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This work is concerned with the determination of the trunk group blocking seen by the 
superposition of two peaked, correlated traffic streams consisting of initial attempts and 
delayed reattempts. The goal of this work is to provide an approximation which is as 
straightforward as those already in use, yet which more accurately captures such com
plexities as the peakedness of individual streams, the random delay between blocking 
and reattempt, and the correlation between initial attempt and reattempt traffic. Call 
blocking is expressed as a function of the mean and peakedness of the initial traffic 
stream, the number of trunks, the probability of reattempt, and the mean time between 
blocking and reattempt. Quantities of interest are obtained from the solution of a sim
ple system of simultaneous equations which converges in several iterations. 

1. INTRODUCTION 

This work is concerned with a classical teletraffic problem: the determination of the observed 
blocking when a traffic stream is offered to a trunk group. In this model, the offered traffic stream 
consists of the superposition of two correlated streams --- a (possibly) peaked initial stream and fl 
peaked, randomly delayed reattempt stream. The trunk group consists of multiple trunks and no 
waiting room. The key contribution of this work is the recognition and explicit inclusion of the 
dependencies between the two traffic streams resulting from caller behavior. 

Previous results in this area vary from extremely simple albeit crude single equation approxima
tions to extremely complex systems of equations requiring sophisticated computational algorithms. 
(There have been numerous papers on this topic, including papers at previous ITC meetings; a 
recent review of previous results is given by Greenberg and Wolff [1].) The goal of this work is 
not to extend the frontiers of mathematical complexity; rather, the motivation from the outset is to 
provide an approximation which is as straightforward as those already in use, yet which more pre
cisely captures such complexities as the peakedness of individual streams, the random delay 
between blocking and reattempt, and the correlation between the initial attempt and reattempt 
traffic streams. 

To differentiate this work from previous efforts, three specific requirements had to be satisfied; the 
resulting approximation had to be 1) simple, 2) robust, and 3) accurate. First, all quantities of 
interest are obtained from the solution of a simple system of simultaneous equations which con
verges in several iterations. Second, the results are applicable to a wide range of input streams 
which need only be amenable to a two-moment characterization. For example, the initial stream 
can itself be the superposition of overflows from other trunk groups. Furthermore, the two-moment 
traffic characterization is maintained throughout the stages of the model. Finally, the approxima
tion accurately captures caller behavior by taking into account the effects of the random delay 
between reattempts as well as the correlation between the initial attempt and reattempt traffic 
streams. The inclusion in the model of these last items characterizing caller behavior differentiate 
this work from previous results and thus constitute the key contribution of this paper. 
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The results of this work are directly applicable to a wide range of teletraffic problems. Unlike 
other approximations resulting from the simplifying assumption that blocked calls are lost or that 
reattempts return after a sufficiently long time, the approximation for call blocking given here pro
vides a simple, accurate measure of the blocking on a trunk group when caller reattempt behavior 
is explicitly taken into account. This approximation for call blocking can be incorporated easily 
into existing teletraffic models requiring the determination of call blocking. In addition, the results 
given here provide insight into the impact of caller behavior on such other quantities of interest as 
the correlation between initial attempt and reattempt streams, and the peakedness of the resulting 
aggregate traffic stream. 

This paper is organized as follows: Section 2 describes the traffic model and notation, and derives 
the system of equations comprising the approximation. In addition, the asymptotic properties of 
some equations are discussed to elucidate the impact of caller behavior on call blocking. Next, 
Section 3 desctibes the simulation results used to develop and validate the approximation. In addi
tion, the impact of various pieces of the approximation on its overall accuracy are isolated to 
demonstrate its regions of greatest applicability. The sensitivity of the call blocking to the various 
model parameters is also discussed. Finally, Section 4 provides some conclusions. 

2. MODEL 

The teletraffic model considered here is shown in Figure 1. Each traffic stream in the model is 
characterized by a pair {a, z} denoting the mean (in erlangs) and peakedness of the stream, 
where peakedness is defined as the steady-state variance-to-mean ratio of the number of busy 
servers on an infinite server group when offered this traffic stream. Let {aj, Zj} (Zj ~ 1) denote the 
initial stream, and let {at, Zt} denote the total stream offered to the trunk group. (The restriction 
Zj ~ 1 results from the use of the Equivalent Random method. The case Zj < 1 is of less practical 
significance; nevertheless, the approximation presented here can be modified to address this smooth 
traffic case using results due to Bretschneider [2].) Let nt denote the number of trunks, and 
assume that trunk holding times are exponentially distributed with unit mean. Let fJ denote the 
observed call blocking at the trunk group, and let {ao' zo} denote the overflow stream resulting 
when all trunks are occupied. Next, let 1r denote the constant, state-independent probability of 
reattempt, and let {ar , zr} denote the reattempt stream. Let T denote the mean delay time {rela
tive to the unit mean trunk holding time} at the infinite server, exponentially distributed service 
time, delay node (Le., the mean delay between blocking and reattempt), and let {ad, Zd} denote 
the delayed reattempt stream which combines with the initial stream to comprise the total stream. 
Finally, let p denote the correlation between the number of busy servers on separate infinite server 
groups, when one is offered the initial attempt stream and the other is offered the reattempt stream 
(Le., p is a measure of the dependency between the initial attempt and reattempt streams). 
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Next, the system of equations comprising the approximation is derived. Rather than introduce 
each equation as the particular piece of the approximation is discussed, instead the step-by-step 
approach taken to develop this approximation is outlined, including the functional relationships 
between the variables and parameters, and the collective system of equations is summarized follow
ing the discussion. First, the mean of the overflow stream is simply 'ao - at (J, and the functional 
expressions for the call blocking fJ = fJ(n t , at, Zt) and the peakedness of the overflow stream 
Zo = Zo (nt , at , Zt ,fJ) are approximated using the Equivalent Random method due to Wilkin
son [3], as well as formulas for the equivalent random load 'ae and number of trunks ne due to 
Rapp [41. Next, the mean of the reattempt stream is a, - ao 1r, and the functional expression for 
the peakedness of the reattempt stream z, = z,(zo' 1r) is obtai'ned using point process splitting 
results due to Burke [51. The mean of the delayed stream is simply ad - a" and the functional 
expression for the peakedness of the delayed stream Zd = Zd(Z" T) is approximated using general
ized peakedness results due to Eckberg [6] as well as simulation results. Finally, the mean of the 
total stream is at = ai + ad, and the functional expression for the peakedness of the total stream 
Zt = Zt (ai, Zi , ad , Zd', p) is obtained using elementary probability theory, where the functional 
expression for the correlation p = p(ad, Zd, 7r, T) is approximated using simulation results. These 
functional relationships, summarized below, collectively represent a simple system of simultaneous 
equations which, with the initial values at = ai and Zt == Zi, converges in several iterations: 

ae = at Zt + 3 Zt (Zt -1) ; 

ae (at + Zt) 
ne == ----- - at - 1 ; 

at + Zt- 1 

where B (.,.) is the Erlang B function; 

Z,+T 
Z ---' 

d - 1 +T ' 

1-{37r' 

aiZi+2p~aiZiadZd +adzd 

ai + ad 

Of particular interest are the expressions for Zd and p in that they capture the impact of caller 
behavior. The functional form for Zd, which can be written as Zd - 1 + a (z, -1), 0 ~ a ~ 1, w~s 
chosen for several reasons. First, this form is the same as the functional form for z,. Further, the 
functional form a =- K/(K + T), K> 0 has intuitively appealing asymptotic properties (Zd --+ z, as 
T --+ 0, and Zd - 1 as T - 00). Also, this functional form results in the interchangeability of the 
thinning and delaying operations (both linear operations). That is, if Z,d denotes' the peakedness 
resulting from thinning then delaying the overflow stream, and Zd, denotes the peakedness resulting 
from delaying then thinning the overflow stream, then 

Z,d == 1 + a {[ 1 + 1r (zo - 1)] - t} == 1 + a 7r (zo -1) - 1 + 1r {[ 1 + a (zo -1)] - t} - Zd, . 

As demonstrated by the simulation results, setting K - 1 gives a satisfactory fit for the ranges of 
parameters considered; other values of K may provide even better fits. 
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Kl 1r K2 
The functional form p == , Kl > 0, K2 > 0, was chosen for several reasons. 

(Kl + T) (K2 + ad/zd) 
First, this form depends heavily on the parameters of the delayed stream, which in turn contain ' 
information on all other system parameters. Second, this form has interesting asymptotic proper
ties. Clearly, Op/OT < 0 and p -0 as T - 00 (as expected). Of more interest, however, is the fol
lowing case: let 1r == 1 and T == 0 (for simplicity), and vary a; (all other parameters fixed). 
Clearly, ad/zd -0 as a; -0, while ad/zd - 00 as a; - 00. Therefore, p -1 as a; -0 and p -0 as 
ai - 00. In other words, as a; -0, the variability of the delayed stream (in fact, the occurrence of 
overflowing calls at all) is highly correlated to bursts in the initial stream. At the other extreme, as 
ai - 00, bursts in the initial stream have little impact on the variability of the delayed stream. As 
demonstrated by the simulation results, setting Kl - K2 - 1 gives a satisfactory fit for the ranges of 
parameters considered; other values of Kl and K2 may provide even better fits. 

3. VALIDATION 

A simulation is used to ensure the robustness and accuracy of the simple approximations presented 
here. The simulation is written using the Performance Analysis Workstation (PAW) software 
developed by Melamed and Morris [7]. Figures 2 through 15 show the total call blocking fJ as a 
function of the various model parameters. Variations of the following four control cases are shown: 

1. nt == 10, ai == 4.5, Zi == I, 1r == 0.8, T == 0.2 (corresponds to 1 % blocking without reattempts); 

2. nt == 10, ai == 7.5, Zi == I, 1r == 0.8, T == 0.2 (corresponds to 10% blocking without reattempts); 

3. nt == 100, ai == 85, Zi == 1, 1r == 0.8, T == 0.2 (corresponds to 1 % blocking without reattempts); 

4. nt == 100, a; == 105, Z; == 1, 1r == 0.8, T == 0.2 (corresponds to 10% blocking without reattempts). 

In each figure, one system parameter is varied while all other parameters are fixed. Figures 2 and 
9 show the total call blocking {3 as a function of the initial load a;. Figures 3, 6, 10 and 13 show fJ 
as a function of the initial peakedness Zj. Figures 4, 7, 11 and 14 show fJ as a function of the reat
tempt probability 1r. Figures 5, 8, 12 and 15 show {3 as a function of the mean delay time T. Each 
figure shows one dotted curve, with associated confidence intervals, and three solid curves. The 
dotted curve and confidence intervals correspond to the simulation results. (The 95th percentile 
confidence intervals are based on statistically independent repetitions, each consisting of over 
100,000 initial attempts, where the number of repetitions was determined according to the follow
ing procedure: for each figure, obtain a set of five runs. If the resulting confidence intervals are 
large, obtain another set of five runs, and so on until the confidence intervals are sufficiently small.) 
The three solid curves correspond to the following analytic approximations {in ascending order>: 

1. ignore reattempts (Le., (3 == B (nt,ai'z), where B (n,a,z) denotes the equivalent random 
blocking seen on a trunk group of size n by a stream with mean a and peakedness z); 

2. include reattempts and reattempt peakedness, but ignore correlation {Le., 
{3 == B (nt,at,zt I p-o»; 

3. include reattempts, reattempt peakedness, and correlation {i.e., fJ - B (n"at,zt». 

These solid curves represent the introduction of increasing levels of reality into the analytic approx
imation, where the first (bottom) curve represents ignorance of the reattempt phenomenon and the 
last (top) curve represents inclusion of the reattempt phenomenon as characterized by the analytic 
model presented here. As demonstrated by the simulation results, inclusion of the final element --
the dependency between the initial attempt and reattempt streams --- results in a significant 
increase in accuracy of the analytic approximation, particularly at low occupancies. For example, 
in variations of control case 1 (Figures 3, 4 and 5: occup~ncy below 50%), inclusion of p is critical; 
while in variations of control case 4 (Figures 13, 14 and 15: occupancy above 90%), inclusion of p 
is inconsequential. As a set of representative cases, the occupancies, blockings and relative errors 
with and 'without inclusion of p are shown in Table 1 for the four control cases described above. 
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TABLE 1 

Control % Total Simulated Blocking % Error Blocking % Error 
Case Occupancy Blocking Without p Without p With p With p 

1 44.8 0.0205 0.0112 45.6 0.0202 1.4 
2 70.3 0.2334 0.1584 32.1 0.2316 0.8 

3 84.5 0.0238 0.0153 35.6 0.0242 1.7 

4 96.5 0.3036 0.2981 1.8 0.3039 0.1 

Figures 2 through 15 show the sensitivity of the call blocking ~ to the various model parameters. 
Of particular interest is the sensitivity of {3 to the mean delay time T; an appreciation of its impact 
on system performance is important in accurately assessing the quality of service during the design 
and dimensioning of switching and transmission facilities in telephone networks or user interfaces 
in computer systems. As Figures 5, 8, 12 and 15 show, ~ is extremely sensitive to T for low values 
of T, particularly at low occupancies. 

4. CONCLUSIONS 

The main result presented is a simple, accurate approximation for the call blocking expressed as a 
function of the mean and peakedness of the initial traffic stream, the number of trunks, the proba
bility of reattempt, and the mean time between blocking and reattempt. Also obtained are two
moment (i.e., mean and peakedness) characterizations of the various traffic streams. In addition, 
the correlation between the initial attempt and the reattempt streams is expressed as a function of 
the above-mentioned model parameters. The approximation is validated using extensive simulation 
results, and the sensitivity of the call blocking to the model parameters is investigated. 
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