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1. INTRODUCTION 

Efficient forecasting methods reduce the uncertainty in network planning. By 
using forecasts with high precision as input to network planning programs, 
important investments can be reduced in the planning procedure . In this paper a 
set of new methods for making traffic matrix forecasts are intr6duced. The most 
frequently used methods for traffic matrix forecasting are Kruithof's method and 
the method based on direct point to point forecasts. In [5] a new method for 
traffic matrix forecasting called the weighted least squares method was 
introduced. In [1] an extension of Kruithof's method was proposed by the 
Norwegian Telecommunications Administration. The revised (new) CCITT 
Recommendation E.506 [2] gives an overview of the following traffic matrix 
forecasting procedures: 

- Direct point to point forecasts 
- Kruithof's method 
- Extension of Kruithof's method 
- Weighted least squares method 

Ir. this paper an additional traffic matrix forecasting method is also 
introduced. This new method is an extension of the weighted least squares 
method. All these methods are based on traditional foreca~ts as input. The 
forecasts may be constructed by various forecasting models e.g. smoothing 
models, regression models, state space models, ARIMA models, growth curves etc . 
Another way to attack the problem is to formulate the relations between the 
aggregated forecasts and the point to point forecasts inside the forecasting 
procedure. This is only possible in state space modelling . A description of sucn 
a procedure for making traffic matrix forecasts is given in [6] . 

2. DIRECT POINT TO POINT FORECASTING 

This method is based on making separate forecasts of the elements in the traffic 
matrix without taking into account the aggr~egated forecasts like originating 
traffic (row sums) and terminating traffic (column sums) and the total traffic. 

Usually it is possible to make better forecast for aggregated traffic than for 
traffic on a lower level. In such situations other forecasting methods should be 
preferred. Evaluation of the relative forecasting precision a(X}/X • where X is 
the forecast and a(X) is the forecasting error, may be carried out before 
choosing the method to be used. 

3. KRUITHOF'S METHOD 

Kruithof's method [3] is well known. This method uses the last known traffic 
matrix and forecasts of row and column sums to make forecasts of the traffic 
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matrixo This is carried out by an efficient iteration procedure. 

4. EXTENSION OF KRUITHOF'S METHOD 

It is possible to extend Kruithof's method by taking into account not only the 
forecasts of row and column sums but also forecasts of point to point traffic. 
Kruithof's method is then used to adjust the point to point forecasts to get 
consistency with the forecasts of row and column sums. The extended Kruithof's 
method is superior to Kruithof's method. 

5. WEIGHTED LEAST SQUARES METHOD 

Weighted least squares method ([4].[5]) is again an extension of Kruithof's 
method. The extended Kruithof's method assumes that the forecasts of row and 
column sums are true and adjusts the point to point forecasts to get 
consistency. The weighted least squares method is based on the assumption that 
both point to point forecasts and row and column sum forecasts are uncertain and 
makes traffic matrix forecasts by weighting the forecasts according to their 
uncertainty. 

6. EXTENSION OF WEIGHTED LEAST SQUARES METHOD 

The extended weighted least squares method is a completely new method. The 
method is based on the statistical principle to use as much information as 
possible both for analysis and forecasting . Hence, not only colomn and row sums 
but also the total sum of the traffic in the matrix are included in the 
forecasting model. The model is described as follows; let 

- Cijt be the traffic between i and j at time t 

- Ci ' t be the traffic from i at time t 

- C. jt be the traffic to j at time t 

- C .. t be the total traffic at time t 

The forecast at time T is then given by C. 'T' C. 'T' C" T and C" r respectively . 
The extended weighted least squares fot~cast~ are d~noted by t and defined in 
the same way. The forecasts are found by solving the following minimization 
problem: 

The square 

Q = 
sum Q is defined by: 

2 r a . . (E . 'T- C. 'T) + 
ij 1J 1J 1J 

2 
+ c5 (E .. T- C .. T ) 

where {aij }. {~i}. {Yj} and 6 are given constants or weights. 

(6.1 ) 

The square sum 0 with given forecasts {C} and a set of constraints ;s 
minimized as follows: 

(6.2) 

given 

Eio T = I: Eo 0T 
j lJ 

;= 1.2. (6.3) 

EO jT = I: Eo or 
; lJ 

j= 1.2. o. 0 0 0 0 • 0 (6 .4) 
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E·· T = rE. ·T 
i j , J 

(6.5) 

A natural choice of weights is the inverse of the variance of the forecasts. One 
way to fi nd an estimate of the standard devi at'i C'Jn and thus the vari ance of the 
forecasts is to perform ex-post forecasting and then calculate the root mean 
square error. 

If there are reasons to believe that the total forecast is fairly certain, then 
the last constraint may be substituted with: 

c .. T = rE. ·T (6 .6) 
i j , J 

The solution of the minimization problem is found by L~granges' multiplicator 
method. By using this method we get a set of n(n+3) + 2 equations when n is the 
dimension of the traffic matrix. 

A computer program has been developed to find the extended weighted least 
squares forecasts. The program has a relatively good input! output module arId is 
simple to use. 

7. EVALUATION OF THE EXTENDED WEIGHTED LEAST SQUARES METHOD 

7.1. A simplified model 

In order to examine the performance of the extended weighted lea5t squares 
method, an analysis has been carried out in a case where it is possible to 
obtain an explicit solution of the minimization problem, No assumption is made 
concerning the dimension of the traffic matrix. It is assumed that the 
forecasted traffic elements are of the sa~e size and that the forecasted row and 
column sums are of the same size . In addition three different weights - cne for 
traffic elements. one for row/rolumn sums. one for the total sum - are used. 

The dimension of the traffic matrix is n. The forecasts of traffic elements, 
row/column sums and total traffic are denoted by c

1
, c2 and c3 respectively ! 

while the (adjusted) extended weighted least squareS foY'ecasts are denoted by 
el' e2 and e3 · The weights are defined in the same way as w1' w2 and w3' 

Hence the extended weighted least squares forecasts are found by solving the 
minimization problem: 

2 2 2 Q = n(n-1)w1(e1-c1) + 2nw2(e2-c2) + w3(e3-c3) 

min Q 
e1 ,e2 ,e3 

given the constraints 

e2 = (n-1)e1 
e3 = n(n-1)e1 

(7 . 1 ) 

(7 . 2) 

(7 . 3) 

(7 4) 

By using Lagranges' multiplicator method the minimization problem can be 
transfered into solving five equations with five unknown. The explicit solution 
of this problem is: 

(7 ,5) 

where e2 and e3 are given by equation .(7.3) and (7-.4). 
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7.2. Asymptotic behaviour 

The asymptotic behaviour of the extended weighted least squares forecasts is 
studied by looking on the limiting values of { w } in equation (7.5). It is easy 
to show that: 

= cl 

= c2
/(n-l) 

= c3/(n(n-l)) 

when w1 
when w2 
when w3 

~ .. 
~ .. 
~ .. 

(7.6) 

(7.7) 

(7 .8) 

The values of the aggregated forecasts e2 and e
3 

are expressed in the equations 
(7.3) and (7.4). In particular. if one weight goes to infinity all the extended 
weighted least squares forecasts are only a function of the corresponding 
c-forecast. If on the other hand. one of the weights is equal to zero, the 
extended weighted least squares forecasts are a function of the two remaining 
c-forecasts and their corresponding weights . By setting w3 = 0 we obtain as a 
special case the weighted least squares forecasts. 

7.3. The weights as a function of the variances 

In order to apply the forecasting method in the right way, it is important to 
investigate how the forecasts change as a function of the weights. In section 5 
it was suggested to give the various forecasts weights according to their 
uncertainty. A fairly good solution is to use the weights in equation (6.1) 
respectively (7.1) equal to the inverse of the i r forecasting variance . 

In the simplified model the inverse of the variance of the forecasts of the 
elements. of the row/column sums and of the total sum are ~dentical to the 
corresponding weights w , w2 and w . Let the variance of cl be a. Now, suppose 
that the forecasts of ~Arious elem~nts in the 2traffic matrix are independent . 
Then Var(c2 ) = (n-1)a and Var(c 3) = n(n-l)a. Usually this is not true . The r e 
are reasons to believe that there are covariances between the forecasting errors 
in the traffic matrix. To describe this effect two additiona l parameters k1 
and k2 are introduced so that 

-1 2 ]-1 (7.9) w1 = (var(c 1)) = a 

-1 2 ]-1 (7 . 10) w2 = (Var(c
2

)) = k
1

(n-1)a 

-1 2 ]-1 (7 . 11 ) w3 = (var(c3 )) = k2n(n-l)a 

Inserting equations (7.9) . (7.10) and (7.11) into equation (7.5) gives 

e l = P1~11 + P2~21 + P36 31 (7 .12) 

where { p } is a probability distribution as a function of { k } given by 

k1k2 2k2 kl 
(7 . 13) ~l = 2k2 P2 = P3 = k1+ k1k2+ k1+ klk2+ 2k2 k1+ k1k2+ 2k2 

and { ~ } ;s a function of { c } given by : 

c2 
~21 = n-1 - cl ~31 = n{n-1} (7 . 14) 

The { ~ } function can be interpreted as increments in the traffic element 
forecasts caused by the aggregated forecasts. For instance, A31 shows the 
increment in the element forecasts if only the total forecast i~ taken into 
account. The { p } distribution determins the weights given to the various 
forecasts. For instance. if P3 = 1 then all weight should be put on the total 
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forecast (k2= 0) which corresponds to the situation described by equation (7.8). 
If Pl = 1 tnen all weight shou1d .be put on the row and column sum forecasts 
(k1 = 0) which is analogous to using Kruithof's extended method . 

Now, suppose that kl= 1 and k 2 1. Then the probability distribution { p } is 
equal to {O.25, 0.50, 0.25} and the extended weighted least squares forecast are 
given by: . 

121 
e1 = cl + (4") fl11 + (4") fl21 ... (4") fl31 

In this case 251 of the weight is put on the eleme~t forecasts, 50% of the 
weight is put on the row and column sum forecasts and 25% of the weight is put 
on the total forecast. 

By varying the parameters {k} different values of the probability distribution 
occur. The table 7.1 shows the variation of the probability distribution as a 
function of {k}. 

Table 7.1 The probability dis:ribution {p} as a function of {k} 

k2 0.5 1.0 2.5 ~ 
k1 p P1 P2 P3 PI P2 P3 PI P2 P3 

0 0 1 0 0 1 0 0 1 0 
0.5 0.14 0 . 57 0 . 29 0.17 0 .67 0.17 0.19 0.74 0.07 
0.8 0.18 0 . 45 0.36 0 . 22 0.56 0 . 22 0.26 0.64 0 . 10 
1.0 0.20 0 . 40 0.40 ' 0.25 0.50 0 . 25 0.29 0 .59 0 . 12 
1.2 0.21 0.36 0.43 0 .27 0.45 0.27 0.33 0.54 0.13 
1.5 0.23 0.31 0.46 0.30 0.40 0.30 0.37 0.49 0.15 
2.0 0.25 0 . 25 0.50 0 .33 0 . 33 0 . 33 0.42 0 .42 0.17 
2.5 0.26 0.21 0.53 0 .36 0.29 0 .36 0.45 0.36 0.18 

00 0.33 0 0.67 0.50 0 0.50 0 . 71 0 0 .29 

8. EXAMPLES 

In order to illustrate how the extended weighted least squares method works , a 
simple example is introduced. Suppose that the original forecasts for a 4 
dimensional traffic matririx are given by: 

[ 5~ 50 50 50] [153] 0 50 50 153 
50 50 0 50 153 

C 50 50 50 50 153 

[153 153 153 153] ~84J 
Then 

cl = 50 , c2 = 153 and c3= 684 

and 
fl21 = 153/3 - 50 = 1 

fl31 = 684/12 - 50 = 7 

Suppose, in this example, that a lot of efforts have been used in developing an 
advanced long term forecasting model for the total sum. There are reasons to 
believe that the long term forecasts of the row sums. column sums and of the 

5.3A.3.5 



ITe 12 Torino, June 1988 

elements are not sufficiently precise. In this situation the weights are 
subjectively put like: 

PI = 0.10 P2 = 0.20 P3 = 0.70 

By using the equation (7.12) the adjusted element forecast is estimated to: 

e1 = 55.1 

Usually the various element forecasts. row sums forecasts etc are not identical. 
Suppose instead that the forecasts are given by: 

c [ 

5~ 
42 
52 

61 
o 

30 
55 

~~ ~~] o 62 
65 0 [

157] 144 
139 
174 

Even if these forecasts are not identical, they are of the same size as the 
former forecasts. The mean of the elements is 50.3 and the mean of the row and 
column sums is 153.1. Since the various forecasts differ', it is not possible to 
apply equation (7.12) for calculation of the adjusted elemen~ forecast~ . 
Instead. the extended weighted least squares forecasts are found by solving t~le 
minimization problem given by equations (6.1) to (6.5). 

It is easy to prove tnat there is a one to one correspondence between the 
probability distribution {PI' P2' P3} and the weights {w1 ' w2, w~}. Using tn i ~ 
relationship we find that the prObability distribution ~O.ll') 0.20 , D. 70} 
corresponds to the weights {I.OOO, 0.333. 0.587}. These weights are put into the 
equations (6.1) to (63). Then the solution of the minimization problem gives: 

[0 66.1 49.7 
53.8 ] [169.6] 62.1 0 34.3 61.3 157.8 

47.0 35.6 0 67.3 150.0 
E 56.3 60.0 70.6 0 186.9 

[164.4 161.6 154.7 182.5] [664.3] 

The extended weighted least squares forecasts are consistent and it should be 
noticed that the mean of the element forecasts is 55.3 which is not far from the 
element forecasts (55.1) in the former case. Hence the original eleme~t 
forecasts with mean about 50 are. especially because of P3= 0.70. forced upwards 
to about 55. 

In most cases, however, it is reasonable to base the weights on quantitative 
information of the forecast precision. The output from the forecasting building 
procedure will usually contain forecasts and their corresponding estimated 
standard deviations. If the standard deviations are not given, they may be 
estimated by performing ex-post forecasting and then calculate the root mean 
square error. A natural choice of the weights will then be the inverse of the 
squared estimated standard deviation. In this case a set of different we;gh~s 
for the element forecasts, the row sum forecasts, the column sum forecasts and 
the total sum forecast are used together with the,original forecasts. 
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9. CONCLUSIONS 

Kruithof's method is well known and even more used for traffic matrix 
forecasting. If it is difficult or may be impossible to make forecasts of the 
traffic elements, then Kruithof's method is a reasonable choice. However, if it 
is possible to forecast the traffic elements, then other traffic matrix 
forecasting methods should be used. This is due to the fact that Kruithof's 
method only uses the information of the last known traffic matrix and forecasts 
of row and column sums. The method reflects different growths in various traffic 
elements only through the row and column sum forecasts. 

Both the extended Kruithof's method and weighted least squares method possess 
abilities to model different growths in the traffic elements. When applying the 
extended Kruithof's method the element forecasts are so transformed that they 
are consistent to the row and column sum forecasts. The weighted least squares 
method does not postulate that the row and column sum forecasts are "true", but 
gives the various forecasts (also the element forecasts) weights according to 
their uncertainty. 

The extended weighted least squares method also takes into account the forecast 
of the total traffic in the matrix. Examples of the total traffic are : 
international traffic to a group of countries, the sum of all long distant 
traffic, parts of this traffic etc. It is of great importa~ce to implement sucl, 
type of information into the forecast modelling. On this level a let of effort~, 

are carried out in order to make good forecasting modtls. Hence it is possiDle . 
as shown in Chapter 8, to reflect the precision of the work into the m0del 
either in a subjective way or in a Quantitative way by using the est;m3t~d 

standard deviations. 
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