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An econometric method to find the optimum number of lines of a tele
traffic route is presented. The method bases on the redefined clas
.sical Moe's principle of teletraffic economics and makes use of the 
tail congestion given by the distribution of occupied lines. The op
timum number of lines is actually determined from a new relation be
tween that tail congestion and some economical quantities of a route. 
The method applies both to discrete and continuous traffic distribu
·tions and is the same for each one. 

1. INTRODUCTION 

We study ~he optimal dimensioning of a te1etraffic route the main goal being in 
proposing :a new· method to find the optimum number of lines. The method grounds . 
on the redefined classical Moe's principle of te1etraffic economics and applies 
both to Poisson and non-Poisson traffic in a loss system of the full availabil
ity. The actual assumptions are that a discrete or continuous traffic distribu
tion~ ' of occupied lines and values or ratios of some economical quantities of a 
route, especially those of the profit and operating costs of the existing lines, 
are known" As concerns the method itself, the tail congestion, rather than the 
congestion given by Er1ang Loss Formula, is in that used. For determining the 
optimum number of lines, the method includes, in fact, a new relation between 
the tail congestion and the above ratios of economical quantities. The method 
has also ~ classical counterpart. 

After some preliminaries, in Chapter 3 we set up the profit and cost functions. 
In Chapter 4 we restate Moe's principle by requiring that the increase of the 
average profit of a route due to any (existing or new) additional line must be 
positive. The principle can be stated equivalently by the decrease of the av
erage costs. In Chapters 5 and 6 we show that so defined Moe's principle im
plies a condition, which can be used in finding the optimum number of lines. 
The condition appears to be the same for discrete and continuous traffic distri
butions, and it gives also a new simple criterion for the economy of the exist
ing lines on a route. In a special case, where the cost function of new addi
tional lines is linear, the model yields a condition, which correspods to the 
classical method making use of the so called improvement functions. 

2. NOTATIONS AND ASSUMPTIONS 

We concider a te1etraffic route with n lines which forms a loss system of the 
full availability. Traffic on a route 8an be thought to be, as in general in 
telecommunication engineering, pure chance (Poisson) traffic, or, non-Poisson 
traffic as well. For reasons of expediency we assume that there occurs conges
tion (blocking) of small amounts. Both discrete and continuous traffic distri
butions are allowed. For them we assume that the probability function f = f(x) 
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of tbe~Jlumb.er x . of occupied lines . ts known . . Recall .that in dimensioning the
ories the 'probability functions, especially those being based on Poisson, nor
mal and Weibu1l distributions, are common and very often determined by the busy 
hour m~asurements · of occupation frequencies. Throughout the work we require that 
there exists the average (expected value) of x. 

We denote .by g = g (n) the function which reveals the costs 
new additional °line~ per a time unit. The cost function g:: 
tiona1 lines is defined by 

g(x) = 
J 0 if x <: n 

- 0 

l go (x - no)' if x > no 

of founding of n 
g ( x ) of add i -

where x > 0 is an integer in the case of a discrete traffic distribution and 
a real number in the case of a continuous one. 

We employ some economical quantities of the traffic on a route, each per a single 
line and per a.time unit. Let ao stand for the profit, b the operating costs, 
b, the o~eratlng costs (load), a the (total) revenues ando b for the (total) 
costs, and set a = a + band b :: b + b. Here the operating costs, quite 
generally,: include thg following recurreRt co~ts: capital costs, i.e. the costs 
of money and depreciation, and the costs of maintenance, traffic operation and 
overhead. : The costs of maintenance may refer to upkeep, maintenance and repairs 
on an annual basis and to labour and material for maintenance purposes, while the 
costs of traffic operation may refer mainly to manual work in operation such as 
labour costs for operators. Actually, all operating costs in question may be 
assigned to the operating or total costs in general. However, we shall divide 
them up into the costs b which do not depend perceptibly on the state of oc
tupation of lines and int8 the costs b] which do depend heavily, strictly speak
ing linearly, on that one. We suppose that the values of the quantities being 
up concern new additional lines, too. 

FO'r . the general te 1 etraffi c theory bei ng appropri ate here we refer to Syski [1], 
Bear [2], Roualt [3], Iversen [4] and the book [5] of Telecom Australia. For 
closer topics we refer to Jensen [6], the Recommendations E.401 - E.600 of 
CCITT [7] , Rahko [8], Pirinen and Rahko [9],[10]. For traffic economics see 
e . g. [11] 'and [12]. 

3. PROFIi AND COST FUNCTIONS 

Let n be temporarily fixed number of lines on a route and x a varying number 
of occupations. We set the profit function a:: a(x,n) and the cost function 
a = a(x,n)', respectively, as follows 

J aox - b (n - x) - 9(n) 
a(x,n) 0 

:: 

l aon - g(n) 

if x < n 

if x > n 

and 

a(x~n) 
r bx + bo(n - x) + g(n) 

) 

l bn + a(x - n) + g(n) 

if x < n 

if x > n 

Evidently a(x,n) + a(x,n) = ax for all values of x. Therefore the total rev
enues per a single line is always the constant a, independently of the state of 
occupations. Since .x obeys the occupation di'stribution, the profit and the 
cosls of a route (per the time unit) can, ho.wever, be comp.uted in average. If 
the distribution of x is discrete, the averages (expected values) of the func
tions a and a are, respectively, 
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OD 

E (n) = 
. 'Q " 

r a(x. ,n)f(x.) 
·0' , . 1= 

OD 

and 

= aon - (a + b ) r (n - x.)f(x.) - g(n) 
o 0 · . 0 ' 1 1= 

OD 

L a(x,. ,n)f(x.) 
. 0 ' 1= 

n OD 

= b n - (b - b ) L (n "- x.) f ( x .) + a L ( x. - n) f ( x .) + g ( n ) . 
o i =0 ' , i =n+ 1 1 1 

For the first and second differences of ' Ea and Ea we obtain 

n 
6E (n) 

a 
E (n + 1) - E (n) 

a a 
= a - (a + b ) L f(x.) - 6g 

o 0 0 i =0' n ' 

= -6E (n) 
a 

and 2 
= -6 E (n) 

a 

where, of course, 6gn = g(n + 1) - g(n) and 62g = 6(6g). Notice that 
above x. actually gets the values of i and thatn 6gn aBprises of the costs 
of the ~ + 1th new additional line, n '~ O. 

4. MOE'S PRINCIPLE 

According to the classical Moe's principle the costs of new lines on a route, 
generally in a telecommunication network, must be covered by the revenues of 
those lines (cf. Jensen [6], Syski [1], Rouau1t [3], Rybner [13], Iversen [4]). 
Having the operational standpoint we restate Moe's principle as follows: . 

Moe's principle. The increase of the average profit of a route, caused by 
any additional line, must be positive, or 

'( 1 ) 6E (n - 1) > O. 
a 

The greatest existing value of n, no t' for which (1) is valid is called the 
optimum number of , lines on a route. p The optimum increase of lines is then the 
difference 6n . = n - n. If 6n is positive, that exposes the optimum 
number of new ~8~itioRRt 1ings for a r8Bte. On the other hand, if n t < n , 
no additional lines are necessary. op - 0 

Moe's principle maintains that (1) holds for all successive values of n up 
to n t but not for greater. Hence op 

(2) 
J 6Ea (n - 1) > 0 

l '6Ea {n - 1) < 0 

5. THE OPTIMUM NUMBER OF LINES 

if n < n t - op 

if n > n t op 

Consider a discrete traffic distribution. Denote 
OD 

B = L f(x.) , 
n i =n+ 1 1 
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where. n > 0 and x. = i. The quantity 8 is the time congestion (blocking) 
gi ven by the tai 1 of 1 a traffi c di stri buti on~ We call that in" short the tai 1 
congestion. For the increase 6Ea (n - 1) of the profit we obtain 

(3) 6E (n - 1) = -b + (a + b)8 1 - 6g l' 
a 0 0 0 n- n-

Suppose now that Moe's principle holds. Then, making use of (1) and (3) we 
find 

(4) > 
b + 6g 1 o n-

a + b o 0 

which is valid for all n ~ n . The inequality (4) constitutes a new, basic 
relation between the tail con~~~tion B -1 and mutual ratios of the economical 
quantities ao' bo and 6gn- 1 , and pure~y of them. An outstanding feature ;s 
~lso that (4) does not depend on b

1
. 

Since g{x) " = 0 for all n ~ no' the inequality (4) may be written in the 
reduced form . 

(5 ) > 
ao + b

o 

which holds, at least, for any n < n < n. The formula (5) includes a 
simple, new criterion for checking-thgP~cono~y of the existing lines on a route. 

In order to find the optimum number of lines, nopt ' precisely, we may use the 
condition (2) or the following 

> 

(6) 

< 

b + 6g 1 o n-
a + b o 0 

bo + 6gn- 1 
a + b o 0 

if n < n t - op 

if n > nopt 

An important special case of (6) is obtained, if go is linear. Then 6g_1 is a constant, say 6g, for all n > n , and, if n = n > n , (6) reads n o opt 0 

b + 6g 
(7 ) B > 0 > Bn n-l -ao + b 

0 

For this we have approximately 

(8) Bn-1 
> b + 6g 

> B a - n 

or 

Bn-1 > 
total costs per an extra 1 i ne 

> B . revenues per a 1; ne - n 

The method established by (7) or (8) to find the optimum number of lines has 
a classical counterpart, the method utilizing the improvement functions of lost 
traffic~ see e.g. Jensen [6], Syski [1], Rybner [13] and Iversen [4]. 
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. REMARKS""a) . ··it" .· turns out that Moe's principle can also run so that the de
crease of the average costs of a route, caused by any additional line, must be 
negative, or 6E a(n - 1) < O. This leads to the same conclusions. 

b) A simple technique of optimization theory (see e.g. Rau [14]) gives that (2) 
or (6) provides us with a necessary condition for the existence of the unique op
timum2number of lines and that a sufficient condition is that (2) or (6) holds 
and 6 E (n) < 0 is valid for all n >0. a - -

c) Since 6E (n - 1) = -6E (n - 1) and 62E (n - 1) = -62E (n - 1), the theory 
remains unchaAged, if we usg the cost functioA a instead ofa the profit func
ti on a . 

d) Poisson traffic distribution represents an important type of the discrete 
distributions being suitable for the method. In this event the congestion, E , 
determined by Er1ang Loss Formula is very commonly used. The connection be-n 
tween En ' and the tail congestion Bn is 

(9 ) B = 1 _ f(n) 
n 

where f(n) is the value of Poisson probability function at n. 

e} Using (8) for Poisson traffic we have computed the optimum numbers of 
lines for some routes near the city of Helsinki in Finland. The results are 
keeping with those given by the classical Moe's principle, see [9] p. 7. 

6. THE CASE OF CONTINUOUS DISTRIBUTIONS 

Consider now a continuous traffic distribution. We extend the definitions of 
g = g(x}, a = a(x,n} and a = a(x,n} for all non-negative real numbers x 
and n. For other values of x or n we set a(x,n} = a(x,n} = O. Besides 
we assume that g is a piecewise continuous function. Then for any n ~ 0, 

00 

(10) Ea(n} = J a(x,n}f(x}dx 

n 

= aon ~ (ao + bo) J (n - x}f(x)dx - g(n). 
o 

Furthermore, if n > 1 is an integer, 
n n-l 

6E (n - l) = 
a 

ao - (ao + bo) J (n - x}f(x}dx - (ao + bo) J f(x}dx - 6gn- l 
n-l 0 
n-1 

< a - (a + b ) r f ( x ) dx 
o 0 0) 

· 0 

Suppose now that Moe's principle holds. 
just the same basic relation we have in 

Then by the above inequality we obtain 
(4), provided that herein 

( 11 ) B 
n 

00 

r f(x}dx 
) 

n 
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which ·js the tail congestion given by the probability function f in the case 
of a continuous traffic distribution. Hence the optimum number of lines on a 
route can be found by the same way as in the discrete case. 

REMARKS. a) Let n ~ 0 attain real number values and let g be a differenti
able function in a reasonably large set. To find possible extreme value points 
of E we may put aE fan = 0 in (10). This leads to the condition 

Cl Cl 

(12 ) 
b + dg/dn 
o 

a + b o 0 

which is simi·1ar to the basic relation (4). Apparently (12) with the extreme 
value theory of E and Moe's principle can be applied for getting the optimum 
number of lines acgurate1y. 

b) Perhaps the most frequently used continuous traffic distributions are normal 
and Weibu1l distributions, see e.g. Rahko [8,15] and Rahko et al. [16]. If 
X stands for the random variable of the number of occupied lines, then, in con
formity to Rahko [8], the congestion for continuous distributions can be defined 
generally by 

EC = P{n - 0.5 < X < n + 0.5 I X ~ n + 0.5} ~ 
n 

or, with the the tail congestions Bn from (11), by 

B - B n-0.5 n+0.5 

1 - Bn+0•5 

A good approximation between Bn is given by 

Bn ~ 1 + ~ f{n + 0.25) 

that follows easily by means of the first mean value theorem for integrals. 
A coarser approximation, being compatible with (9), is 

f(n) 
1 - -c-

En 
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