j)- r r 6J. as(js+l)~s(qsr+ qsgr)P(Trsj) 
r=1 r s=1 r=1 r 

(2.18 ) 
Let us examine the equations (2.17) somewhat closer. If P~(j) satisfy (2 .17), 
then we can add a closed network solution. Hence the general solution of 
(2.17) must be of the form: 

(2.19 ) 

However the sum of the closed network operator is zero for arbitrary P(j) ie . 
. t D{P(j)}=O. So summing the equation (2.17)(ii) gives an extra equation to 
JeA(LJ 
determine the ck: 

N N 
t {APO(j)- r 6

J
. ar(jr)lIrqr pO(j)} = - r { r 6· a (j )11 q p(O j)} 

jeA(L) r=1 r r jeA(L) r=1 J r r r rr r ' 
( ; ) 

and for k=1,2 ... (2.2G) 
N 

. r {Apk(j)- t 6
J
. ar(jr)~rqr pk(j)} = 

JeA( L) r=1 r 
k N k-1 

(-1) . r { r 6J· ar(jr)~rqr[ r (_1)npn(j)_ p(O,j)]} 
JeA(L) r=1 r n=O 

( i ; ) 

The approach above describes an alternative method to determine the moments 
of MS if the boundary probabilities p(O,j); jeB(L) are known. In [6] we show 
that for the simplest nontrivial case N=2, L=2 the approximative solution by 
assuming product form of p(O,j) gives an excellent approximation for the 
moments. Also since we get product form solutions in the case of lightly 
loaded network (A ~ 0) and heavily loaded network (A ~ y(L)). we shall use 
this assumption for p(O,j) in the next section. 

2.4 Product approximation. 

As mentioned, product form solutions will give exact results in the two 
limiting cases: (i) A ~ 0 giving an open network and (ii) A - y(L) giving a 
closed network .We therefore assume that p(O,j} can be approximated by: 

N 
jr ar 

p(O,j) = Po r~1 ~r(jr) jeB(L) (2.21) 

So (2.17)(;) becomes D{pO(j}} = 0 , giving 

jeA(L) (2.22) 

4.18.5.5 
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By summing the probabilities and using (2.20)(i) we determine Po and cO, 
From (2.22) we get the probability that the network is full PL: 

1 L 
; SL= r sk 

k=O 

From the results above we easily determine the mean number of 
customers in the different queues in the network: 

E[Mrl 
D(r) D(r) 

D(r)- L d(r) = PL { _L_ - ~} r sL sL-l L - k=l k 

where d(r) 
L · r=l, .... N . is the sum 

(2.23) 

. (2. 2~) 

(2.25 ) 

To get the mean number in the external queue, we must solve for p1(j). By 
using the product approximation (2.21), the equations for pl(j), (2 .17)(;;) 
and (2.20) (ii) are: 

1 1 1 N 9 r a r (j r ) N 
D{P (j)}=APL(-S- - -s- r 6J. a ) n 

L L-l r=l r r s=l 
( i ) 

N 
. r {Apl(j)_ r 6

J
. ar(jr)~rqr p1(j)} = -APL 

J£A(L) r=l r 

(2 . 26 ) 

( i i ) 

In the general case (2.26) seems difficult . to solve explicitly. However to 
describe the method, let us assume that PLP~(j) is a solution of (2.26)(i). 
The general solution is then given by (2.19). From (2.26)(ii) we determine 
cl. and by summing pl(j) the mean number of customers in the external queue 
is given by: 

(2.27) 
The form of folmula (2.27) seems to represent the mean number in queue for "a 
service mechanism" with load equal the ratio sL/sL-l . and the term in the 
brackets seems to describe the deviation from a pure exponential service time 
as in the Pollaczek-Khinchine formula for the M/G/1-queue. From (2.27) we see 
that the mean number of customers in the external queue becomes unlimited as 
the ratio sL/sL-1 - 1 . Since sL/sL-l= A/y(L) we observe that the product 
approximation introduced above in fact gives the correct maximum allowed 
arrival rate to the network. 

From (2.21) and (2.22) we get the probabilities Pj= P{ j customers in 
network}: 

j=O.l ....... L-l 

j=L 
(2.28) 

This distribution of the numbers in the network. can be obtained from the 
steady state probabilities of a birth-death process with constant birth rate 
A. and death rate equal 

~ - (2.29) { 
y{j) j=l .....• L-l 

j- y(L) j=L.L+l •..... 

where y(j) is the throughput for the corresponding closed network with j 
customer (;e. given by (2.9)). The steady state probabilities for this birth-
death process ;s then : 

4.18.5.6 
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{ QO 
~) 

= QOSj j=l .....• L V(l} .... ·V(JJ 
Qj= 

"L (y6-1- L 
(2.30) 

QO '-L ;j=L.L+l, ... V( 1) ..... V(J) =QOsL(sL/SL_1)J 

00 

Thus we have Qj= Pj , j=O,l ..... ,L-l and PL= '~LQj . The birth-death process 
introduced by (2.29) is the so-called Hierarci~l Approximation Approach[3] , 
and it gives identical result for tr.e distribution :f customers in tne 
network. However for the mean number in the externa 'l Queue (2.30) gives 

(2.31 ) 

which is a poor approximation even for L=l (when N>l). The reason is that 
(2.31) does not take into,accuont the deviation from a pure exponential 
service time distribution. 

3. An example: A model for a processor system with arrival flow control. 

As a numerical example we consider a Queueing model for a processor system . 
The system consists of an input Queue. and a network of two Queues, (see 
fig 3.1). 

_').. __ 1 IIIII 
I/O-devices 

Q 
-----0 ........ D------,.--

PCPU 

'--Q C-P-U -'--0 11111 
CPU-unit 

p 

Fig 3.1 A Queueing model of a 'processor system with a single 
CPU-unit and many I/O-devices. 

The two Queues in the mOdel are: The central proce~sor unit (CPU) which we 
take as a single server Queue with mean service time ~c~u' and the 1/0-
devices which we assume to have unlimited capacity with mean service timE 

-1 
.... 10· 

When a call enters the processor system it requires a sequence of jobs to be 
exeQuted in the CPU-un; t and ; n the I 10-devi ces. I n the queuei ng mode 1 vie 
therefore allow different kind of feedb3cks: A sequence departing from the 
I/O-devices will leave the system with probability Q, and join t~e front of 
the CPU-Queue with probability p; (p+Q=l). A sequence departing from the CPU
unit will be fedback to the same unit with probability PCPU' and join one of 
the I/O-devices with probability qcPU(= 1 -PCPu), 

The flow control states that the total numbers of calls in the 1/0- and CPU
unit should not exceed a maximum number L. To use the results in section 2. 
we must also assume that all the service times are exponentially distributed, 
and that the arrival process is a Poisson process with parameter ". 

The main Question for such a processor model is to determine the maximum 
number of calls in such a way that: -

(i) - the CPU-unit will not be overloaded 
(ii)- the total mean delay for calls ;s as small as possible 

without overloading the CPU-unit 

4.1 S.S.7 
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For the queueing system above we get the following traffic parameters: 

a - A a = pA (31) 
1 - q ~IO 2 q qcpu ~cPU . 

The formula (2.8) for the maximum input rate y(L) to the system may be 
written: y(L}= x q ~IO Q~~U{L} where Q~~U{L) is the maximum load in the CPU
unit given by: 

Q~~U ( L) = 1 - E 1 • L ( x ) x = a 1 I a 2 ( 3 . 2 ) 

where El L(x} is Erlang's B formula . 
The approximative formulas for the mean values becomes : ({2.23)-(2.27)) 

where 

E[M1]= al 

E[M2]= 
1 - a2 

1 

E1 ,L-l(a 1/a2) 

E1 ,L-l(al) 

El~L{X} L 0k(x} 
;L(x)=1+2x{El,L(x)-El,L_l(x)}-~ E1,L-l{x)+ ) r -r---( } 

L 0L-l(X k=Q ~l,k x 

and 

E1,L (x): 

(3. 3) 

(3.4) 

(3 . 5) 

Suppose that for an actual system the maximurr. load Q~~U is given . The 
maximum numbers of simultaneous calls Lmax i s then the solution of (3 . 2). 
When Lmax is determined the mean delays are calculated from (3 . 4) and (3 . 5) 
together with Littles formula . 

As a numerical example we have chosen (see fig 3.1): 
-1 10 0 (q )-1 1 0 p=0.8 and n max =0.99 ~IO = . , CPUf-lCPU = . , I::'cpu 

From (3.2) we get 

Q~~U(L=20)=0.986 and Q~~U(L=21)=0.992 so 

Lmax = 20 

In fig 3.2 the mean delays in the different queues are given as function of 
the load in the CPU-unit . For load less than 0.7 the load control does not 
affect the behavior of the system, and the mean waiting time in the input 
Queue WB ~O.O . However the values of W increase rapidly. and for QCPU> 0 .93 
the delay in the input Queue gives the largest contribution to t he total 
delay. 

4.1 B.5.8 
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For the example above we have also calculated the exact delays by solving t~~ 
matrix equation (2.6) and the boundary equations (2.1) (i) and (;;) 
numerically. The difference between the approx;mative and the exact values 
are remarkable small . In fig 3. 2 (b) the difference is plotted, and the 
numerical values differ first in the forth digits and is in fact not observed 
in fig 3.2 (a)! 

(Cl) We ( b) 
0.03 

Wl 
0.02 

0.01 
P ., = 10 

10 ., 0 
(qcpu PCPU) = 1.0 .0 
P = 0.8 -0.01 

pmax = 0.99 W2 
-0 .02 

lmax = 20 
-0.03 

max 
P CPU 

0.2 0.4 0.6 0.8 1.0 
p(PU 

Fig 3.2 The mean de l ays for the example above as function 
of the load in the CPU-unit . 

4. A concluding remark. 

A general markovian queueing model with population constraints is analyzed, 
and an approximative method is presented. The formulas obtained are easy to 
implement, and the computer time is the same as for the corresponding closed 
network. Also the accuracy of the formulas seems to be satisfactory, however 
some more examples should be examined and compared with exact solutions . 
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