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For cost-effective planning of multi-service networks, 
new marginal costs formulae have been developed, genera
lizing the well-known classical approach by Pratt. 
Efficient approximations have been derived, based on one
and two-moment traffic models. For the two-moments model, 
elegant derivation was possible, using the Hayward 
approximation. The efficiency of the formulae is very 
useful, since an optimization proces may be very time 
consuming. Numerical examples show the good accuracy of 
the approxitions for engineering purposes. 

1. INTRODUCTION 

Rapid evolution of new network technologies and services will have 
a great impact on network planning and optimization. Cost-effec
tiveness will play a major role in the dimensioning and planning of 
the networks. For reasons of competition and the tremendous change 
of cost factors as well as optimization criteria, the need for 
effective tools for network planning becomes urgent. 

In 1967, Pratt [8] introduced the concept of marginal quantities 
for the optimal dimensioning of high-usage links. His formulae were 
based on rigid, strictly hierarchical networks, sequential office 
control and a final trunk group blocking criterion. 

In this paper we have extended and modified his definitions and 
formulae to include sizing on end-to-end blocking, multi-li~k high
usage routes, originating office control, etcetera. The formulae 
thus derived will not only be useful for the sizing of high-usage 
links, but also give balancing equations for links in final routes 
and estimates for the costs implied by the addition of new services 
in an existing network. 
Furthermore, efficient approximations for the calculation of the 
marginal quantities will be presented. Good approximations are 
based on a two-moments model, describing basic and additional 
(marginal) traffic by their mean and variance. The Hayward approxi
mation [2] appears to facilitate the derivation of very elegant 
formulae. The accuracy and simplicity of these approximations make 
them very useful for implementation in planning algorithms 
for multi-service networks (cf.[10]). 
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2. MODIFICATION AND GENERALIZATION O~ THE PRATT FORMULAE 

2.1.Introduction 

Pratt's publication on marginal quantities (cf. [8]) is based on 
the assumption of rigidly hierarchical networks with Sequential 
Office Control (SOC) for call setup, and a fixed final trunkgroup 
grade of service. Further in [8] a restriction is made to networks 
with high-usage routes consisting of only one trunkgroup. 
Since then, network technology and ideas regarding network economy 
have changed tremendously, such that the assumptions in Pratt's 
paper are no longer actual, and on the other hand extensions are 
needed. Thus the point is raised to review these classical formulae. 

2.2. Notations and definitions 

In the sequel the following notations and definitions will be used, 
where we denote the partial derivative of F with -respect to G at 
constant H by (aF/aG)H: 

N the number of circuits 
C the costs per circuit 
M the mean of the offered traffic 
V the variance of the offered traffic 
MI: the mean of the overflowing traffic (loss) 
B -the blocking probability (call congestion) 
y the mean of the carried traffic; Y - M·(l 
z the peakedness of the traffic; z - V/M 
P marginal capacity at constant blocking; p 
r marginal capacity at constant overflow; r -
H marginal occupancy or marginal utility; H 
~ marginal overflow (at constant size); ~ -

B) 

(aM/aN)B 
(aM/aN)MI 
(ay/aN) 

(aMI/aM): 

Subscripts i, j and 0 will refer to a quantity associated with 
a trunkgroup. 

2.3. New formulae 

We consider a network consisting of a high-usage -route in combnina
tion with an overflow route. Analogously to Pratt, introduce the 
concept of marginal overflow to derive expressions for the marginal 
costs g (that is: the cost per Er1ang of the links in the route), 
expressed in the marginal costs of the links in that route. Origi
nating Office Control (OOC) is assumed, together with an end-to-end 
grade of service criterion. Further we use a one-moment model 
taking baulking and thinning into account (as in [6],[7] and [11]). 
With I and J we indicate sets of indices of trunkgroups in a route; 
o is the index of the trunkgroup we focus on. 

For a high-usage route, differencing the network costs with regard 
to the overflow from a certain high-usage trunkgroup 0, keeping the 
offered load to this group constant, yields: 

~ - -CO(aNO/aMIO)M + 
~n.u.route 0 

( 1) 

where D - (B - (1 - B)·M)·B/(l - B)- (~ - B)/(l - B). (Note that 
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baulking and thinning implies that the blocking on the remaining 
high-usage trunkgroups in the route remains constant). For an exact 
derivation of this formula we refer to [9]. This formula can well 
be approximated by keeping the overflow traffic from the high-usage 
trunkgroups (except trunkgroup 0) constant, and varying M according 
to the overflow traffic from trunkgroup 0: 

~.u.route ( 2) 

which approximation is generally numerically quite accurate. 
For the overflow route, Pratt suggested to use p (constant block
ing) for the marginal costs of final trunkgroups (indexset J) and r 
for intermediate trunkgroups (indexset I), thus leading to: 

goverfl. route - LiEI Cif r i + LjEJ Cj / Pj 
( 3) 

This formula is still valid for the estimation of the extra costs 
implied by the addition of new serives traffic. By replacing the 
constant blocking in the final trunkgroup by constant overflow from 
these trunkgroups, we account for an end- to-end service criterion. 
This yields to a very elegant formula, where intermediate and final 
links are treated equally: 

( 4) 

Using the new formulae for marginal costs, the optimal size of the 
high-usage link 0 is realised when the marginal cost of the high
usage link equals the marginal costs on the next route minus those 
on the rest of the high-usage route: 

Using this formula, the final route requirement still has to be 
translated into requirements for the seperate links. Blaauw 
suggested in [1] an optimization proces. Here we suggest a simple 
balancing equation for the blocking over the links. For two links 
with indices i and j, this equation is: 

(1 - D.)·C./H. - (1 - D.)·C./H. 
~ ~ ~ J J J 

( 6) 

For engineering purposes we now deduce a numerical simple approxi-, 
mation of this formula. Using the definition of D, 1 and H formula 
(6) is rewritten to: 

C.(l - B.)(8N./8B.)y - C.(l - B.)(8N./8B.)y 
~ J ~ ~ J ~ J J 

( 7) 

Because (8N/8B)y as function of 
rather independent of the other 
that at least a (large) part of 
groups) this balancing equation 
thumb, which can easily be used 

-1 
B behaves approximately as B , 
parameters (under the assumption 
the traffic is carried on both 
leads to the following rule of 
(as in [10]): 

( 8) 
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3 . APPROXIMATIONS OF MARGINAL QUANTITIES 

3.1. Introduction 

Using marginal quantities in network dimensioning requires simple 
and accurate computational schemes' to calc~late these quantities~ 
In this chapter we focus on r, but in the same way other marginal 
quantities can be treated. 

-1 In section 3.2 expressions for r in the quantities N, H, Band 
(aB/aN)M will be derived, using two traffic models. For the 
partial derivative of the Erlang blocking with respect to the 
number of trunks, two approximations will be suggested in 3.3, 
thus leading to formulae which have been numerically tested. Some 
results are given in 3.4. 

-1 3.2. Formulae for r 

First consider the one-moment model, describing traffic by its 
mean, and denote: 

( 9) 

According to the Erlang loss formula MI - M'E(N,M), N is an implic
it function of M and differencing F(N,M,MI) - MI - M·E(N,M) - 0 
with respect to M at constant MI leads to 

-B/M - (aB/aM) N 
r- 1 (N,M) - (10) 

1 (aB/aN)M 
-1 

where B - E(N,M). Now r can be expressed in the desired quanti-
ties using the well known result (cf. [4], theorem 15): 

(aB/aM) _ B(N - M(l - B» 
N M (11) 

A second, more accurate approach, is to model traffic by its 
variance V also (two-moments model). In an analogous way 
G(N,M,V,MI) - MI - M·B(N,M,V) - 0 is defined, and differencing G 
with respect to M leads to: 

-(aG/aM) - (aG/aV)·(aV/aM) (12) 
(aN/aM)MI - (aG/aN) 

In general no explicit expression for B is known, but several 
approaches have been suggested to approximate B, from which we 
choose the Fredericks-Hayward method (cf. [2]): B(N,M,V) 
E(N/z,M/z) - E(N' ,M') - B' with z - V/M. The trunkgroup with N' 
trunks and offered traffic M' is referred to as the adjoint system. 
Substitution in (12) leads to the following generalisation of r~l: 

r ~l(N ,M, V, z *) " r -11 (N' ,M') + (z M-. ZZ ~ • (N - M· ff
1

1
(N' ,M'» (13) 

* where z - (aV/aM) indicates the peakedness of the marginal (added) 
stream. P is the marginal capacity at constant blocking for the 
adjoint sjstem, for which is known that (cf. [4]): 

-1 M 
P1 (N,M) - (8B/8N)M' B(N _ M(l _ B» (14) 

thus leading to an approximation for r-1in the desired quantities. 
Using the ERT-approach (cf. [13]) woula not facilitate such simple 
approximations. 
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3.3. Bounds and approximations for (8B/8N)M 

To calculate ~ we now derive two approximations for the partial 
derivative (8B/8N)M~ on the basis of upper- and lowerbounds. Due to 
the convexity of -~(N,M) as a function of N for fixed M (cf. 
Jagers and Van Doorn in [5]), left- and right-hand differencing 
give simple linear bounds: 

(8B/8N)M < E(N+1,M)-E(N,M) - BO[ MoB ~ N + 1 - 1) (15) 

(8B/8N)M> E(N,M)-E(N-1,M) - BO[1 - (1 _NB)oK) (16) 

-1 
Analogously, because E (N,M) is a logconvex function of N for 
fixed M (cf. , theorem 19 in [4]), left- and right-hand differencing 
leads to the following logarithmic bounds (Jagerman gives the 
lower bound in theorem 18 in [4]).: 

(8B/8N)M> In E(N,M+l) - In E(N,M) 

(8B/8N)M< ln E(N,M) - ln E(N,M-l) 

- B0 1n[MoB ~ N + 1) 

_ B 0 1n [M_. _. (;;,....l-N--_B...;...) ] 

(17) 

(18) 

For both linear and logarithmic bounds the geometric mean of 
these bounds is used as a point estimator for (8B/8N)M (due to 
the local behaviour of E as a function of N, the geometric mean 
will be more accurate than the arithmetic mean): 

linear: (8B/8N)M ~ BjI (M.:+N+l - 1)(1 - (l-:).M) (20) 

- / M M· (I-B) ; 
logarithmic: (8B/8N)M ~ BY In(M.B+N+l)·ln( N ) (21) 

3.4. Numerical results 

, -1 
We are now able to calculate approximations for ~ on the basis of 
a one-moment and a two-moments model (for the used approximation , 
formulae we refer to [12]). To have an indication of the accuracy 

-1 
of these approximations we compare the results with ~ ,calculated 
on the basis of finite differences, using the ERT-approach: 

-1 t.N 
~ -f ~ 

(22) 

where ~ is fixed on 0.1% of the value of M. (This value is a good 
compromise between accuracy of calculation and bias). For a 

-1 
blocking of 5%, we have computed the values of ~ and the relative* 

-1 -1 f 
error in ~ and ~ , for I large range of the variables M, z and z 
(M in [lO.~lOOO], ~ and z in [1 .. 8]). 
Because the results show the same pat~ern for each M, we here pre
sent the results for some M, and z, z - 1,2,4,8. The logarithmic 
and linear bounds give no significant differences and only the 
results on the basis of the linear bounds are presented' here .. 
Using the one-moment model* the relative error is smaller than 1% 
for Poisson traffic (z - z - 1) (see table 1), but for peaked 
tiaffic, errors can be greater than 100% (for M - 10, Z - 8 and 
z - 2, the relative error is 134%). Much smaller are the relative 

-1 errors in ~ for the two-moments approach, as given in tables 2 
and 3 and figure 1. 

3.3iiA.2.5 



M 10 

re1. error .0055 

M-50 * z -1 * z -2 

z-l .0026 -.0043 
z-2 .0167 .0070 
z-4 .0664 .0485 
z-8 .1959 .1663 

50 

.0026 

* z -4 

-.0143 
-.0105 

.0184 

.1162 
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100 

.0007 

* z -8 

-.0253 
-.0338 
-.0243 

.0392 

500 

.0001 

-1 r 

2.0 

1000 

.0000 

-1 -1 -1 
TABLE 2 .(r

2 
- r f)/r f for M-50 

1.5 

* * M-500 z -1 z -2 

z-l .0001 -.0001 
z-2 .0009 .0005 
z-4 .0033 .0027 
z-8 .0101 .0091 

* z -4 

-.0003 
.0000 
.0016 
.0073 

* z -8 

.0000 

.0000 
-.0003 

.0041 * (z,z ) 

-1 r ---2 

-1 r -f 

1.0~----------------------------~ 
-1 -1 -1 

TABLE 3 . (r 2 - r f) Ir f for M - 500 
10 50 100 

FIGURE 1. r-1 as a function of M 

4. CONCLUSION 

The new marginal cost formulae give a powerful instrument to size 
present day networks with OOC and an end-to-end blocking criterion. 
Mu1ti1ink high-usage routes, and even networks with muta1 overflow 
between high-usage routes can be treated. The deduced formulae form 
the basis for easy to implement approximations. 

Furthermore, approximation formulae for the marginal quantity rare 
derived that are easy to implement. For Poisson traffic the one
moment model approach gives accurate results. For peaked traffic, 
this approach is insufficient, but significant improvement is 
reached by deriving formulae on basis of a two-moments model. The 
accuracy of this two-moments model, combined with the easy to 
calculate approximation formula, makes this approach valuable for 
use in dimensioning algorithms. 

Future research will focus on generalising the formulae for non
hierarchical networks where the distinction between high-usage and 
final routes can no longer be made (as in [3]). 
Finally this way of analysis can be applied to derive approxima
tions for other marginal quantities as well. 
Especially the introduction of new services (ISDN), will make the 
use of the two-moments-based derivatives valuable. This makes it 
possible to evaluate the extra costs of additional traffic' with a 
certain behaviour. 
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