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This paper reports on an analytic method by which transient state distributions of 
job queues controlled by various overload strategies can be calculated for arbitrary 
time dependent arrival rates. The main feature is a · multi-class job arrival model 
assuming typical customers delays, such as dialling times or call holding times, to be 
jointly .independent, identically distributed random variables. Thus we are able to 
analyse SPC systems for various communication environments. 

1. Introduction 

There is certainly a need for analytic models that can predict the transient behaviour of over
load control algorithms, in particular instabilities that may reduce the throughput of the system. 
The method presented in this paper is based on a recent result concerning inhomogeneous Poisson 
processes subject to "random translations" reported on at the Seventh Nordic Teletraffic Seminar 
1987 in Lund, Sweden, independently by Wallstrom [11], and by Reus Christensen & Rasmussen 
[6]. 
Chapter 2 gives an account of some important system characteristics and .of basic assumptions and 
results to be used in a multiclass job arrival model. In chapter 3 the model is applied to a single 
server queue using simple overload control algorithms and compared with a simulation model. 

2. Outline of a Job Arrival Model 

The performance of an SPC system depends primarily on customers' demands and interactions 
with the switching control system. These prerequisites, of course, may vary widely for different 
applications. However, the series of events associated with a call connection generally follows a 
typical pattern as sketched out in fig. 1. This indicates service demands on a central computer 
caused by a single call. We have identified three main events that call for CP-service: Tl the 
call arrival epoch, T2 the call set up epoch, Ts the call disconnection epoch. The corresponding 
times spent in the CP system (including service and delay) are denoted by Tt, T2 and T3. The 
dialling and communication phases may vary considerably in length and distribution for different 
services. In telephone applications the dialling time distribution may be approximately normal 
with a mean of 5 - 10 s and a standard deviation of 1 - 2 s while the communication phase is more 
like exponential of mean 100 - 200 s. For the various data services quite different characteristics 
may apply. In most cases, however, the CP service times - a few ms - should be negli.gible in 
comparison with the durations of customer generated delays. The epochs Tt, T2 and Ts of each 
single call connection procedure correspond to three sequences of job arrivals to the CP, 

- the sequence of call arrival epochs 
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- the sequence of call setup epochs 

- the sequence of call termination epochs 

TI 

NEW 
CALL 

DIALLING 
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Figure 1. The call connection procedure in rough outline 

We shall assume that the call arrival sequence constitutes an inhomogeneous Poisson process. 
Neglecting service and waiting times in the CP-system, we may model the call set up sequence by 
adding to each call arrival epoch a dialling time. Dialling times will be assumed to be identically 
distributed, jointly independent and independent of arrivals. Similarly we obtain the sequence of 
call terminations by adding call holding times, to the epochs of the call set up sequence. This 
principle of deriving subsequent job arrival processes may be referred to as "random translation" 
[6]. In this way we can model various applications, e.g. telephone, data, ISDN services, as well as 
other customer dependent switching delays, such as predialling and inter-digit delays. In [11] the 
joint point process describing a primary job arrival sequence and a secondary sequence obtained 
by rahdom translation of the former was studied, assuming the primary sequence to be generated 
as an inhomogeneous Poisson process of rate >.( t). In this case the secondary process is identical to 
the departure process of an M(t)/G loo system, where M(t) refers to the primary arrival process 
while G refers to the delay time distribution . .A13 initial condition it was assumed that the number 
of calls waiting in the appropriate delay phase, is stationary with >.( t) = >. for t<O. The main 
results of this study are (see Appendix) 

1. The secondary job arrival epochs form an inhomogeneous Poisson-process with the time
dependent intensity 

!(t) = lot >.(x)b(t - x)dx + >'[1 - B(tW (1) 

where B(x) denotes the cdf of delay times and b(x) = B'(x) 

2. Denoting the numbers of primary and secondary arrivals in (0, t) by N(t) and M(t) respec
tively, we have 

COII(N(t), (M(t)) = lot >.(x)B(t - x)dx (2) 

The first result implies that all job arrival streams to the CP form inhomogeneous Poisson
processes. The intensities of each translated process is obtained from (1), i.e. essentially as 
the convolution of a primary arrival intensity with the pdf of delays. Moreover it follows from (2) 

tha.t the dependence between job arrival streams may be negligible during time intervals that are 
much shorter than the average delay time between the streams. In particular, with deterministic 

IThe second term of (1) derives from customers present in the sy.tem at t = 0 and would not appear had we chosen 
to start with an empty system at t = 0 
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delay, we obtain zero covariance for t less than the delay time. Considering job queues in front 
of the CP, we note that times between successive state transitions are generally several orders of 
magnitude smaller than delay times between job streams. It may be justified then to treat job 
arrival streams as if they were stochastically independent. 

3. Overload Control Based on Momentary Queue Length 

Let us consider a central processor serving a single job-queue. As above the job arrivals are 
assumed to be split into the three streams: call arrivals, call set up epochs and call termination 
epochs separated by dialling and communication phases. Fig. 2 is to illustrate the situation. 

COMMUN. 

DIALLING 

c 

I hl : 
L _______ ..J 

Figure 2. CP job queue fed by three jobstreams 

K(t) denotes the number of customers in the CP system at time t. The three job arrival streams 
have time dependent intensities ~1' ~2 and ~3, ~1 denoting the intensity of new calls let through 
by the control mechanism, C. The following simple control algorithm is adopted: 

{ 

~(t) 
'\l[t, K{t)] = 0 

if K(t)<k 

if K(t) ~ k 

where ~(t) denotes the intensity of new calls to the system. 

(3) 

Since we neglect the first time spent in the CP-system in comparison with dialling time, the input 
rate to the dialling phase is put equal to ~1. Similarly we put the input rate to the communication 
phase equal to ~2, the output rate of the dialling phase. Thus we obtain using formula (1) 

.\2{t) = lot .\1{z)b1(t - z)dz + ,\[1 - B1(t)] ( 4) 

where b1(x) and Bl(X) refer to the distribution of dialling times. In (4) we put ~1(X) = ~(x) . 
P{K(x)<k}. The calculation of ~3(t) from (1) is straight forward. Finally we assume that service 
times in CP are exponentially distributed with different means 1/ J'1, 1/ J'2 and 1/"'3 corresponding 
to AI, ~2 and ~3 respectively. Recalling that from the CP:s point of view ~l' A2 and ).3 repre
sent virtually independent Poisson-streams we are now in a position to write down simple state 
equations for the CP queue. For exactness a three-dimensional queue description, {Kl(t), K2(t), 
K 3(t)}, K(t) = Kl(t) + K2(t) + K3(t), would be required, but this would lead to very long com
putation times. Instead we shall use the two-dimensional description {K(t), I} where I indicates 
the class of the customer being served (1=1,2 or 3). Defining state probabilities as 

P(O; t) = P{K{t) = O} 

P(Ie, i; t) = P{K(t) = le, 1= i}; (le = 1,2, ... ) 
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and considering transitions in the interval (t, t + h) we obtain the following approximate equations 

3 

P(Oj t + h) = P(Oj t)[l - (~1 + ~2 + ~3)h] + L P(l,j; t)l-'i h 
;=1 

P(l, i; t + h) = P(l, ij t)[l - (~1 + ~2 + ~3 + Pi)h] + P(O; t)~,h 
3 

+ L P(2,j; t)l-'iO,h (i=1,2,3) 
i=1 

P(k, i; t + h) = P(k, i; t)[l - (~1 + ~2 + A3 + J.'i)h] 
3 

+ P(k - 1, i; t)(~1 + ~2 + ~3)h + L P(k + 1,j; t)l-'iO,h 
;=1 

(k=2,3, ... ; i=1,2,3.) 

where Al is given by (3) and 

0, = P{next job to be served belongs to class i} 

We can not calculate 0i exactly but the following approximation has proved useful so far: 

0i = ~i/(Al + ~2 + ~3) 

where ~1 = A(t)P{K(t)<k}. The transient state probabilities P(O; t) and 

3 

P(kj t) = L P(k, ij t); k = 1,2, ... 
• =1 

(5) 

(6) 

(7) 

may be calculated from (S)-(7) and an initial distribution for t = 0 by successively putting 
t = 0, h, 2h, . .. (Eulers method). According to experience sufficient accuracy is generally obtained 
for h<O.S . min,(l/ J.li). Assuming stationarity for t<O we should use as initial distribution the 
stationary probabilities obtained with ~(t) = ~. However if ~ is small enough, then P{K(t)<k} ~ 1 
and so ~i ~ A, i=1,2,3. Hence the system may be approximated by the M/G/I queue with the 
arrival intensity 3~ and the H3-type service time distribution defined by the transform 

B.(s) = ~( J.ll + J.l2 + J.l3 ) 
3 s + 1-'1 8 + 1-'2 S + J.l3 

Thus we may calculate P(k; 0) by inversion of the transform for M/G/I queues and then 

P(k, i; 0) = P. P(k.j 0); 
P 

,\ 
Pi = -, P = Pl + P2 + P3 

J.li 

i=I,2,3 

Some numerical results obtained from these equations are shown in fig. 3. The following data 
have been used. 

CP mean service time: 1/1-'1 = 2.6 ms, 1/1-'2 = 6.2 ms, 1/1-'3 = 3.6 ms 

Dialling times: Normal distribu tion, m = 7.S s, 0- = 1.2 s 

Call holding times: Exponential distribution, m = 100 s 

Offered call intensity: A = 60 S-1 (t<O), ~ = 100 S-1 (t ~ 0). 
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The intensity corresponding to 100% C;P load without overload control is 80 8-1 . 

Control parameter: k = 15 

The arrival intensities .>t1 and .>t2 show a rather unstable behaviour. During the first 5 - 6 seconds 
most new calls are accepted but then dialling customers begin to return causing the control mech
anism to throttle the input stream more efficiently, etc. The resulting fluctuations of ~1 and ~2 . 

have a period of about twice the average dialling time. As behaves much more smoothly due to 
the exponential holding time distribution. The CP-Ioad shows similar fluctuations but the average 
level is still rather high. As would be expected the queue length varies in a similar way as the 
CP-load and seems to be efficiently limited. In fig. 4 curves from fig. 3 are compared with simu
lation results. The latter are averages obtained from 50 runs. The intensity of accepted ' arrivals 
and the CP load we're measured over 0.5 s intervals. The queue length was observed e.very 0.5 s. 
The outcome of this and other tests seems rather promising. 
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Figure 3. Perforxnance of algorithIll (3) 
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Finally, in fig. 5, is shown the behaviour of a slightly diff'~rent control algorithm: 

1. Al (t) is put equal to 0 at state transitions from k - 1 to k 
(8) 

2. ll(t) is put equal to A(t) at state transitions from k + 1 to k 

Dashed curves were obtained with k = 10, k = 15. Comparison with the simple algorithm (3) for 
k = 15 (continuous curves) does not indicate improved behaviour. 

4. Conclusion 

Applications of our model to a CP job queue assuming telephone traffic data show that it is 
capable of predicting typical load fluctuations that may be caused by a control algorithm during 
periods of heavy overload. Other successful applications include control algorithms responding 
both to momentary queue length and to the number of calls in the dialling phase as well as con
trol methods for CP-queues with priorities. Algorithms based on measurements of average CP 
load or on average queue length can be treated by simple modification of the state equations. 
The computing time on a Vax 780 producing diagrams for 40 s of real time was about 1.5 h. It 
seems possible, however, to improve computing speed considerably by using more advanced numer
ical methods. Clearly the basic theorem on inhomogeneous Powon processes subject to random· 
translations gives interesting possibilities of examining the transient behaviour of SPC systems in 
various communication environments. 
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Appendix 

Derivation of eq:s (1) and (2): 

By assumption we have, writing f~ l( % )d% = a, 

an 
p{N(t) = n} = -. e- Cl 

n! 

Conditional on N(t) = n, the distances from origo to each of the n primary calls in (t,O) ar.e 
independent, identically distributed random variables with pdf A(%)/a. Thus the probability of 
any one of the n corresponding secondary calls taking place in (0, t) is 

a-I fo' ~(z)B(t - z)dz = bla 

independently of the remaining n - 1 secondary calls. Thus 

and 

4.3A.1.7 



ITC 12 Torino, June 1988 

P{M(t) = m, N(t) = n} = a: . e-o • (n) (b/a)"'(1 _ 6/a)"-'" 
n. m 

_ bm. _6 (a - b)"-m. -(0-6) 
- -·e . ·e 

m! (n - m)! 

Summing over n we obtain 

Thus 

b'" 
P{M(t) = m} = - . e- b 

m! 

E{M(t)} = b = 10' l(%)B(t - %)d% 

db rt 

A(t} = dt = 10 A(x)b(t - x)dx 

This is the first term of (1). The second term corresponds to primary calls arriving before t = o. 
It is obtained by use of a theorem of Takacs ([8] p. 161) assuming the primary arrival process to 
be stationary with A(t) = A for t<O. 
Finally we obtain 

E{N(t) · M(t)} = b(a + 1) 

and so, in accordance with (2), 

Cov(N(t), MC t» = b = lot B(t - %)l(%)d:t 
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