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For modeling and evaluation of communication networks an analytical description of 
the stochastic processes is advantageous. In this paper the approximation method 
MEDA 1 is introduced. It approximates an empirical distribution function with a mix
ture of two resp. three Erlang distributions. The first three empirical moments are 
fitted exactly. Higher moments and other characteristics are taken into account by 
approximating the course of the empirical distribution function with minimal devi
ation. ,Several examples prove the successful application of MED A to data network 
measurement results. A comparison to other methods is given. 

1 Introduction 

The behavior of communication networks is usually determined by stochastic processes. Within 
the limiting conditions, given by the performance of the system components, the system behavior 
depends on the dynamic interaction of arrival and service processes. 

Evaluation of measurements and simulations produce empirical distribution functions (d.f.) of 
the investigated processes. For modeling and comparison of systems it is advantageous to find an 
approximate analytical description of these distributions, based only on a few parameters. For 
this purpose the new method MED A has been introduced in [10]. After briefly describing the 
method, the present paper concentrates on applying MED A to measurement results. 

Measurement or simulation of stochastic processes in a system will produce a sample of N real
izations of a random variable X 

XN = {Zi, i = 1,2, ... ,N}. (1) 

Usually the abscissa is devided into m intervalls of equal width Llz and Yu random numbers of 
XN fall into the intervall (u - I)Llz ~ z < uLlz. Then the empirical d.f. is defined as 

1 u 

FE(Z) = NLYi, (u-l)Llz~z<uLlz (2) 
i=l 

and the empirical moments of order j as 

j = 1,2, ... (3) 

To get a continuous empirical d.f. FE( z) we assume a linear course between the abscissas, which 
introduces only a negligible error in case of the usually large sample size (N > 10000). 

Before we present the method to approximate the characteristics of an empirical sample we briefly 
discuss general requirements. 

2 Approximation method requirements 

Bux [1] has shown that system performance, e.g. represented by the waiting time distribution, 
depends not only on the mean and variance of the interarrival times but can also be significantly 
influenced by higher moments and the form of the distribution function. 

1 Mixed ~rlang Distributions for APproximation 
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As a result of further investigations [4], [12] we obtain as significant parameters to represent an 
empirical sample the first three moments and the course of the d.f .. 

For modeling of queueing systems so-called phase type distributions have advantages. Cox [3] 
has shown that any distribution with rational Laplace transform can be approximated arbitrarily 
close by a combination of exponential phases (cf. fig. 1 a,b). 

According to this method of stages generally distributed interarrival and service times will be 
represented by such phase type distributions. Then the time in system - at a system state phase 
level- is an exponentially distributed random variable. Therefore the system states build a Markov 
process, which can be analyzed with well established tools. 

oJ bJ 

(X, (X. 
I 

Fig. 1 Phase type distributions: a) mixed Erlang distribution; b) special Cox distribution 

For analytical evaluation the Cox distribution is more suitable [1], but for approximation it has 
a severe disadvantage: Changing the value of any distribution parameter will affect the whole 
course of the d.f.. The main part of the course of an Erlang distribution however is concen
trated relatively close around the mean value. This allows a stepwise approximation. Given the 
approximation of the lower range of an empirical d.f. by an Erlang distribution, the fitting of the 
distribution tail by other Erlang branches will have only little impact on the parameters of the 
first section. Eq. 4 shows the d.f. of a mixture of Z Erlang distributions: 

F ( z) = 1 - ?= Pi e - Ai Z ?= ('\i.~) . 
Z ( 1c,-1 j) 

,=1 3=1 J 
(4) 

Additionally the transformation of a mixture of Erlang distributions to a Cox distribution needs 
less effort than the approximation itself [5], [10]. Therefore we choose a mixture of Erlang distri
butions for approximation which have to meet the following requirements: 

• fitting of the first three empirical moments ME(i), i = 1,2,3 exactly, 

• fitting the empirical d.f. FE{Z) with minimal deviation. 

3 The approximation method MEDA 

Now the optimization problem is specified, we finally need a target function as optimization 
criterion for controlling the algorithm and as a measure for the goodness of fit. The well known 
statistical tests like Kolmogoroff Smirnov- and x2-test are not suitable, because they do not allow 
to rate different results of an approximation run. 

Therefore we introduce a new optimization criterion ~, defined as the area between the lin
earized empirical d.f. FE(Z) and the approximating d.f. FA(Z), normalized by the sample mean 
ME(l) = MA(l) (cf. fig 2): 

(5) 
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The mean value is equivalent to the area between the d.f. and the limiting value 1.0 on the 
ordinate (cf. fig. 2). The normalization enables us to compare the results of approximations of 
empirical distributions with different sample means (see examples in section 4). 

Fig. 2 

X X. 
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Definition of the optimization criterion ~ as normalized area between the two d.f. 

The use of a local criterion like the maximal deviation ~maz = max{IFp.(Zi) - FA(Zi)l, i = 1, .. , N} 
as optimization criterion often leads to a non stable state of the optirnization algorithm. It is only 
suitable as a measure for the achieved goodness of fit (cf. examples in section 5). Our criterion 
~, based on the deviation of the continuous courses of both d.f. can be used as target function 
during the approximation run and as a measure for the goodness of fit as well. 

3.1 Mixture of two Erlang distributions for approxirnation 

For a given combination of phases kl' k2 of the two Erlang distributions the remaining three 
parameters PI, At, A2 are derived from eq. 6: 

M ( .) _ ~ . ( ki - 1 + j ) j!. 
A 1 - ~ P. j \~' 

.=1 A, 

with Pt + P2 = 1. (6) 

By a very fast hybrid numerical algebraic algorithm the first three moments of the approximation 
distribution are fitted exactly to the values of the empirical moments. In general there are one or 
two valid solutions for the searched parameters. 

So we must choose only the number of phases kl and k2 in the two branches to get a first 
approximation. Starting with kl = k2 = 1 we increment k2 until the optimization criterion ~ has 
passed a local minimum ~1' Then we add 1 to kl and again increment k2 from k2 = k t until 
the next local minimum ~2 is found. We can keep k2 ~ kl' limiting the parameter range for k2' 
because the two branches are commutable. Comparing two local minima ~i and ~i+t we can 
see whether an improvement is obtained. If so, we continue incrementing the number of phases, 
otherwise we stop and ~i is taken as the optimum. Further incrementing of the number of phases 
will not improve the approximation, because of certain properties of the Erlang distribution (cf. 
[10)). 

This fast and accurate method is very suitable for approximating a great variety of empirical 
d.f. with very few parameters (cf. examples in section 4). In general it requires less than 30 
comparisons of the courses of the empirical and the approximating d.f .. The relative deviation ~ 
and the maximal deviation ~maz are about 10 %, in some cases they are even less than 5 %. 

3.2 Mixture of three Erlang distributions for approxiInation 

If we want to fit the empirical d.f. still better, we add a third Erlang branch with the three 
parameters 1>3, A3, k3 to our approximation distribution. This additional third branch is used to 
approximate the lower range of the empirical d.f .. Initial values for its parameters are estimated 
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from a linear approximation FL(Z) (cf. fig. 3) of this lower range. FL(Z) is a tangent to a rough 
linearization (only 15 abscissas) of the empirical d.f. FE( z) in the maximum of its derivation f( z). 

Every Erlang distribution can be approximated by three straight lines with a maximal deviation of 
1.3% in the lower part and less than 2.9% in the tail of the d.f .. FL( z) corresponds to the second 
line of this linearization, representing the part of the strongest increase of an Erlang distribution. 
A complete description of this linearization and the equations to determine its parameters is given 
in [8]. 
From the point of intersection ZI between FL (z) and the abscissa we find the value P3 on the 
ordinate where the distance between FE(Z) and FL(Z) is 1.3 ZI' The mean of the third branch 
Z- ~ M3(1) is established from the equation FL(Z-) = 0.7])3. A good estimation for k3 is found with 
ZI/Z- in a table of the linearized single Erlang distributions (see tab. 1). Then ~3 is computed by 
~3 = k3/Z-. 

ZI/Z- in k3 
0.8 

ME( 1) = 263.9 
[0, 0.09) 1 

[0.09, 0.25) 2 

0.6 Estimat ion: [0.25, 0.35) 3 

P3 X = 85 .1 [0.35, 0.44) 4 

0.4 P3 = 0.506 [0.44, 0.50) 5 

0.7 P3 1/}..3 = 42.5 [0.50, 0.54) 6 

kJ = 2 
[0.54, 0.575) 7 

0.2 [0.575, 00) 8 
x = k3 * 1/)..3 Tab. 1 Estimation 

of k3 

Xl 
x 

Fig. 3 Estimation of the parameters of the third branch 

This initial set of parameter values for the third branch is very close to the optimum, Le. within 
5% for the continuous parameters P3 and ~3 and ±1 for the parameter k3 • 

To evaluate the parameters of the remaining two branches the contribution M3(j) of the estimated 
third branch to the moments is subtracted from the empirical value ME(j): 

M'(j) = ME(j) - M3(j). (7) 
(1 - P3) 

Now the number of phases kit k2 in the remaining branches are optimized using the algoritlun 
described in section 3.1. The values of the other parameters PI, ~1' ~2 are derived by fitting the 
reduced moments M'(j). -

When the best combination of kl and k2 for the actual parameter values of the third branch is 
found, this parameter set is varied in the following order. First P3 is iterated until ~ cannot be 
improved further. Then we vary A3 in the same way. Incrementing or decrementing the number 
of phases in the third branch changes only the gradient of the d.f. when the mean M3(1) is kept 
constant. So if we are searching for a suitable value of k3' we keep the actual M3(1) constant by 
setting a new ~3 to ~3 = k3/ M3(1). Again the best combination kit k2 for the new parameter 
values of the third branch is searched. 

This stepwise approach will be continued until the variation of one parameter leads only to an 
improvement of the optimization criterion ~ of less than 0.05%. Other ending conditions might 
be prescribed values of ~, 6m o.z or of the used CPU time. 

4 Applications 

The application of MED A to measurement results is shown in the next three figures. The empirical 
distributions of the first two examples are results of measurements at an interactive dialog system 
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of a registration office (fig. 4) and of a reservation system for tourist offices (fig. 5). A system 
description is given in [11], [12]. 

Fig. 4 

Fig. 5 

0) b) 

0.8 0.8 

0.6 0.6 

0.4 0.4 

0.2 0.2 

x 
0 x 

60 80 100 0 20 40 60 80 100 
o~--~--~--~--~----

o 20 40 

kl = 1 ~(1) = 28.5996 k, = 1 

k2 = 1 PI = 0.0332 k2 = 2 

I:! ' = 0.12242 P2 = 0.0874 k~ = 1 
P3 = 0.8794 ~ = 0.02257 

N = 1264 1/"'1 = 323.0057 N = 1264 
o = 0.05662 1/"'2 = 36.2254 o = 0.02867 mox mox 

ME( 1) = 28.5996 
PI = 0.9615 
P2 = 0.0385 
1/X, 17.3837 
1/"'2 = 308.6345 

Tcpu = 44.4 S 1/"'3 = 13.1269 Tcpu = 1747.9 s 

MEDA-Approximation of a cycle time distribution (registration office) with a mixture 
of a) two Erlang distributions, b) three Erlang distributions 
(z, ME(l) and l/)..i in seconds) 
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MEDA-Approximation of a cycle time distribution (reservation system) with a mixture 
of a) two Erlang distributions, b) three Erlang distributions 
(z, ME(l) and l/)..i in seconds) 
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The last example in fig. 6 illustrates the approximation of a file length distribution measured at 
a host computer SIEMENS 7.760 at our institute in Aachen [9]. 

Fig. 6 
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MEDA-Approximation of a file length distribution with a mixture of a) two Erlang 
distributions, b) three Erlang distributions 
(z, ME(l) and l/Ai in bytes) 

Based on approximations of 21 measured and about 50 simulated empirical distributions some 
general remarks can be made: 

In the case of two branch approximations the algorithm needs less than 30 comparisons of the d.f. 
courses. The normalized deviation ~ is between 0.05 and 0.24 with an average of 0.1. A three 
branch approximation requires between 100 and 1300 comparisons. Higher values than 700 will 
be needed only, if the minimum of the optimization criterion ~ is not very distinct. Usual values 
for ~ range from 0.01 to 0.1 with an average of 0.05. In the first part of an empirical d.f., where 
the gradient changes rapidly, the deviation is relatively high. Here the discrete number of phases 
in the branches and the special properties of the Erlang distribution restrict its adaptability to 
some extent. But in the tail of the d.f. the deviation is nearly negligible. 

The decision whether the two or the three branch approximation should be used depends on the 
application. The three branch approximation leads to a much smaller deviation, but the system 
state space increases and the needed CPU time is more than 10 times higher. Nevertheless MEDA 
is essentially faster than other methods (cf. section 5). 

We use these approximations of measured results to analyze and evaluate the performance of LAN 
and PABX systems. 

5 Conclusion 

Finally we want to compare MEDA with two other approximation methods (see tab. 2). The well 
known approach of Bux and Herzog [2] is very complex. It uses a combined linear /nonlinear algo
rithm to evaluate the great number of parameters of the approximating special Cox distribution. 

Another method was described by Pawlita [6]. It generates the parameter values of a mixture of 
Erlang distributions by a random search strategy, but the convergence of the algorithm is rather 
slow. 

Due to the new optimization criterion ~, the small and limited number of parameters, and the 
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attribute .MEDA Random Search [6] Bux-Herzog [2] 
distribution for mixed Erlang mixed Erlang special Cox 
approximation distributions distributions distribution 
abscissas > 1000 ~ 60 ~ 10 
fitted moments 3 2 
optimization normalized area mean square prescribed 
criterion between the d.f. deviation max. deviation 
algorithm numerical/ analytical random search numerical 
goodness of fit high low low 
needed CPU-time low very high high 

Tab. 2 Comparison of approximation methods 

efficient method of gaining initial values for the third branch parameters MEDA, needs relatively 
little CPU time for an approximation task. The first three empirical moments are fitted exactly 
and the course of the d.f. is approximated with very small deviation. Therefore MEDA is well 
suitable for approximation of stochastic processes in communication networks. The given examples 
prove the successful application of the method to data network measurement results. 

The program MEDA is written in PASCAL and can be distributed to be integrated in tools for 
performance evaluation. 
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