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Abstract 

The effect of repeated calls results from the behavior of callers who have 
suffered a previous call rejection. Within a short period IOOSt of them 
repeatedly try to get a free server. This additional traffic can lead to serious 
problems related to congestion and efficiency of these systems. 
In this paper the influence of repeated calls on fully available systems is 
examined by modelling loss systems at two different levels of detail. At one 
level repeated calls are represented explicitely. At the other level fresh and 
repeated calls are integrated into a single stream of arrivals. The comparison 
of their results allows us to estimate the influence of repeated calls on 
performance. This is done over a wide range of parameter values. I t can be 
seen, that the effect of call repetition is considerable. Furthermore, the results 
are shown to be very sensitive to the parameters describing the repetition 
behavior of the callers. 

1. Introduction 

Due to the lack of queueing facilities many real systems discard those jobs that arrive when all o£ the 

service elements are busy. Erlang's formulae [ERLAI8] were an early and still important approach for the 

mathematical treatment of such systems. Assuming exponentially distributed interarrival times it is 

suitable to equipments receiving independent calls from a large range of possible callers. One of the 

benefits of Erlang's model is the simplicity of the formulae and the numerous tables based on it. 

Sevast'yanov prooved the formulae to be valid for generally independent distributed service times 
[SEV A57]. However, in real systems the independence assumption is often violated. This is often caused 
by . calls which are repeated after being rejected. Comparing measurements of a private data 

communication network with theoretical results, it could be seen that the behavior of the callers was far 

from that assumed by independence [VOOE87, HERZ87]. This behavior of the callers leads to an 
increasing arrival stream during times when servers are busy, causing a decrease of the system 

performance. 

In 1957, J.W. Cohen [COHE57] published mathematical solutions of a model with an explicit treatment 

of repeated calls. He used a finite repetition space in which calls stay between rejection and next attempt. 

The number of retries per job is limited by a random variable called "staying time". The staying time, like 
the interarrival times of fresh calls, the repetition times and the call duration are all assumed to be 

exponentially distributed An unsuccessful call leaves the system as a lost call when its staying time is 
over. The performance results presented by Cohen were the time and call rejection for small numbers of 

fully available lines. 
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Similar to Cohen Bretschneider [BRETIO] also used a limited repetition space. He obtained a two 

dimensional state space of which one dimension represented the number of busy lines and the other one 

the number of calls in repetition. In his nxxiel rejected calls repeat with a repetition probability 

representing the Imod of the callers. Therefore, no staying time is necessary. A distinction is made 

between the repetition probability of fresh calls and repeated calls. Bretschneider also presented graphics 

that show the influence of repeated calls. However, these results are not of great practical importance, as 

discussed at the end of this section. In this paper Bretschneider's nxxiel is used, but the state equations 

are solved by a more efficient technique and performance degradation is investigated for a representative 
number of parameters. 

LeGall validated certain parameter assumptions of repeated call nxxiels [LEGA 70]. Jonin and Sedol 

[JONI70] developed a model similar to that of Bretschneider and gave a recursive algorithm for small 

numbers of lines. Myskja and Aagesen [MYSK76] studied the main effects influencing the failure and 

retry probabilities. A statistical study of simplified nxxiels is presented. Macfayden o~rved repeated 

attempts in the arrival processes by statistical evaluation of measurement data [MACF79]. 

Hanschke developed a method for the computation of Markovian waiting processes [HANs78]. He also 

carried out simulations over a number of parameter sets, where he compared the results of several 

different modelling approaches. This comparison was done in a way similar to the one presented here. 

However, since his results were obtained by simulation, only a small range of parameter values could be 

considered. 

Tran-Gia's model [1RAN82] is comparable to that of Bretschneider's. However, the repetition 

probabilities have to be the same for fresh and repeated calls. Also the number of callers is assumed to be 

finite. A finite two dimensional state space is obtained. The solution of the state equations based on a 

recursive numeric analysis [HERZ7S] is very fast. In our approach the algorithm of Tran-Gia was adapted 

in order to solve the model of Bretschneider. 

The finite state space implies a finite repetition space, which is an approximation of real repetition 

behavior. Stepanow derived upper bounds for the error due to this approximation [STEP84]. These 

bounds show that by solving tractable large state spaces, very good approximate results can be computed. 

Stepanow also developed approximate algoritlum for systems with repeated calls and multiphase service 

[STEP83a, KHAR85]. During service, the connection set up phase and the conversation itself are 

separated. A call may be rejected immediately because no line is free or after the connection set up 

because the called subscriber is busy. 

Further papers consider the behavior of systems under extreme parameter values. Stepanow presented 

the balance equations for finite state space repeated call models [STEP83b], which can be solved by 

numerical solution techniques. His results concentrated on the effects of large loads. Results were also 

obtained for systems with waiting positions under extreme load [STEP85]. Falin examined multic~el 

loss systems under high intensity of repetition [F ALI87]. 

These papers do not include results, which estimate the amount of performance degradation due to 
repeated calls. Only algorithms for the computation of performance measures for repeated call models are 

presented. In order to consider the influence of call repetition, both kinds of modelling, the ones with and 
without repeated calls have to be applied correctly to quite a lot of systems and parameter sets. The 

comparison of their results allows direct evaluation of the retry effect. Bretschneider [BRET70] and 
Hanschke [HANS78] presented an initial comparison of this type. However. Bretschneider assumed that 
the number of retry attempts is measured. This is often not practical, since usually only the number of 

successful calls and their mean call duration is available. Hanschke [HANS78] does not have this defect, 

but since his studies were supported by simulation, he could only solve models for a limited parameter 

space, which "does not allow the estimation of the repetition effect at all. 
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In this paper a parametric analysis of the repeated call effect over a wide range of parameter values is 
presented. The sensitivity of the results related to the parameters representing the repetition behavior of 
the callers, is estimated. This is important since these parameters are almost always difficult to measure. 

2. Notation 
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3. The Models 

arrival rate of calls (in Erlang's IOOdel) 
arrival rate of primary calls 
service rate per server 
repetition rate per call in repetition space 
normalized repetition rate 
number of servers 
capacity of repetition space 

repetition probability of rejected primary calls 
repetition probability of rejected repeated calls 
utilization of the system (mean number of occupied servers) 
rejection probability 

throughput of servers 

For the modelling without explicit description of repeated calls Erlang's IOOdel is used (see fig. 1). For 

the purpose of this paper the repeated call IOOdel of Bretschneider [BRE170] offers the most suitable 
properties and is adapted for the use in this comparison (see fig. 2). Tran-Gia (TRAN82] used a' recursive 

numerical scheme [HERZ7S] to develop his algorithm for the solution of the state space. This was done 
by the adjustment of the recursive formulae to different repetition probabilities and exponentially 

distributed interarrival times (see [VOGE87]). 

servers successful servers successful 
calls calls primary calls calls !99 0 > (99 0 '> 

n n 

rejected repeated calls 
calls 

00 
1 2 

repetition space 1-Z, 
1-Z2 

lost calls 

Fig. 1: Erlang's model Fig. 2: Repeated call model 

In the repeated call model rejected calls enter the repetition space with probabilities Z 1 for primary 
calls and Z 2 for repeated calls. In the repetiton space they stay for an average of l/J.Lo time units before 

they retry to capture a free server again. With complementary probabilities (1 - Z h 1 -. Z 2l they leave 

the system. All intervals are exponentially distributed 

4. The Concept of Comparison 

In real systems the number of rejected calls is usually not measured. Therefore from the viewpoint of 
modelling the number of successful calls, their duration and the number of lines (i.e. servers) are the only 
parameters. Hence the modeller has to make assumptions aoout the input load to the system. 

In Erlang's mxiel, all arriving calls are treated equally in a single Poisson stream. That stream is assumed 
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to be the IOOSt representative which forces the IOOdel to exhibit like the system, i.e. the rate is adjusted 
until the desired rate of successful calls is reached. This is our iust approach of workload modelling. 
The second approach assumes that the arrivals consist of two dependent streaIm : fresh and repeated calls. 
Repetition behavior is characterized by estimates for the repetition probabilities and for the mean 
repetition tUoo. 'The only free parameter is the interarrival time of the primary calls which like the mean 
repetition time is assumed to be exponentially distributed. The model is calibrated by adjusting the arrival 
rate to the point at which the IOOdel and the measurements match. Because of the calibration, the two 

models exhibit the identical successful call throughput. However, since another workload model was used, 

the values of the other performance measures will be different. 

Evaluating the influence upon performance of the different workload models is the goal of this paper. 

The concept of comparison can be resumed as follows: 

I) By adjusting the rate of arrivals Erlang's model is calibrated to a specified successful call 
throughput. 

2) The repeated call model is calibrated to the same rate by adjusting the rate of primary calls. 
3) The performance measures are compared. 

Syste.m without call repetition are represented well by Erlang's model. Similar Bretschneider's model 
offers good results for systems including repeated calls. Hence by a comparison of the results both the 
effect of call repetition and the insufficiences of Erlang's model related to call repetition can be evaluated. 

s. The Comparison of Results 

The two models are compared with respect to the rejection probobilities, which are IOOSt important 

from the view of the customers and the offered load, which causes overhead to the central control. 

For this purpose two variables are introduced: 

rejection probability in the repeated call model 
Kp = 

rejection probability in the Erlangian model 

total offered load in the repeated call model 
KG = 

total offered load in the Erlangian model 

The figures show the values for Kp and KG versus the system utilization. The number of servers n 

varies. The repetition behavior of the callers is introduced by the parameters Z 1, Z 2, and C, where I/C is 
the normalized mean repetition time. 
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Fig. 3: Rejection probabilities versus utili2ation 
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Fig. 4: Offered load versus utilization 

The differences are significant. It is important to notice, that the peak values in fig. 3 appear at an 

utilization of about 0.55. Since real systeIm often work under this utilization, this value is of high 

practical importance. Under higher utilizations the rejection probabilities of both JOOdels increase. to 1, 

therefore Kp approaches 1. The factors for low ioad are the quotients of small values. 

Fig. 4 shows a significant error of the Erlangian JOOdel in the evaluation of the traffic reaching the 

servers. For example under a utilization of 0.75 the value of the offered traffic used by the Erlangian 

model must be raised by roughly 50% to reach the value of the repeated call model, which should be 

considered as the more accurate model. This traffic is due to additional congested calls causing a 

considerable overhead in the central control of the real system. The decrease at high load results from the 

division of very large values. The numeric differences of both values are furthermore increasing. 

6. SensitiYityon Parameters 

There are two main reasons which raise an interest to investigate the influence of the parameters 

representing the repetition behavior of the users : 

1) Those parameters are often difficult to measure or to estimate. 

2) The user behavior may change over time. 

The following figures show the sensitivity of the repetition probabilities and of the repetition rate on the 

rejection probability. 

From fig. 5 it can be seen that the sensitivity on the repetition probabilities is very high especially for 

high degrees of repetition. The peak reaches a factor of 4.5 ! 
The sensitivity on the repetition rate is considerable, but not as high as on the repetition probabilities. 
However, the increasing use of new techniques like autodialling for fast call repetition are strongly 

increasing the repetition rate. 
It should be noticed that the repetition behavior of the users is described by both parameters. Therefore 

the error resulting from parameter estimation can reach an aroount, which is a combination of the above 

sensitives. These results indicate that the practitioner should use particular care in estimating these 

parameters. 
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Fig. 5: Rejection probabilities versus utilization for different repetition probabilities 
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Fig. 6: Rejection probabilities versus utilization for different repetition rates 

7. Summary 

Due to the fact that in real loss systems usually no measurement data about the workload are available, 
the modeller has to make certain assumptions about the load offered to the system. Two IDXiels offering 
workload descriptions at two different levels of detail have been studied. Their results were compared 

over a wide range of parameter values. This systematic approach is suitable to evaluate both the influence 
of repeated calls and the insufficiencies of coventional loss IDXiels. It was shown, that the results of 

models with and without explicit IDXielling of repeated calls differ considerably. These errors occur even 
if both models were calibrated to the same throughput value. 

A high sensitivity of the results on the parameters describing the repetition behavior of the callers has 
been illustrated. Since it is often difficult to estimate these parameters it is rather problematic to work 

with repeated call models. However, the results point out, that the wide-spread use of Erlang tables can 
lead to significant mis-calculations and should be done only under consideration of the error factors which 

are presented. 
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