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New approximations of loss probability equalized by trunk reservation 
for several band width traffic are obtained utilizing analytical ex
pressions to improve computation. The accuracy and the influence of 
different holding times among band widths' are numerically studied. 

1. INTRODUCTION 

Loss probabilities have already been analyzed for the mixtures of wide- and 
narrow-band traffic offered to a common trunk group, and the inevitable im
balance of individual loss probabilities for each band width has been known 
together with their oscillatory characteristics [1]. It is natural to design 
the system with a given fixed loss probability for each band width by getting 
rid of unnecessary good service, which results in the traffic capacity improve
ment, and the trunk reservation will be one of the most suitable means to 
equalize precisely the individual loss probabilities in this case (e.g. [2]). 
For the equalized loss probability by trunk reservation, however, little work 
has been done both on the traffic characteristics and on the theoretical analy
sis. One reason will be that no effective method has been known to obtain the 
equalized loss probability except for the direct numerical computation of state 
equations. In this paper, approximations are proposed for this purpose with 
sufficient accuracy and computability by deriving analytical exact expressions. 

2. TRAFFIC MODEL AND NOTATION 

Suppose that several kinds of different band width traffic be offered to a full 
availability (loss system) trunk group each as independent Poisson input, and 
that the holding times follow an exponential distribution with equal mean value 
(unity) for every band width traffic (extended in 4.4 to different mean values 
for each band width). Notations are as follows: 

n: the number of trunks; 
mj: the band width (i.e. the number of trunks occupied by one call) of j-th 

traffic, supposing ml=l and m'+l > m· ; 
k: the kinds of band width (j=l,~, ••• ,kj ; 
Jj: the number of reserved trunks for mj (mj for j-th traffic/call), 

let Jj=~-mj to equalize the loss probability for all kinds of traffic; 
aj: the offered traffic (in erlang) of mj ; • 
i j : the number of simul taneous calls of m· in the trunk group, i. = ~ zj 

Pia.i2. ·· ·.i. : the probability of the sta-fe (il. i 2 • •••• i.) j=1 • 

I: the number of idle trunks, for the preceding general state I=n- ~mjij; 
Bj: loss probability for mj, relative error Ej=(Bj-B)/B x 100 % j-I 

B: equalized loss probability for all kinds of traffic; 
BH: approximate B by HA (cf. 3.3), relative error EH=(BH-B)/B x 100 % 
BL: approximate B by LA (cf. 5.1), relative error EL=(BL-B)/B x 100 % • 

3. PRELIMINARY STUDY AND HEURISTIC APPROXIMATION 

3.1 The Case without Trunk Reservation 

5.1A.5.1 
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The following solut~on ~s w~ll known in many works (e.g. [2], modified here), 
D _ al' al' ar R 
ri •• i •..... u,--·-, -.-, "'-.-, 0.0.· .. .0 (1) 'I. Iz. lit. 

Po.o ....• o = { ~~ ... 5" a\' ~~: ... a1
1t }-I (2) 

"~.I~O i l • 12. i.! 

Bj =~~···~Pi,.i ...... t. (3) 
"'J>/~O 

where summation in (2) and (3) mean to sum up for every possible states 
(the combination of il, i2, "', i. ) satisfying the corresponding inequalities. 
For simplicity, those states in (2) are called existing-states and those in (3) 
loss-states (for mj), respectively. Of course, (1) holds only for the existing 
-states, and should be zero for non-existing- (other than existing-) states. 

The above result will easily be ascertained from the usual state equations in 
equilibrium of the simple case in Fig.l, where (omitted in the diagram) it 
generally holds for any k that the birth coefficient (forward transition prob
ability) of ij-direction is aj and 
the death coefficient (backward i2 • Loss state • Loss state 

transition probability) of i j - 01'D~--4· n=3 m2=2 
direction is ij (the value of the . Jl c O 
start point). • • 

o 2 3 il 0 1 2 3i1 

Fig.1 State transition Fig.2 State transition 3.2 The Case with Trunk Reservation without reservation. with trunk reservation. 

When the trunk reservation is introduced, such a simple and general solution as 
shown in 3.1 cannot be obtained. For example, let jl=m2-l=1 for the case in 
Fig.l, which equalizes Bl and B2. The state diagram becomes as in Fig.2, which 
differs from Fig.l in two points. One is the dropping out of the state (3,0) 
which becomes non-existing because of the limitation of forward transition by 
the trunk reservation (denoted by dotted line connection in the diagram). The 
other is the one-way transition because of the same reason (denoted by bold 
line and arrow in the diagram). Note that all the birth and death coefficients 
are entirely the same as described in 3.1, even with one-way transition. 

The analytical difficulty comes from the one-way (backward only) transitions 
between loss-states, however, the following result is obtained for the case of 
Fig.2 by direct analytical derivation from the state equations in equilibrium. 

B = (a2+ala2+a12/2+a22/2) / (1+al+3a2/2+ala2+a12/2+a22/2) (4) 

Large models (consisting of a large number of states or unknowns) can numeri
cally be solved, however, the great number of states becomes practical obstacle 
even by a large computer. Table 1 Accuracy of HA for Fig.2 
3.3 Heuristic Approximation 

Since the difficulty comes from the one-way 
transitions, such an approximation can be 
thought that the one-way transitions be sub

al"a2 
0.1 

1 
4 

B BH 
.09449 .09465 
.54545 .55556 
.83721 .84848 

EH % Bk Ek % 

.172 .09478 .311 
1.85 .57143 4.76 
1.35 .88550 5.77 

stituted by both-ways' as those between non-loss- (other than loss-) states, 
which will be cited as heuristic approximation (HA). Then, the state equations 
can easily be solved and, 

1) the state probabilities are also expressed by (1) generally. 
However, the existing-states differ from those of 3.1, so 

2) the range of summation in (2) should be modified 
(the case of equalized loss will generally be shown in 4.3) and, taking into 
account the trunk reservation, 

3) the range of summation in (3) must generally be mj+Jj > I ~ 0 • 
For the special case of Fig.2, the solution will be obtained immediately as: 

BH= (a2+ala2+a1 2/2) / (1+a1+a2+ala2+a12/2) (5) 

A few numerical comparisons of (4) and (5) are shown in Table 1, together with 
the values of Bk obtained f~om (1)-(3) which also seem to be a rough approxima-

5.1A.5.2 
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tion of equalized loss probabilities (cf. 2. for notations). Although the ex
pressions of (4) and (5) are fairly different, the HA shows a prom1s1ng accura
cy taking into account the effect of trunk reservation, contrary to Bk • 

1 t=~_~_~_=_f_~_=_=_=!_=.~'_' -:-.~. I! --=--""':". ::' . . 1.-= .. ::-_~ .. ::J_~:J 

~ ---=F==-::/ . 
,f ... J - - ..... _ .. 

O.l1===t,7t::.j=t. n-36 ____ . 
~ B (j,- 81-4 --
"~ B -f- a2:0 ..... ~5 -c---.-

0.01 ~. - . -- -" - '-f--.-: .. ::... :'.---t-.-~ 

10 15 30 35 
Fig.3 Equalized loss for k-2. 

-~---+-- n-36 m2-6 
.- al-l 82-0.5 - . .. 

1-+---;...---4-- 83 -0.25 

15 35 

Fig.4 Equalized loss for kc 3. 

The equalized loss probabilities for large 
models of k=2 and 3 are shown in Figs.3 and 4, 
respectively. A fairly good accuracy of the 
HA is observed in these cases. This is natural 
because the HA holds the property yielding the 
values between the exact and the Bk, and be
cause the deviations Ek of the latter (cf. 
Table 1) are in the extent 0 - 53.0 % for k=2 
and 1.1 - 23.9 % for k=3 (so, Bk values are 
omitted to plot in the figures to avoid confu
sion among three). 

The effect of the HA is shown in Table 2. 
With the relatively small dimensioning error, 
the computation time is remarkably reduced. 
It should be added that the similar compari
son could not be made for k=3 because of the 

Table 2 Dimensioning for B=O.OOl 

I Item"" m2 I 3 6 

!No. ofl Exact l 24 41 
[trunks l HA I 24 42 
Icompl!.IExact ~ 17.2 84 

time I HA 10.12 0.17 

9 

59 
60 

298 
0.23 

I 81-4 
82 c l 

k=2 

}sec. 

memory needed to 
compute the 
exact values by 
the same numeri
cal method as 
k=2. 

4. EXPRESSION OF LOSS PROBABILITY EQUALIZED BY TRUNK RESERVATION 

The improvement of approximation is necessary to reduce the dimensioning error, 
to use in place of exact values difficult to compute and to study the influence 
of different holding times for each band width [2], for which the HA is insuf
ficient or unable. For this purpose, a solution may be to combine the accuracy 
of state equations and the simplicity of the HA. So, formal but useful expres
sions are derived below utilizing the one-way transitions between loss-states. 

. n=6 m2=3 
4.1 Loss-State Probability for k=2 ~ 2 

2 I=m 7-1 • Loss Stat.e 

The state transition is shown in Fig.S to illustrate l~~~I=O . 
the derivation (cf. 3.1 and 3.2 for the birth and death 0 vz: e-- 0--0 . 

coefficients). To begin with, the state equations in 1 2 3 • 5. (k~~) 
equilibrium for loss-state 1=0, m2- l >I>0 and I=m2-l of Fig.5 State trans1t10n - • 

i2=1 (cf. Fig.5) are derived, then transformed so that the state probability 
in consideration be expressed by the other state probabilities such as: 

(1=0) (6) 

(7) 

(8) 

The last terms of (7) and (8) include loss-state probabilities, however, they 
can be expressed exclusively by the non-loss-state probabilities as follows, 
by repeating the substitution of (7) or (6) into the loss-states. 

(m2-1 > I ~O) R· . = ± (il + u)! ~!·.+-l»I, a2Pil+ll.il-l (9) 
'1.'1 Il-O it! ,. u. 

5.1A.5.3 
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al -J.:;I(il+u)! M··-l! n 
PI1.1,=-,-P;I-I./1 + ~ . , " + U ,a2I'""il+lI.il-1 ,. .,.0 h. . . 

(10) 

Suppose that (10) be applied to the state adjacent (right) to I=m2-l in Fig.S 
instead of (9). Then, the first and the last term in E of the right hand side 
include the loss-state probabilities. However, if these two terms are omitte~ 
(10) coincides with (9). Suppose that(lO) be applied to the state I-a in Fig.S, 
then, loss~ and non-existing-states are included in the right hand side. If 
these invalid terms are omitted, (10) also coincides with (9). So (10) will be 
applied to every loss-state, provided that the following "Rule" is considered, 
which serves to simplify the extensions in the following sections. 

[Rule] If loss- and/or non-existing-states are included in the right hand side 
of the formula for the loss-state probability, these terms should be omitted. 

If (10) is applied to the loss-state in i2=0, the [Rule] removes all the terms 
exclusive of the first term in the right hand side, so it conforms to the state 
equation. The above argument holds for every loss-state in i2>1 without losing 
generality if n is greater than in Fig.S, since (6)-(10) depend merely on I. 

The loss-states are determined by m2 > I ~ 0, the non-existing-states are gen
erally I < 0, however, the states such as I < m2-l become non-existing for i2=0 
because of the trunk reservation. i < 

4.2 Loss-State Probability for k=3 

The state transition is shown in Fig.6, 
where the both-way transitions between the 
non-loss states 0 in i3-plane and the corre
sponding states in i3+l -plane (should be 
connected by thin lines) are neglected to 
enter in the diagram. Fig.6 State transition(k=3). 

The loss-state probability with the maximum idle trunks 1=m3-l of i3=i2=1 (cf. 
Fig.6) is expressed considering the generality as in k=2, which ha~ the maximum 
number of terms. Starting from the state 1=0 (cf. Fig.6) and following to the 
bold arrow mark (if necessary, from the loss-states of i 2=2) up to l=rn3-l in 
consideration, the repetition of the similar procedures as in k=2 yields 

_ al .a-I (i1 + u)! tie -1~! 
Pil.ia.il-;-Pil-l.;a.il + ~ i , .. + U ,a2 Pil+U.it-l.il 

e. u=o 1. e. • 

III,hI «.I-I)I"'t) U.! (i1+Ul)! (i2+U2)! **,i.-1 ! + L ~ " . , . , . + ,a3Pi l+UI.it+ Ut.is-l 
111=0 111-0 UI. U2. It. h. t. U .. 

(11) 

where, U.=Ul+U2 and [ ] means integer part. Provided that the [Rule] is appli
ed, (11) is valid for every loss-state, as similarly ascertained as in 4.1. 
The loss-states are determined by m3 > I ~ 0, the non-existing-states for i3= 
i2=0 by I < m3-l and, for i3=0 and i2 > 0 by I < m3-m2 (cf. Fig.6). 

4.3 Expression of Loss Probability for General k 

To support the generalization, Fig.7 illustrates the change from Fig.6 when m4 
traffic is added. Note that every state in the diagram has the both-way tran-
sition between the corresponding state in i 3 m2=3 m3=6 m,,= 8 

1~-0 space, not illustrated visibly. 

If the state 1=m4-l in Fig.7 is considered, 
the number of paths following the bold arrow 
will be expressed by 

'lS1 « •. ~'.II «··lJ,··1 (UI + U2+ U3)! 
.,.-0 11.-0 .,.-0 Ill! 1l2! U3! 

(L.=l) 
Fig.7 State transition(k-4) • 

and it will be inferred from the comparison of (10) and (11) that these number 
of terms (including a~) be added to the case of k=3. Also, the forms of terms 

5.1A.5.4 
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are analogically obtained, and 

B=~~···~Pi,.lt .. · .• I" } 

finally the general expression is reached as: 

111.>,,&0 11 

P;lti ...... U.= ~ Q(aj} 
j-I 

{ (j=ll 

(j>l ) 

Q(al}=.$.Pil-l.it ..... u. 
I. 

(12) 
~l u1llJ;.!.1,1II.) «1IIJ-.!UJIIJ-lI 

Q(aj)= ~ 2,; ••• 2,; 
, J-l{(' + }') (. I)' . u.. IT Iv UV. I. - • 

UdU2!"'uj-d v=1 iv!(i.+u)! 
111-0 11.-0 IIJ-I-O j_1 

ajP;I+"I.i.+" •..... iJ-I+"J-I.iJ-I.iJ.I ... ·.u. , U.= ~ UVt 
v~1 

where, [ ] means integer part and, for the state probabilities in the right 
hand side of Q(aj), the [Rule] should be applied to eliminate the 10ss- and/or 
non-existing-states. Non-existing-states for the special case are determined 
by I<m.-m;(=jj)' if i.=ilt-t=···=ij+J=O and ij>O 

4.4 Modification to Unequal Mean Holding Times 

The modification requires merely to add the following notations. 
Aj : the calling rate of mj traffic, 
Pi: the inverse of mean holding time of mj traffic. 

Then, excluding the next substitutions for 
birth coefficient ar-+Aj , and for 
death coefficient Ir-Zjf.jj , 

no influence arises on the state transition diagrams. Consequently, it is 
known from the re-examination of the derivations that (12) can entirely be used 
if one introduces the following substitutions 1)-5). 

It 11 , 

1) aJ-~j 2) i.=~ir-+ilJ.=~ij/-lj 3), ~.. , ~~ 
j=1 j=1 Ut.U2.···Uj-l. T(u) 

Where, T(u ) means the summation for all the paths (only movable forward) from 
the co-ordinates (0,0, "',0) to (UI, U2. "', Uj - l) • Each path is determined by 
u .+l sets of co-ordinates (tl. i 2• "', ij - I ) from O-th to u.-th. Total number of 
paths is the value of the left hand side of the arrow. For example, from (0,0) 
to (2,1), there are (2+1)! / (2!·1!) = 3 paths as follows: 
T(2.1)= (0,0) (1,0) (2,0) (2,1); (0,0) (1,0) (1,1) (2,1) ; (0,0) (0,1) (1,1) (2,1) 

4) Yl{(ir: ~uv)! }~jrr{(iv~Ut) ! f.j~t. } (i.-I)! u. j-l 
v=1 zv! v=1 Iv! 5) (i.+u.)! ~tg/ilJ'+ ~ltv/-lvt\ 

Where, the multiplication for t.=O- u. means that each factor of the product 
is obtained by substituting the value of each element in t.-th co-ordinates 

(i l , t2, "', ij-I) of a specific path in 1(,,), into tv of the formula (Note that 
i.= ~iv ). For example, along the first path of T(2.1) above, the product is 
({i1/-l 1 + i2f.i.2 + i3f.i.3)· {(il + I)/-ll + i2/-l2 + i3/-l3) • {(it + 2)/-l1 + i2f.i.2+ i3/-l3) • {(il + 2)/-l1 + (i2+ I)/-l2 + i3f.i.3) t I 

5. IMPROVED APPROXIMATION 

The formulas attained in 4. are expressed only by non-loss-state probabilities, 
so they alone cannot be used to obtain numerical results. However, the follow
ing algorithms provide their useful applications to improve the approximation. 

5.1 Approximation Taking Loss-States Precisely 

The non-loss-state probabilities in the right hand side of (12) may be approxi
mated by (1), according to the principle of the HA. It corresponds to the al
gorithm to apply state equations (holding strictness) to loss-states where (1) 
does not satisfy the equations and to apply (1) to non-loss-states where (1) is 
the local solution of the state equations, so it is expected to improve the HA 
(and called loss-state approximation: LA). The unknown Po.o .... .o in (1) and 
also in (12) by the substitution is easily eliminated from 

B + ~~···~PII.;I.· ... i" =1 
JI ~/tl." 

(13) 

Thus, the LA is entirely released from the limitation of numerical solution of 
simultaneous equations, by utilizing the above derived expressions. 

5.2 Exact Numerical Computation 

All the state equations for loss-states are thought to be concentrated into 

5.1A.5.5 
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(12) as unknown B. So the state equations merely for the whole non-loss-states 
can be solved numerically as simultaneous equations if (12) is supplemented 
taking into account (13), since the loss-state probabilities included in the 
equations can be expressed by the non-loss-states' utilizing the relations in 
(12). This method has the merit to reduce the number of unknowns (cf. Fig.7) 
for the numerical computation, and the algorithm has been completed. 

5.3 Accuracy Improvement 

For the method in 5.2, the approximation by (I) can be applied to some of the 
non-loss-states which are thought to have less influence on the loss probabili
ty, thus reducing the number of unknowns in the simultaneous equations. This 
method corresponds to the combination of the above two and can make the accura
cy closer to the exact one than the LA. The limitation of memory in the numer
ical computation can be removed by this method, however, some problem arises as 
shown below, in order to improve the accuracy effectively. 

5.4 Comparison of Approximation 

The accuracies of the above methods are studied for two small models of k=2 and 
3 as shown in Tables 3 and 4 (each consisting of 19 and 18 states, respective
ly, and of 13 and 8 unknowns when applied the method in 5.2). It is known that 
the relative errors are in proportion to the loss probabilities by any approxi
mations (the same for large models: cf. Figs.12 and 13), and that the LA fairly 
improves the accuracy than the HA. (Compare EL % with EH %). 

Table 3 n&7 
Comparison k=2 2 m2& 

al c a2 B ELA% EL % EH % 
2.5 .38534 .339 2.17 9.72 
1 .09582 .267 1.47 5.53 

0.4 .01002 .074 .501 1.74 

m2 c 2 
3 al c a2-=a3 m3~ 

Table 4 Comparison k&3 n&6 

al-a3 B-BLA (1)% 

1 • 47273 1.01 
0.2 .07561 .283 
0.05 .00667 .029 

(2)% 

1.88 
.347 
.031 

EL % EH % 

1.73 7.68 
.343 3.19 
.031 .842 

State equations are applied 
to the following states . 
(1):(3,0,0),(1,1,0),(0,0,1) 
(2):(0,1,0),(1,1,0),(0,0,1) 

As an example of the method in 5.3, loss-adjacent-state approximation (LAA) is 
compared in Table 3, where state equations are applied only to those non-loss
states that are adjacent to loss-states (i.e. reached by a single transition) 
besides (12) and (13), and the approximation by (1) to the remaining non-loss
states (reducing 5 unknowns), which shows a great effect. Notations are: 

BLA : approximate B by LAA, relative error ELA=(BLA-B)/B x 100 % • 

On the other hand, the LAA coincides with the exact solution in Table 4 because 
of the large proportion of loss-states. So, three of the 6 adjacent states are 
taken to apply state equations as specified in the Table (reducing 3 unknowns), 
and two kinds of combination are compared. One of them improves the accuracy 
than the LA as expected, however, the other makes it worse in spite of 3 addi
tional state equations probably because of improper states selection. 

The LA which seems to be practical in evaluation and in accuracy as seen above 
is also compared with the HA for two large models of k=2 and 3 (the same as in 
Figs.3 and 4) as shown in Figs.8 and 9. It is observed that the LA is a better 
approximation than the HA in general, though the relative errors also show some 
oscillatory characteristics depending on the parameter. It should be noted 

-1 

Fig.8 Comparison k-2 n-36 

that the LA sometimes shows negative errors 
contrary to the HA probably because of the 

n-36 m2-6 
a1-1 a2-0.5 
8,-0.25 

30 o la "", .20 m, 25 
E~' 

... , .... 15 

-4 
Fig.9 Comparison t-l n-36 

S.1A.S.6 

35 

overestimation 
of the one-way 
transition ef
fect by exclud
ing the non-loss 
-states which 
possibly make 
moderate the 
effect. 
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6. INFLUENCE OF HOLDING TIME DIFFERENCE AMONG EACH BAND WIDTH TRAFFIC 

The influence is studied for the range of holding time ratio reO.Ol-lOO, where 
hj: the average holding time of m·, r=hk/hl supposing hj=hl for k> j > 1 ; 
Br: the value B at specific r (~l~, relative deviation Dr-(Br-B)/B x 100 % • 

The results are shown in Figs.lO and 11 for the small models of k=2 and 3 (the 
same as in Tables 3 and 4, respectively), and in Figs.12 and 13 for the large 
models of k=2 and 3 (the same as one of those in Figs.8 and 9, respectively). 

For the relative (exact) deviation Dr from the value B (the case r-l), shown in 
the upper part of each figure, the following characteristics are observed. 
1) The values Or show some saturating tendency for the change of ratio r. 
2) The influence of ratio r on Dr is smallest at higher loss probabilities, of 

some effect at medium loss, and less at lower loss such for dimensioning. 
3) The influence of r on Or seems to be greater for large models and for k=2. 

For the relative error EL of the LA value at holding time ratio r to the exact 
Br, shown in the lower part of each figure, the following property is found. 
a) The relative error increases as loss probability becomes higher, moreover 

it exceeds the true deviation at higher loss, while it sinks to a fair ac
curacy at lower loss, i.e. the error EL is sensitive to loss B (cf. 5.4). 

b) The LA overestimates the true deviation for the change of r, i.e. it yields 
positive error for positive deviation and vice versa (for the reason, cf. 
5.4), however, the value EL also shows a saturating tendency as in 1). 

c) The values of relative error are in proportion to those of true deviation, 
so the above holds for all the models. Thus, 3) also holds for errors. 

It will be concluded here that the influence of holding time difference may be 
ignored for higher loss (even for all the cases from the saturating tendency), 
and that the LA may be applied to estimate this influence for lower loss cases. 

7. CONCLUSION 

The heuristic approximation is practical and simple to compute. The loss-state 
approximation analytically expressed shows higher accuracy released from the 
numerical solution. The holding time difference may practically be ignored. 
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