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The introduction of digital techniques into the te
lecommunications networks tends to modify the network 
structure. Hierarchical and nonhierarchical network models 
based on randomly-distributed nodes are developed and 
analysed. The paper presents the optimum hierarchical net
work structure with respect to parameters expressing the 
technological progress, and the optimum symmetrical nonhie
rarchical routing scheme versus the density of tandem nodes 
and traffic loads. 

1. INTRODUCTION 

Penetrating digital transmission and switching facilities into 

the telecommunications network, in order to utilize the benefits 
of the digital technology and stored-program control, the net

work structures, · fundamental technical plans, network planning 

methods are reconsidered and revised. Many studies have been 

published investigating the structure of nationwide and metro

politan networks [1-5J. The future nationwide network structures 

are expected to be much simpler. The number of levels of the 

network hierarchy will be reduced, consisting of a local and one 
or two transit levels having nonhierarchical traffic routing 
within ' a hierarchical level; subscribers are connected to the 

local switches or their remote units. The network evolution stu

dies are usually based on the use of extensive computer tools 

and rela~ed to a part of network levels and a geographically li

mited portion of the network concerned. The general conclusions 
can be drawn from a set of the case studies. The approach used 

here is definitely different, looking directly for a generic 
response of the networking problems. The generic approach provi

des rules and guidelines for network planners, focusing on cer

tain planning aspects of the whole network. To obtain consis
tent evaluation on a whole network basis and use only a desc-

ription 
bilistic 

of the 
network 

network as moderate as possible, proba
models are established. The common as-
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sumption . of the 

cations (nodes) 

presented models is that the exchange 10-
are randomly distributed on the total con-

cerned area. Thus a probabilistic description of the vari

ous distance characteristics can be derived, which gives suffi

cient accuracy for total network cost calculations and an op

portunity for the network optimization. In the body of the pa

per two such generic network models are shown for solving net

work structure problems. 

For hierarchical network structures an econometric model for 

analytical evaluation i~ presented to determine the optimum num

ber of hierarchical levels, the expected optimum number of nodes 

on each level in the least-cost network structure. The network 

is supposed to be star-connected, defined by structural parame

ters expressing the number of nodes for each hieararchical le

vel. The costs of the telecommunication facilities including 

transmission, switching, etc. are described by the Grosch's law 

of the economics of scale {6}. Taking the average for each level 

the expected total network cost is derived as a function of the 

structural parameters. The model is available to investigate the 

inherent relationships of the hierarchical network structure, 

and study the impact of the technological progress through the 

change of the parameters of Grosch's law on the optimum network 

structure. We note that a probabilistic hierarchical network mo

del to computer aided evaluation was presented in /2J, which 

uses more sriphisticated descriptions for the demand distributi

ons, cost functions etc. The results obtained here are in coin

cidence .with the conclusions of sophisticated generic and speci

fic network planning studies [1-5J. 

The nonhierarchical network structures are found to have great 

advantages in the upper levels of the long-distance and the met
ropolitan networks having more homogeneous distribution of traf

fic loads [5, 7, 8l. For these applications the symmetri

cal, two-link, sequential nonhierarchical routing concept with 

crankback is a natural solution, where in a fully connected net- . 

work all circuit groups have the· same congestion (overflow) pro

bability and every relation has the same number of two link al-

ternate tandem 
traffic loads 
work model is 

paths. Supposing a symmetrical distribution of 
[8-9} a symmetrical nonhierarchical routed net

analysed to determine the optimum number of the 

path~, versus ·the density of the - nodes (the relative number of 
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' hodes on an area), the traffic loads, the permitted point-ta-po

int congestion. The k-th path is supposed ' to be the k-th shor
test two-link tandem path. We find the expected ratio of the 
lengths of the k-th tandem path to the direct path, and evaluate 
the wide range of practical cases. 

2. HIERARCHICAL NETWORK STRUCTURES 

Let N be the number of nodes (eg. switching excanges, con

centrators, cross-connection points) ori an area of size W. The 

nodes are assigned to one of s hierarchical levels and star-con

nected. Let a nod~ on the i-th level provide 1,2 ... i-th or

der functions, and link with fj-l nodes on the j-th level 

(j=1,2 ... i-1). Then the number of the i-th order nodes and are
as, resp. are: 

s-l 
n. = ( f· -1)· II r k ' 

1 1 k=i+1 
and n =m =1. We can write, that: 

s s s-l 
N= lr r. = f- n. = m1 . 

,i=l 1 ~ , l 

(i=1,2 .... s-l) 

( 1 ) 

where mi are called structural parameters, r i are structu., 
ra~factors. Let fO=N $-1 denote the uniform structural fac-
tor. The total network cost is composed as 

s-l 
C = L n. C(i) 

1 i=l 
where C(i) is average cost for an i-th order node and its link 

interconnecting with its own superior node. The cost of any node 

and its upward link is estimated according to the Grosch's law 
of the economics of scale, using two parameters in the form of: 

with arbitrary constant h. One parameter, p is related to the 
transmission distance A, ,other parameter q is to the traffic ca

paci ty )}. In general O<p<l, O<q<l; Grosch' s hypothetical va

lues are p=q=O.5. Practical values of the parameters p and q can 

be derived from the analysis of actual costs [6]. The in

vestigations show, that p and q are decreasing with the techno

logical progress [10} (Figure 1). Taking the average for each 
level, supposing that .A and V are independent we obtain: 
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To determine the dependence on the length, we suppose that the 

nodes, even the nodes of same order are randomly dispersed on 

the examined area W. Thus, the distribution of nodes superior to 

i-th order nodes has a Poisson distribution with mean value 

At l=m. 1/W. Then, designating the nearest node of order at 
'''''1+ · 1+ 
least i+1 as a superior to an i-th order node, and denoting the 

Euclidean distance between them by J. we obtain: 
, 1 2 , 

- b· 11rX o /- 1+ . 
Prob C )i <x) = l-e 

i. e. J i has Rayleigh 

A =0. 5' i' where 
= P"i/02, we obtain: 

distribution. We consider the actual length 

0> 1 is constnant. Then, wi th /\)i = 

EiC,A) == Li 

E. CAP) = l"_4) 
1 1T 

s -1 

p.lf 
k=i+1 

where IC .) denotes Gamma-function, P collects constants in-

dependent of i. 

To determine 

the outgoing 

the dependence on the capacity, we suppose that 

and incoming traffic loads of an i-th order area 

are proportion to ' the number of the nodes of the area concer

ned [ID}. Then we can write as: 
i-I 

E. C )) ):: 5 . = 51 If r k · 
1 1 k=l 

We suppose that Ei C )} q) is in proportion to 5i q, becau-

se the number of nodes in the same order areas are approximately 

equal. Thus, introducing a constant Q we obtain: 
i-I 

E . ( 'Y q) = Q. If r k
q · 

1 k=l 

Finally, the total network cost is given as: 

s-l -q · s-l t 
C = H fu. (ri-I) L· IT Lk 1 k=l+l 

where t=1-q-p/2, H=h.P.Q.Nq . Now -we can minimize C with res-
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pect to ri' taking the constraint (1) into account. The opti

mized value of r i will be denoted by Ri' Firstly, we suppose 
that r 1=r 2= ... r s _1=r.o' Then we obtain Ro by solving 

the following equation: Rt 

1-q + 
1 

R -1 o 

= 

t 0 

Rt-1 
o 

In Ro 

if t10 

if t=O. 

Accordingly Ra depends only on p and q, provided that 
.1 

Ro> N N-1 (Figure 2). If p=q=O, then the optimum structure 

is indefinite. 
Under a given s,the optimum structural factor Ri is given by a 

recursive formula as: 

B 

TransmiS5ion 

0.2 Switching 

o 0.25 0.5 

Figure 1. Typical values of parame
ters p and q. (Points A and B de
scribe link and line costs resp. 
Point C represents total costs 

with high technology.) 

] 
l-q 

. Ri - l 

Figure 2. Optimum structural 

factor Ro versus parameters 
p and q. 

I f R 1 = R 0 r t = 0, the n R. = R. l' I f R 1~ Ran d t;> 0 , o . 1 1- 0 

the n R ~ R. 1; if t < 0, the n R.:;; R. l' 0 pt i m i z i n g s, the 
1 1- 1 1-

global optimum is derived as Rl=R2="'~' and 
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logN 
Sopt =min(N; 1 + l09R

o
)· 

It has been found, that the least-cost network structure is 

unambiguously defined by p and q, through the optimum uniform 

structural factor R . Using this generic network model, we can 
o 

find out the impact of the technological evolution on the opti-

mum network hierarchy. With the progress the costs are less de

pendent on distance and capacity, p and q are decreasing (Fi

gure 1). They have opposite impact on R (Figure 2). Ultima-
o 

telYJ comparing the figures, the progress results in an increa-

sing R, i.e. a decreasing tendency in the optimum number of 
o 

network levels. For the sake of completeness, it is noted, re-

ferring to [lO}, that when the higher-order tandem functions are 
' provided by separate nodes, similar expressions and conclusions 

are derived, under greater values of Ro' 

3. NONHIERARCHIAL NETWORK STRUCTURES 

Now let N be the number of switching nodes, fully inter

connecting by circuit groups with an overflow probability b. Let 
n be the number of two-link tandem paths (O$n~N-2).To find no' 

the optimum of n with respect to the network cost under a given 

point-to-point congestion B, we suppose: a) the offered traffic 

load is A erlangs in any relations; b) the sequence of choice of 

the tandem nodes is determined according to the length of tandem 

paths; c) the overflowed traffic components can be considered a . 

random . traffic. Thus the relationship between band B is given 

as: 

where d denotes the congestion of the two-link tandem paths. In 

case of k tandem paths, the traffic A causes load on 1+2k 

links, altogether as 
k 

Mk=A .. ) di 
170 

k=O, 1, 2 .... n. 

Due to the symmetry conditions, network cost is determined by 
summing the cost of carrying MO=A and traffic load components 

Mk-Mk_1 , k=1,2 ... n, as follows: 

. 2.18.4.6 
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'Pk 
-2- (2) 

where ak denotes marginal traffic capacity of . the links car

rying components Mk-M k_1 , ~k expresses the ratio of the 

lengths of the k-th tandem path and direct path. The traffic lo

ad offered to a link in average is also Mk under k tandems, 

therefore ak is approximated as ' 

Mk-M k_1 a -=---=--k Gk-G k_1 
k=1,2 ... n 

aO=MO/G O' where Gk is the number of circuits, cal-
culated by Erlang's loss formula under load Mk , congestion b. 

For calculating 'fk' let co=2"O be the distance of the sour-

ce and destination nodes, ck=2~ be the length of the k-th 

shortest tandem path. Then the tandem nodes with ~ length 

ck are located along an ellipse with axes ~, ~=Vcl2- ~, 
area 7: k= o(l51f, ' andr--;=====::;: 

. f - c k - J.!. ~.!. C·7: k )2 k - c - 2 + 4 + 2'1f 

. . 0 T . 
k=1,2 ... 

For a generic model, we find E( Y'k)' the expected value of 

'f
k

. Supposing ' that the tandem nodes are randomly dis

persed on the examined are W, then they have a Poisson distribu

t ion wit h m ea n )l = ( N - 2 ) I Wan d the d i s t rib uti 0 n 0 far e a lk' ha -

ving k tandems is derived as: 
~ (}l T)i e - ~T 

Prob('tk<T) = 1-L ~ ., . 0 1. 1= 
= 

i.e. ~k has an Erlang-distribution of parameter k, with mean 
2 

T k=k/P . Thus, introducing v=T] la 1r 

E ('P k) ';; ~ k = J ~ + H + (k. v ) 2 

The estimation of E( f k ) is asymptotically undistorted in ca-

. se of k. v --0. 
Applying ~k to (2), we minimize C with respect to n, un

der a given A, Band v. Eg., if v=4/1r, then ~1=1.42, 

~2=1.82, ~3=2.l4, etc. Specially if v=2{3/k then ~k=2 for 
all k, and C expresses the number of circuits of the network. 

The optimum numbers of tandem paths, n are shown in Table 1, 
o 

collecting the values belonging to 8=0.5, 1 and 5 % into trip-
les. Analyzing the table, it is found under A> 5 erlangs, that 

2.18.4.7 



ITe 12 Torino, June 1988 

doubling the density of the tandem nodes results in one additio

nal tandem path at most and the case of uniform ~k may be in

serted between v= ff and 2 f3. I t is found in practical cases (20S. 

A :S. 2 0 0 er 1 a n 9 s , 0 . 5 ~ B=:::l %, 1"S v::;;4) t hat 1~ nO 'S 2, and a p ply i n 9 

only n=l, the extra cost is, if any, less then 4.2 and 2.3 % un

der B=0.5 and 1 % resp. Additionally, the design and imp1e-

Table 1. Triples of no (B=0.5%), no (1%), no (5%). 

A(erl) 2 5 10 20 30 50 100 

v 

2{3" 3,3,1 2,2,1 2 , 2 , 1 2,1,0 1 , 1 ,0 1,1 ,0 1,1,0 
'2 {3/k 5,4,2 3,3,1 2,2 , 1 2,1,0 2,1,0 1,1,0 1 , 1 ,0 

{3 4,4,2 3,3,1 3,.2 , 1 2,2,1 2,1 ,1 2,1,0 1,1,0 

4/'[ 5,4,2 4,3,2 3,2,1 2,2,1 2,2,1 2,1,1 1,1 ,0 

2/11' 7,6,3 5,4,2 4,3,2 3,3,1 3,2,1 2,2,1 2,2,1 

mentation of the nonhierarchical routing scheme with n=l are 

simplified (eg. crankback control is eliminated) and the most fa

vourable overload features are provided [8, 101. Therefo

re, n=l is generally proposed in the symmetrical nonhierarchi

cal routing. 

4. CONCLUSIONS 

The network models based on randomly-distributed nodes are app

ropriate to find theoretical relationships and ririentate the 
choice of the structure of both the hierarchical and nonhierar

chical networks. We pointed out the dependence of optimum hie

rarchical structure on the economics of scale and that the tech

nological progress results in a decrease of the optimum number 
, 

of hierarchical levels. It is also found, that the introduction 

of the symmetrical nonhie~archical routing is favourable with 
one tandem path, taking both the network economy and protection 
as well as the simplicity of technical implementation into acco-
unt. 
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