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LAST EXIT DECOMPOSITION IN TELETRAFFIC 

R. SYSKI 

Department of Mathematics 
University of Maryland 
College Park, Maryland 20742, U.S.A. 

The last exit decomposition (dual to the well known first entrance 
decomposition) provides representation of transition probabilities in 
a form revealing the structure of a Markov chain. The corresponding 
theory is illustrated by examples where explicit calculations are ' 
simple and informative 

1. INTRODUCTION 

1.1. Applications of stochastic processes in Teletraffic may be broadly clas

sified into two categories, namely: 

i) general theorems describing a behavior of a class of systems, 

ii) specific analysis of individual systems. 

Queueing Theory plays a significant role in both of these categories, and in 

particular ~1arkovian queues provide a well developed and unifying treatment of 

a large body of problems. This paper, addressed to problems in the first cate

gory, provides further evidence of the usefulness of Markovian systems. 

Discussion is, however, narrowed to (time-homogeneous) Markov chains X = 

(X
t

, 0::; t < (0) with a discrete state space IT and a continuous time parameter t, 

and described by standard stochastic matrices pet) = (p .. (t)) of transition 
1J 

probabilities, with conservative intensity matrices Q = (qij)' with qii -qi 

for each i E TI. Moreover, it is assumed that all states are stable (q. < (0) 
1 

and that both the backward and the forward Kolmogorov equations for transition 

probabilities hold, with pet) as ' their common (minimal) solution. Suppose fur

ther that sample functions of X are right-continuous with left limits. Typical 

examples are birth-and-death processes, branching processes, compound Poisson 

processes (q. bounded), etc. 
1 

The basic theory of such chains follows from the general theory of Markov 

chains developed by K. L. Chung [2], although applications to Teletraffic go 

back to A. K. Erlang and T. C. Fry; see [3], [8]. 

In Teletraffic applications, random variables X
t 

may represent the state 

of a system prevailing at time t (say, a number of customers, calls, etc.). 

The system is then specified by its intensity matrix Q whose coefficients q .. 
1J 

describe the structure and operation of the system (type of input, service, 

queue discipline, etc.); see [3], [8]. The primary object of interest is the 
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behavi~r of the process, as well as properties of various associated ~~~assage 

times", like the first entrance or the last exit from a set. Busy periods, 

waiting times, occupation times, absorptions, etc., are typical examples. 

In modern treatment of Markov processes, the language of probabilistic Po

tential Theory is most suitable to achieve clarity of exposition and unifica

tion of treatment of Markovian queues. It . is remarkable that passage problems 

can be put into a framework of boundary theory, like the Dirichlet problem and 

the Poisson equation. See [6] - [9] for details and references; the basic ref

erence for Potential Theory is [1]. 

1.2. The present paper, after brief general comments, deals with two specific 

problems: 

i) l~st exit time from a set, ii) last exit decomposition theorem, 

both illustrated by specific examples from Teletraffic applications. Presenta

tion is based on the author's forthcoming book on passage times in Markov 

chains [9] where complete -references can be found; a few selected references 

are given here. The summary of main ideas was given in [8] where also many 

Teletraffic applications can be found; definitions, notation, etc., used here 

are taken from [8]. 

It should be remarked that chains discussed in this paper have relatively 

simple structure which nevertheless is rich enough to serve as an informative 

illustration of new methods and ideas. 

2. TIIEORY 

2.1. Nota·tion. For a function f (column vector), a function P(t)f on IT is de

fined component-wise by 

P(t)f(i) = L p .. (t)f(j) = Eif(Xt ), 
. ~J 
J 

i EIT, t ~ o. 

Similar notation will be used for other kernels, say Qf, and dually for mea

sures ~P(t) where ~ is a measure (row vector) on IT. 

Denote by 1 a function which is 1 for all i, and note that: 

P(t)l = 1 (stochastic pet»~, Ql = 0 (conservative Q). 

The resolvent matrix Ua 
= (u~.) is defined for a > 0 as the Laplace transform 

~J 

of P(t), so 

a 100 -at u .. = e p .. (t)dt, 
~J 0 ~J 

a. > 0 • 

For a function f on IT, a function Uaf is defined by: 

a i U f(i) = lE r
oo 

-as 
e f(X )ds, 

J
O 

S 
i E IT, a > 0 . 

l/a. Kolmogorov equations in resolvent form are, for Cl> 0, 
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(B) , 
ex ex aU - I = U Q, (F) • 

ex 
It will be convenient to use the symbol Q = Q - aI, for a > O. 

2.2L' Passage times. c Select a fixed subset H of state space rr (H = ·rr - H) and 

define, for any fixed s ~ 0, the first entrance time T to H after s, by: 
s 

T = i nf (T : t > s, X EH) 
s t with TO T 

where inf of an empty set is taken to be~, and the last exit time L from H 
s 

before s, by: 
L s = sup (t: 0 < t ~ s, X t E H) with L 

00 
L 

where sup of an empty set is taken to be O. 

It is known that, relative to the natural a-fields, T is a stopping time 
s 

and L is a co-s topping time, for each s. Moreover, (T , 0 < s < (0) and 
s · s -

(L , 0 < s <: (0) are right-continuous increasing processes which are inverses of s -
each other.: 

Ts = inf et: Lt > s), Ls = inf (t: Tt > s). 

It is clear that L < s, and that discontinuity points of L are instants of 
s s 

consecutive entrances to the set H. 

Let X(T ) and X(L ) be the corresponding positions of the first entry to H 
s s 

and the last exit from H. By right-continuity of paths,- X(T
s

) takes values in 

H, but X(L ) in H
C

, provided 0 < L < s. A requirement that the last position 
s s 

from which the chain leaves H should be in H, leads to consideration of X(L -) 
s 

which take~ values in H. 

Write for the joint distribution of X(L -) and L , conditional on Xo i: 
s s 

IT: (t) =Fi(X(L-)=r, O<L <t), 
1r s s-

for i Err, rE H, O<t<s 

with marginals: 

s s i 
IT. (s-) = IT. = I' .(X (L -) r, 0 < L < s) . 

1r 1r s s 
s s i 

For fixed i, IT. is the last exit (before s) distribution, and IT. =1' (0 < L < s) 
1r 1 s 

is the probability of the last exit (before s). 

These distributions should be distinguished from that of X(L ) and L : 
s s 

r~.(t) = Fi(X(L ) = j, O<L <t) 
1J s - s-

f . E rr J' E HC
, or 1 , O~t<s, 

with marginals r~(t) and r~ .. 
1 1J 

It is of great importance that joint distributions of these random vari-

abIes can be expressed in terms of taboo probabilities defined by: 

i c 
H

p .. et) = I' (X EH, 0 < u < t, X
t 

= j) 
1J U 

C . a 
fbr i and j in H , and HPij(t) = Ootherw1se. Write HP(t), HQ, HV for corre-

sponding matrices, and note that they form a Markov semi-group satisfying the 

(B)- and the (F)-equations, restricted to transitions on H
C

• Taboo probabili-

Lies correspond to the killing of the chain X at the first entrance to the 
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taboo set H, so: 

2.3. Decompositions. The following is the fundamental last exit decbmpositio~ 

It is given here in resolvent form as: 

Th. 1. Fora bounded function f: 

i Err, a> 0 

where Ca = (n~k) is the a-co-balayage matrix. 

Its proof can be obtained directly by analysis of paths as in [8], [9], or by 

specialization to chains considered here of general results of Getoor and 

Sharpe [4], and of Pittenger [5]. Basically, it corresponds to the decomposi-

tion: 

JEif(X) =JEi(f(X), L =0) +JEi(f(X), O<L <s) +JEi(f(X), L =s). 
s s s s s s s 

Alternatively, Th. 1 may be expressed in the time dependent version as: 

P(t)f = HP(t)f + P * C(t)f 

where P * C is the convolution of pet) with the time-dependent co-balayage ma

trix (whose Laplace-Stieltjes transform is Ca). 

Note that the above decomposition is dual to the first entrance decomposi

tion obtained from the Dynkin formula (applied to the stopping time T) written 

as: 
a > 0 

where Ba = (d~.) is the a-balayage matrix. The first entrance decomposition 
1J 

has been used extensively in Queueing Theory. Its dual decomposition according 

to the last exit only recently gained prominence. Here d~. is the Laplace-
1J 

Stieltjes transform of the joint distribution D .. (t) of T and X(T), with mar-
1J 

ginals D .. and D.(t). It is known that 
1J 1 

a 
d .. 

1J L HU~k qkj , 
kEH

c 
1• E HC

, • E H J , 

a 
with d .. 

1J 
d .. for i E H, j E H, and d~. = 0 for j E H. Thus, for a function f: 

1J 1J 

Ba f (i) =:lE i (e -a T f (X
T

) , T < (0), a > O. 

Note that D = Bl is the first entrance probability, where the limit B 

is the balayage matrix. 

Dually, n~k is the Laplace-Stieltjes transform of Nrk(t), where 

(D .. ) 
1J 

Nrk(t) qk/qr is the average number of visits to state k E H
C 

up to time t be

fore the £irst return to H, when starting at r E H (with a jump to He when 

l~aving the initial state r). It is known that 

£or r E H, k E H
C 
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k E H, and CL 
nrk 

a I n r 
kEHc 

a. lim an 
a-+O r 

o for r E HC
• 

a 
nrk 

b 
r 

where b = -QD ~ 0 is called the escape rate. The limit C 

balayage matrix. 

(Nrk) is the co-

2.4". Coro"llaries. The following deductions from the last exit decomposition 

have important applications. 

a) For f ~ 0 : 

JEi(f(X(L -)), 0 < L < s) 
S S 

I rr~ f (r) , 
rEH lr 

where lo
s 

p. (x) n (s-x) dx lr r 

JEi(f(X(L -)), L 
s s 

= s) L 
rEH 

p. (s)f(r). lr 

Hence, taking transforms: 

JEi 100 e-asf(X(L -)) I ds = L u~ (na+l)f(r), i E li. 
o s (O<Ls" ~s) rEH lr r 

b) Suppos"e that f > 0 is invariant, in the sense that aUaf 

and define,: 

a > O. 

Then, Th. 1 yields the "Chung equation": 

Baf = Uaaa , a > O. 

f for all a > 0, 

This gives the unique solution of the transformed Poisson equation for Baf: 

a > O. 

In particular, taking f = 1 and letting a -+ 6, the Chung equation yields the 

classical Poisson representation for the first entrance probability: 
c 

D. = Db + r., 
1 i 1 

i E]I, 

where b is the escape rate. This corresponds to the last exit decomposition: 

Ub. = JP i (0 < L < (0) , r ~ = JP i (L = co). 
1 1 

c) Finally, assume that there exists the ergodic distribution: 

lim P ik (s) = lim aU~k = ek . 
s-+co CL-+O 

Then, Th. 1 yields the representation: 

\' 
L e N k ' rEH r r 

d) It may be of interest to recall the classical passage relation concerning 

the distribution of the first entrance time to a single state j, conditional on 
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the initial state i, 
a a a 

u .. = f .. u .. , 
1J 1J J J 

i ~ j, a > O. 

This follows from the first entrance decomposition with H being a si~gle state 

do. fa. 1 . 1 . j, so ., = .. 1n c aSS1ca notat10n. 
1J 1J 

Dually, taking H to be the single initial state i, one has from the last 

exit decomposition: 
a 

u .. 
1J 

a a 
u .. n .. 

11 1J j ~ i, a > O. 

3. EXAMPLES 

Examples illustrating the role of the Dirichlet problem and the Poisson 

equation in application to Queueing and Teletraffic, are well known and need 

not be repeated here. They involve busy periods, waiting times, overflow prob

lems, etc., in Markovian queues; see for details [8], [9]. 

Explicit calculations of trans~tion probabilities and taboo probabilities 

are usually very involved, even in the classical cases like the M/M/l queue. 

The resulting formulae are not very informative, and various approximations 

must be applied to get usable solutions. 

Examples presented here are structurally simple and such that explicit 

calculations can be performed. The results (albeit hidden beyond "the Laplace 

curtain") are easy to interpret and very informative. 

Unfortunately, due to lack of space, these examples cannot be included in 

this paper. They are, however, available on request in a separate report. 
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