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ABSTRACT 

The problem of optimal physical trunk routing in an existing multifacility circuit-switched net
work is formulated as a multicommodity minimum cost flow problem with multiple links. Circuit 
demand represents different classes of services which may require different circuit bandwidth. 
A finding of the optimal circuit configuration for a network with a large number of commodities 
is computationally very difficult, even when the number of nodes and links in the network 
is relatively small. The largest problem considered in the literature had the following dimen
sions: 15 nodes, 48 links, and 210 commodities [1]. In this paper, we describe a new efficient 
algorithm which is based on a modification of the bamet and penalty methods and is applicable 
to the solution of large physical trunk routing problems. Convergence results are presented. 
An algorithm for efficient calculation of the lower bound has been developed. Numencal results 
have shown that the proposed algorithm is very efficient and is applicable for solving physical 
trunk routing problems for very lEirge networks. 

1. INTRODUCTION 

. Modeling of modem service-oriented networks requires consideration of multiple classes of 
circuit demand with different circuit bandwidth requirements. The problem of optimal physical 
trunk routing in an existing multifacility circuit-switched network is to accommodate given 
circuit demand for the minimum cost using various transmission facilities in the existing net
work. Each transmission facility is characterized by its capacity and circuit cost. The facility 
cost can also depend on the class of service to be accommodated on that facility. We assume 

that several facility types may exist between the same nodes. 

More specifically, the physical trunk routing (PTR) can be formulated as the following: for a 
given point-to-point circuit demand, cost and capacity of existing transmission facilities obtain 
the minimum cost circuit configuration. The solution to the PI'R problem with multiple facilities, 
several classes of services, and a large number of circuit demand pairs is very diffiqult due 
to the large dimensionality and requires special methods. We formulate this problez:n as a general 
linear multicommodity minimum cost flow problem with multiple links, and present an 
algorithm which is efficient for solving the PTR problem with a large number of demand pairs 

. Keywords: Multiple Services, Multifacility, Circuit Switched Networks, Optimum Physical 
Trunk Routing. 
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and multiple facilities. To solve this problem, we developed a modification of the barrier and 
penalty methods. As in barrier and penalty methods, the originaJ constrained optimization 
problem was approximated by an unconstrained optimization problem with suppressed con
straints. Since the latter does not explicitly deal with constraints, such an approach is often 
more COII;lputationally efficient. 

We approximate a linear PTR problem by a special sequence of convex nonlinear optimiza
tion problems, where the capacity constraints are substituted by corresponding barrier-penalty 
functions. The proposed barrier-penalty function is defined both inside and outside the capacity 
constraints area and behaves like a barrier function inside the area and like a penalty function 
outside of the area. This modification eliminates the necessity of both finding an initial feasi
ble solution and keeping iterations within the capacity constraints. It also allows us to com
bine advantages of both penalty and barrier methods and to build a simpler and more com
putationally efficient iterative algorithm. 

Special attention was given to efficiency in solving the approximating convex nonlinear opti
mization problems. There are a lot of algorithms which can be applied for their solution. Here 
we propose a modification of the Flow Deviation algorithm and prove its convergence in a 
finite number of iterations to the o-neighborhood of the optimal solution. It has been chosen . 
because it exploits the special network structure and satisfies multicommodity flow conser
vation requirements at each step of the iterative optimization procedure [2]. An efficient pro
cedure for calculating the optimal multicommodity flow has also been developed. OUr approach 
is especially attractive computationally when the number of demand pairs is large. 

This paper is organized as follows. The PTR problem is formulated in Section 2. In Section 
3 the modification of barrier and penalty methods and approximating convex nonlinear opti
mization problems are introduced. The iterative procedure for solving the approximate prob
lem together with the theorem of its convergence are given in Section 4. Computational results 
are reported in Section 5 . 

. 2. MATHEMATICAL FORMULATION OF PTR PROBLEM 

A network is represented as a graph with N nodes, M links. We consider different classes 
of circuit demand. Each class of circuit demand corresponds to a different type of service and 
may require different circuit bandwidth~. We assume, without a loss of generality, that ~ 
= 1. A unique combination of class of circuit demand and origin-destination pair is defuled 
as a commodity. Again, different facilities between the same nodes are represented by dif
ferent links. Let us denote by p(k) the number of distinct paths without a cycle from sk to tk 

in G and by a:. s = 1 ....• p(k). the sth path for the commodity k. We now define the vector P: 
to be the characteristic vector of the path O!, i.e., 

~. _ { 1, if link i belongs to the route O! 
9(1) - 0, otherwise. 

We assume that each commodity k has a demand Ak, and that each link i has a capacity Vi 
which is large so that the discreteness of the problem can be ignored. We also assume that 
there is a linear cost ,).t> 0 assigned to the flow of each demand k over each link i. Let us denote 

1 
by hk~ 0 the amount of flow on the route Ok, and by H = {hk} the vector of flows over all 999 
routes. We can assign a cost C: to the route a: as the sum of the costs of all links belonging 
to this route, i.e., 

C: = E P!(i) vf 
i 
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- Then the PTR problem may be formulated as the following: 

subject to 

K p(k) 

minF = E E Ckhk 
H k= 1 s = 1 S S 

h~~O, 

K p(k) 

E E P~(i)h~ S Vi' 
k=ls=l 

k= 1, ... ,K 

i = 1, ... ,M. 

(2.1) 

(2.2) 

(2.3) 

Here (2.2) are flow conservation constraints for each commodity, and (2.3) are capacity con
straints for each link. 

By introducing 
Y"K EP{k) pk(i)hk 

X.(H) = ~k=l 8=1 8 8, 
1 V. 

1 

(2.4) 

the normalized total flow Xi(H) of all commodities over the link i, we can rewrite the capacity 
constraints in a more compact form: 

~(H) S 1 i = 1, ... ,M (2'.5) 

3. MODIFICATION OF PENALTY AND BARRIER METHODS FOR THE SOLUTION OF THE 
PTR PROBLEM 

Barrier and penalty methods have been successfully used for solving various nonlinear opti
mization problems [3-6]. In this section, we propose a modification of penalty and barrier 
methods which we apply to the solution of PTR problem (2.1 )-(2.3). We transform the PTR prob
lem with flow conservation (2.2) and capacity (2.3) constraints into a sequence of optimiza-

_ tion problems with only flow conservation constraints. 

To do this, we construct a penalty-barrier function 'Ir r(H) for capacity constraints (2.3), (2.5) 

and introduce it into the objective function (2.1). The modified optimization problem can be 
written as 

subject to 

min F r(H) = F(H) + 'Ir r(H) 
H 

k = 1, ... ,K 

(3.1) 

(3.2) 

Note that we do not use barrier or penalty functions for flow conservation constraints (2.2). 
In Section 4, we propose an iterative optimization procedure that satisfies the constraints (2.2) 
at each iteration. To combine the advantages of both barrier and penalty methods, we con
struct a function which, roughly speaking, behaves like a barrier function inside the capacity 
constraint area but can be smoothly continued outside of this area. More exactly, for E < < 1, let 
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1 if Xi < 1 - E; 

~. (X.) = { I,E I 

[1 - Xi]P, 

aX~ + bXi + c, otherwise 
(3.3) 

d~i,E(Xi) d2~ . (X.) 
where a,b,c are chosen such that ~i'E(Xi)' dh

k 
and ~'E 1 I are continuous for every 

(k,s), (I,m). s dhs dhm 

The barrier-penalty function for capacity constraints (2.3) is then defined as 

M 

Yr E(X) = r E ~i E(X), 
, i= 1 ' 

(3.4) 

. where X = {Xi}' It is convex, separable, and twice continuously differentiable both inside and 
outside the capacity constraint region. We impose the E to be a function of r, i.e., E = E(r). It 
is easy to prove, following the same lines as in Gill and Murrey [3] and Zangwill [6], that if 
we select the function E(r) such that 

lim E(r) = 0, 
r-O 

but =00 (*), 

then the sequence of the optimal solutions to the approximating problem (3.1)-(3.2) with barrier
penalty function (3.4) converges to the optimal solution of the original optimization problem 
(2.1)-(2.3) when r-O. 

Since Yr,E(X) is a convex function ~d F(H) is a linear function, the optimization problem (3.1)

(3.2) is a convex optimization problem. 

4. ALGORITHM DESCRIPTION AND ANALYSIS 

In this section, we describe an iterative optimization procedure for the solution of the convex 
optimization problem (3.1)-(3.2) which converges in a finite number of steps to the O-neigh
borhood of the optimal solution. This procedure is similar to the Flow Deviation algorithm. 
To speed it up, the following modifications were proposed: (1) We do not optimize at each 
iteration the step size along the feasible direction. Instead we decrease the step size only when 
the procedure approaches the optimal solution; this can be done because the objective func-

. tion is defined both inside and outside the capacity constraint region, and the flow conserva
tion constraints are satisfied at each iteration. (2) We do not calculate the multicommodity 
flow h!(t) at each iteration, which requires extensive computation for a network with a lot 
of demand pairs. Instead, we propose the alternative way of calculating the optimal multi
commodity flow h! based on averaging the indicator function O!(t) , which starts when the 
iterative procedure reaches the O-neighborhood of the optimal solution (see theorem 2 below). 

To describe the algorithm, let us introduce the following definitions. Let us call 

lk = _d_F;;;...I (H.".--) 
S dhk 

S 

the length of the sth route f~r the kth commodity. We can rewrite this as 
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where the first sum is taken over all links i belongiIig to the route ~ with utilization less than s 
1 - E, and the second sum is taken over all links i belonging to the route Qk with utilization s 
greater than 1 - E. 

We also call ~(X(t» the indicator function of the minimum length route for the kth com
modityif 

1 when lk = min lk 
~ {' , m~ 
s(X(t» = 0, otherwise. 

H there is more than one route of the minimum length, we arbitrarily choose one of them. 

An iterative optimization procedure for the solution of the problem (3.1)-(3.2) consists of the 
following updating of the multicommodity flow: 

where 

h!(t) is a flow of commodity k over the route s at iteration t, 

Ak is input flow of commodity k, 

O~(t) = O:(X(t» is the indicator function of route s for commodity k, and 

'Y is a step size of iteration procedure: ° S 'Y S 1. 

(4.2) 

At each iteration, as in Flow Deviation Algorithm, we increase the flow on the minimum length 
route and decrease the flow on all other routes. 

As we mentioned, for a large problem with a lot of demand pairs, the calculation of the multi
commodity flow [equation (4.2)] becomes computatioIially very intensive. We can overcome 

this problem in the following way. H we add all commodities going over each link, we obtain 

the following iterative procedure for updating the normalized load Xi (t) on link i at iteration t: 

~K ~p(k) knk k . 
LJk = 1 LJs = lA cr~(t) P s(l) 

~(t + 1) = Xi(t) + 'Y ( V. - Xi(t». (4.3) 
1 

Note that the route length depends only on the total flow over the links. This allows us to 

use the iterative optimization procedure (4.3) independently of the iterative procedure (4.2). 

Since the dimension of the procedure (4.3) is essentially smaller than the dimension of (4.2), 
the optimization procedure (4.3) can be solved more efficiently. The next theorem showing 

that the procedure (4.3) converges to the optimal link flow has been proven: 

Theorem 1. 

For every initial multicommodity flow satisfying flow conservation constraints (2.2) and for 
each {, > 0, we can find a sufficiently small iteration step 'Y such that after a finite number 
of steps (say T), .the iterative procedures (4.2) ·and (4.3) converge to a ('-neighborhood of the 
optimal solution and remain there. 

Let us introduce the following time average of the indicator function of the minimum length: 

n+T 
-k 1 ~ k 
8 s(n) = n I..J 8 set), 

t=T 

where T is the time when the algorithm reaches the {,-neighborhood of the optimal solution. 
The optimal multicommodity flow h! can be found by using the proposed time averages. We 
proved the following theorem: 
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Theorem 2. 

h: .. ~k8~(n) + O(l/n) (4.4), 

i.e., averaging over the minimum length indicator function is a good approximation for the 
optimal multicommodity flow h:. The experiments showed that a relatively small value of n 
is enough to provide a good approximation to the optimal solution h!. This can be explaiIied 
by the fact that the averaging is started when the optimization procedure reaches the 6- . 
neighborhood of the optimal solution. 

In this section, we described the procedure for solving the approximating optimization prob
lem (3.1)-(3.2) for a fixed r. To obtain the optimal solution of the original optimization problem 
(2.1)-(2.3), we used standard algorithms for decreasing r [3-6] . 

. 5. NUIIERICAL RESULTS 

Since the described method produces only an approximate solution of the optimization prob
lem (2.1)-(2.3) in a finite number of steps, it is useful to be able to evaluate how close the found 
solution is to the optimal solution. For this purpose, we obtained a sequence of lower bounds 
for the original optimization problem (2.1)-(2.3), converging to the optimal solution of the prob
lem (2.1)-(2.3). It has been proven that the lower bounds can be found as solutions of a special 
LP program. The proposed algorithms have been applied to the solution of the PTR problem 
(2.1)-(2.3) for several GTE networks. The largest network we considered had 49 nodes, 130 
links, and BOO commodities. All tests were conducted on a VAX-11/7BO. CPU time required 
to obtain a solution for the largest problem was 2.7 min. In all cases, the obtained solutions 
were within 2 % of the lower bound. The tests showed that the proposed algorithm is very 
efficient and can be used for solving the physical trunk routing optimization problems for net
works with dimensions larger than what was considered in the literature. 

REFERENCES-

[1] A.A. Assad, "Multicommodity Network Flows - A Survey," Networks, Vol. B (197B) . 

. [2] L. Kleinrock, Queueing Systems, Vol. 2, John Wiley & Sons (1976). 

[3] A.V. Fiacco, G.P. McCormick, Nonlinear Programming: Sequential Unconstrained Minimiza

tion Techniques, John Wiley & Sons, Inc. (196B). 

[4] P.E. Gill and W. Murrey, Numerical Methods for Constrained Optimization, Academic Press, 
New York-London (1974). 

[5] E. Polak, Computational Methods in Optimization, Academic Press, New York-London (1971). 

[6] W.I. Zangwill, Nonlinear Programming - A Unified. Approach, Prentice-Hall, Inc., Englewood . . 

Cliffs, NJ (1969) 

3.4A.2.6 


