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1. Introduction 

Telephone companies in the United States are currently seeking ways to develop automated 
cross-connect switching networks to replace existing manual cross-connect facilities [1]. At 
present, a cross-connect device is a manually operated distribution point in the network 
providing interconnection and test access capabilities for either digital or analog services. 
Since a cross-connect network must provide full connectivity and carry a potentially wide 
range of signal levels (for analog applications at least [2]), it is clear that multi-stage 
space-division switching networks which are non-blocking will be the preferred solution. 

A utomated cross-connect offers significant advantages over the existing manual approach 
including long-term operating cost reduction, instant service provisioning and the ability 
to perform automated remote test-access. In this paper we focus on the latter advantage, 
remote test-access. The objective of the paper is to gain a better understanding of the 
trade-offs between access probabilities, carried traffic, network architecture and the number 
and location of the test ports. Consider that we have a multi-stage space-division switching 
network with NI input ports and No output ports. For the purposes of test access we 
dedicate a certain number t of input and/or output ports and call them test ports. The 
idea is that given a traffic-carrying path (circuit) through the network from a specific 
input port to a specific output port, one wishes to bridge onto this circuit (perhaps at a 
particular stage) using anyone of the t test ports. Figure 1 provides a pictorial example 
of the basic concept. In this manner circuits can be tested remotely using the bridged 
connection. 
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FIGURE 1 

We seek to estimate the probability that one can make a bridging connection using one of 
the assigned test ports. This probability is a function of the carried traffic a, the network 
architecture, and the number of test ports t. The motivation for this calculation is to 
determine the minimum value of t which achieves a desired access probability. One seeks 
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to minimize t since an input or output which must be designated as a test port ceases 
to be a revenue-earning traffic carrier. We shall allow a rearrangeable switch, i.e, one 
non-blocking with path rearrangement [3]. 

2. Definitions and Notation 

It is convenient at this point to define the notation used throughout the paper. 
NI =: the number of inputs to the network. 
No =: the number of outputs from the network. 
n =: the basic switch module size. 
t =: the number of test ports, considered to be on the input side. 
K _. the number of stages in the network. 
k _. a pointer to a given stage, 1 ~ k ~ K. 
sw[k] -. the number of switch modules at stage k. 
m[k] _. the average number of switches on stage k which can be accessed by one or 

more test ports. 
d[k] =: the average number of different paths or links between stages k and k + 1 

which the t test ports can access. 
r[k] =: the number of traffic carrying paths or links through stage k which can be 

accessed by the t test ports. 
a =: the traffic, independent of t, i.e., the proportion of the NI inputs which are 

carrying traffic where NI is the total number of input lines including the 
test ports. (Clearly t ~ NI.(l -a)). 

3. Assumptions 

The key assumptions made throughout the paper are as follows: 
(i) 

(ii) 

(ii~) 

(iv) 

Input links are occupied independently of each other and so are output links. 
The call-packing rule puts calls up through the least (rather than the most) crowded 
switch it can find, i.e., traffic is evenly distributed throughout all the switch modules 
at any given stage except at the first and last stages. We have found by extensive 
simulation that for non-blocking networks (which mayor may not be rearrangeable) 
using this rule facilitates network control and test access. 
Access between a test port and a switch is defined as the ability to connect the test 
port to the switch directly without moving or rearranging any other paths. 
The physical design of the switch modules is such that two outputs can be switched 
to one input or vice-versa. This allows a bridging connection to be made. 

4. Derivation of theoretical results 

The approach taken is to first derive m[k], the average number of switches t test ports can 
access at stage k. Then this value can be used to derive d[k], the average number of free 
paths which leave the m[k] switches to go to the m[k + 1] switches at stage k + 1, etc. 
The m[k],s are the average number of switches which can be accessed at stage k regardless 
of how much traffic they carry. The main parameter of interest is r[k], the number of 
traffic-carrying lines which can be accessed, where r[k] = n.m[k] - d[k]. . 

Initially, we make another assumption: the t test ports are each assigned to a different 
n x n first stage switch module. Natuarally t must be less than !iL, the number of first n 
stage switches - this is a realistic constraint since it is unlikely that one would want to 
use up more than * of the inputs as test ports. 

Notice that m[l] = t, since there are t test ports on t switches. What is d[l], the number of 
paths available to the t test ports from stage 1 to stage 2 ? There' are at least t such paths 
since each of the t first stage switches must have a free output corresponding to a test port 
input. That leaves n - 1 other output links on each switch. Let al be the effective average 
traffic on these links. Necessarily al > a since al is the probability a link is occupied given 

2.2A.5.2 



ITe 12 Torino, June 1988 

that it is not a test link, whereas a is the probability for any link. We have 

NI 
al = a. . 

NI -t 
(1) 

Next we estimate PI (j), the probability that a given switch with a test port has exactly 
j + 1 free paths to the second stage, 0 :::; j :::; n - 1. The probability that an individual 
path is free is 1 - al. Here assumption (ii) is invoked, namely that the input links are 
occupied independently of each other. Thus we can use the binomial distribution with 
mean (1 - al) (n - 1) , 

O:::;j:::;n-l. (2) 

Here PI (j) is the probability of JO other links being free on the output of a first stage switch 
given that there exists at least 1 free link. Each switch will have on average (1- al) X (n -1) 
free output links in addition to the free output link ensured by the presence of a test port 
on the input. Thus, 

d[l] = t.(1 + (n - 1).(1 - al)) . (3) 
The next step is to find m[2]. This is slightly complicated by the fact that the d[l] output 
links are not independent as to which second stage switches they go to, i.e., those on the 
same first stage switch must go to different second stage switches. 

It will be easier to find m[2] , the average number of second stage switches which can not 
be accessed by the d[l] links. Consider that we run d[l] 'experiments' on average, and for 
each experiment there is a probability that a given stage 2 switch is 'hit' by a given free 
link. The experiment consists of randomly choosing a second stage switch for a given link. 
Consider a particular second stage switch (one of sw[2]) and one of the m[l] first stage 
switches. The probability of being 'hit' with the first free link is sw

l[2] given that at least 1 
free link exists - but we know each switch has at least 1 free link. Hence the probability 
of not being 'hit' by the first free link is 1 - 1/ sw[2]. The probability of being 'hit' by the 
second free link is h2' where 

1 
[ ] . prob(at least 2 free links exist) sw 2 -1 

",n-l (0) 
L.Jj=1 PI J 
sw[2] -1 

(4) 

where the PI (J.) 's are given by equation (2). Thus in general, the probability hi of being 
'hit' by the ith free port is given by 

",n-l ( .) 
h . = L.Jj=(i-l) PI J 
, sw[2] - (i - 1)' 

1 :::; i :::; n. (5) 

Hence the probability of not being 'hit' at all is 

(6) 

But there are t = m[l] of these switches on the first stage, assumed independent. So the 
probability of a given second stage switch not being 'hit' at all is the previous expression 
(6) raised to the power of m[I], i.e., m[l] independent experiments. In total we have sw[2] 
switches like this so that one can write 

(7) 
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Next, one needs to estimate d[2], the average number of free links which are available 
at the outputs of the m[21 second stage switches. We know that d[2] ~ m[2!. The free 
paths (d[l] of them) which came from the ml1] switches all came to the m 2] switches 
by definition. So this implies that d[2] 2: d[l. Clearly these d[l] paths account for all 
the free paths available from those m[l] switches. Then any remaining free paths must 
emanate from the m[lJ switches, i.e. the set of first stage switches which do not have any 
test ports .on them(m[k] = sw[k] - m[k], in general). Let x be the number of free paths 
from the m[l] switches. We choose to estimate x in a conservative manner. First we find 
how many paths (free or not) there are between the--m[l] first stage switches and the ml21 
second stage switches. There are n X m[2] paths in all into the m[2] switches. At least d 1 
of these are from the m[l] switches. There are other paths out of the m[l] set, say y of 
them, and they must be traffic-carrying by definition. Altogether there are n.m[l] - d[l] 
traffic-carrying paths out of the m[ 1] switches. It can be assumed that :WI of these go to 
the m[2] switches. This is slightly high since we know that the lines to the m[2] switches 
from the m[ 1] switches are more likely to be free than traffic carrying. But it will keep 
our estimate of d[2] conservative. So there are at least (n.m[2] - d[l] - =}[~l (n.m[l] - d[l])) 
paths (whether free or not) between the m[l] and the m[2] switches. 

·N ote that x is the number of these which are free. If the network is carrying a.NI lines 
with traffic on them, then there are (1 - a) .NI links free between each stage, assuming no 
expansion has taken place. So the number of free links which can be on the m[l] switches 
is (1 - a).NI - d[l] since there are d[l] links on the mI1] switches. The probability that a 
particular output link of the m[l] switches is free is pCld where 

(I ) 
- (1 - a).NI - d[l] 

P 1-· n.(sw[l] - m[l]) 
(8) 

We have estimated the number of output links going from this switch to the m[2] switches, 
and assuming that each is occupied independently, one can derive 

x 
m[2] 

P(fI) . (n.m[2] - d[l] - -[ ] .(n.m[l] - d[l])) 
sw 2 

(9) 

and 
d[2] = d[l] + x . (10) 

Finally, before applying the recursion, one needs to estimate the distribution of the free 
links on the second stage switches. Again we assume independence and calculate the 
average distribution for a single switch. The mean number of free links on average on an 
m[2] switch is ~fJr We know that, as before, each switch has at least one free path. So 

let J.L = ~[~I - 1 be the mean of a binomial distribution which gives the probability of there 
being J. extra free links on average. We proceed to calculate the P2 (j) 's in a similar fashion 
to the PI (j) distribution calculated previously. We find . 

P2(j) = (n ~ 1) (_J.L_)i (1 __ J.L_)n-I-i 
J n-1 n-1 

0::;j::;n-1, (11) 

which is the probability of j + 1 free paths being on an m[2] switch. 

Now we have completely defined the basic computations which when applied recursively 
can be used to calculate m[k]'s and drk]'s across the network. This is because we can find 
d[3j and m[3j from d[2] and m[2] in the same way as d[2] and m[2] were determined from 
d[l and m[l , and so on. 

However we have not yet taken into account the structure of the network, namely, the 
fact that the second stage really consists of n first stage groups of smaller networks. We 
replace m[2] by m'[2] = m[2]/n and d[2] by d'[2] = d[2]/n. Then we calulate m'[3] and 
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d'[3] as already defined and let m[3] = n.m'[3] and d[3] = n.d'[3]. One is assuming that the 
accessible switches and lines are evenly distributed on the n center stages. This is based 
on the fact that the call-packing rule is a 'least-used' switch rule and is also borne out by 
our simulation studies. So even though this approach may yield slightly optimistic results 
it is justifiable. In fact some simple calculations have revealed that skewing will only have 
a very minor effect on the results. 

5. Expansion and concentration stages 

Expansion at stage k has the effect of increasing d[ k] to d' [k], where 

d'[k] = d[k] + n.(1 - a).m[k] (12) 

where the expansion is from n.a lines to n lines per switch and a < 1. The 'new' lines 
on the output side of the switch must be free. Clearly this improves test accessibility 
considerably on the output side of such a network. Combining this with the fact that the 
traffic a is reduced to a.a suggests that the probability of access will be much higher after 
the lin ~s go through an expansion stage. 

ConcentraLion has the effect of reducing the number of non-traffic carrying lines and, hence, 
the available number of test paths. Let there be a concentration from n to a.n lines at 
some stage k. Then using the same formulae as derived earlier, we can find m[kl and d[k] 
as if there were no concentration. d'[k], the reduced number of accessible paths due to 
concentration, is then determined by effectively 'removing' n.(I- a) lines from the output 
side of the switch. 

Calculating the Pk(j) (unconditionally, as if there was no concentration) gives the distribu
tion of the d[k] free lines on the m[k] switches, where Pk(j) is the probability that a switch 
has exactly j + 1 free lines (since each switch has at least one free line by definition). 
On averag~ there will be m[k].Pk(j) switches with exactly j + 1 free lines. If one removes 
n.(1 - a) lines from each of these switches (i.e. performs the concentration) then 

n-l 

d'[k] = L m[k].Pk(j).(j + 1 - n.(1 - a)) (13) 
i=n.(l-a) 

since each switch which previously had j + 1 free output lines now has j + 1 - n.(1 - a) 
free output lines if j ~ n.(I- a), or no free output lines if j < n.(1 - a). 

6. Calculating the overall access probability for the network 

For any given network, we have defined a procedure for finding m[k] and d[k] for each stage 
k. Given that r[kJ = n.m[k] ~ d[k], one can determine the probability that an arbitrary 
traffic-carrying path can be accessed by a test port at some stage in the network. There 
are a.NI traffic-carrying paths in all. We make here the assumption that the probability of 
a traffic-carrying path being accessible by a test port is independent from one stage to the 
next. This due to the fact that all the paths from one switch are distributed to different 
switches at the next stage. Thus the probability that a given circuit can be accessed at 
some point in the network is easily seen to be . 

(14) 

This completes the derivation. 

7. Access probabilities for particular networks 

To conclude our paper we look at both theoretical and siIIlulated test access results for 
two particular multi-stage networks. First let us consider a 4096 x 4096 7 -stage network 
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FIGURE 2 

composed of switching modules of size 8 x 8. The inter-stage connections are defined as 
for a standard multi-stage Clos network, [3], with m = n. Thus these networks are non
blocking if and only if rearrangement techniques are used. The size of the network is fairly 
typical of cross-connect applications. Figure 2 shows a logarithmic plot of the theoretical 
probability of being unable to access a given traffic-carrying path through the network, 
versus t, the number of test ports. The three different curves on each plot correspond to 
three different traffic values. The traffic values are between 0.7 and 0.9 since these are 
typical upper bounds for this application. 
It can be seen from the graph that the non-access probabilities are extremely traffic
dependent with more than three orders of magnitude difference between the a = 0.7 and 
a = 0.9 curves. This agrees with our intuition since increasing the traffic both increases 
the number of traffic-carrying paths which the test ports must be able to access and 
simultaneously decreases the number of available free paths for the test ports. 

Table 1 Probability a given switch can be accessed in a 7-stage 1296 by 
1296 rearrangeable network 

Number of Test Ports Stage Theoretical Experimental 

2 .070 .061 
4 3 .248 .242 

4 .799 .746 

2 .102 .095 
6 3 .342 .393 

4 .888 .906 

2 .134 .124 
8 3 .421 .447 

4 .931 .943 

2 .193 .183 
12 3 .544 .600 

4 .967 .987 
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Another interesting feature of the graphs is the fact that the non-access probabilities 
decrease rapidly for low values of the number of test ports, t, and much more slowly 
as t becomes larger. This is a consequence of what one might call 'saturation' effects. 
One might imagine that by increasing t sufficiently close to (1 - a).NI one could increase 
the access probabilities arbitrarily close to 1. But this reasoning is not correct, since 
there exist only (1- a).NI free links between each stage and the next (ignoring expansion 
or concentration). So regardless of how many test ports one has, there is a maximum 
number of paths one can access from stage to stage. We also present simulation results 
based on a 1296 x 1296 7-stage network, with the traffic fixed at a = 0.85. Table 1 shows 
both the experimental simulation probabilities and the theoretical calculations of the same 
probabilities. The model clearly is quite accurate. This data is displayed graphically in 
figure 3. In general we found the model to be most accurate at the outer stages and in 
networks where there was no expansion or concentration. 
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8. Conclusions 

A general theoretical model has been derived for investigating accessibility of traffic
carrying paths in a multi-stage switching network. This model can, in principle, be applied 
to any multi-stage switching architecture with a view to determining the optimal number of 
test ports. We have demonstrated in this paper that remote test access schemes for multi
stage automated cross-connect networks can operate with very high access probabilities, 
using relatively few dedicated test ports and a simple access algorithm. 
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