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AN APPROXIMATE SOLUTION OF A SEMI-MARKOV 
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This paper provides a method for accurately approximating the tail of the stationary waiting time 
or system workload distribution in semi-Markov queues. The method is based on obtaining a single 
root of a functional equation which in turn requires calculation of one eigenvector of an M x M 
matrix, where M is the size of the state space. It seems likely that this method can be easily used 
for solution of problems involving large state space which cannot be handled by matrix-geometric 
or other conventional methods. Applications of the method for queueing problems taken from the 
literature, such as que11es in random environment, and queues based on an autoregressive Markov 
model (with an infinite state space) used for modelling video telephony traffic, are presented. 

1 Introduction 

Many special cases of semi-Markov processes and queues 
have been extensively used to model a wide range of 
telecommunications systems and networks serving var
ious bursty traffic streams. Unfortunately, however, 
many of these models are analytically and computation
ally intractable in cases where the state space of the 
underlying Markov process is large. 

In particular, it has been demonstrated in [6] that an 
autoregressive process, which may be viewed as a semi
Markov process with an underlying process of infinite 
state space, is a good model for Variable Bit-Rate (VBR) 
video. However, it is claimed in [6] that no analyti
cal solution is available for queues involving such pro
cesses. Also, queueing models involving Markov modu
lated processes and queues in Markovian environment, 
which have a wide range of telecommunications applica
tions, are computationally unsolvable (e.g., by matrix
geometric solutions [10] or by transform methods) in 
many cases, due to the 'curse of dimensionality'. 

A general solution for the stationary waiting time dis
tribution for semi-Markov queues based on spectral fac
torization was originally developed by Miller [7, 8, 9]. 
Miller assumed in his work that the state space of the un
derlying Markov process is finite. This work has been ex
tended in Addie [2] and others, e.g. [4], to include cases 
where the state space of the underlying Markov process 
is infinite. Unfortunately, however, due to the 'curse 
of dimensionality,' as in the case of matrix-geometric 
solutions or transform methods, this method is seldom 
practical for problems with large state space. 

It has been observed by Miller [9] and also by Pres
man [12] that under quite general conditions the tail of 
the stationary waiting time distribution (which is the 
part of most interest in many applications) is asymp
totically exponential, and the coefficient in the exponent 
of this exponential term is obtainable as the negative 

root which lies closest to the origin of a certain func
tional equation. However, calculation of the coefficient 
of the exponential term itself has been a problem as 
the only method proposed (as far as we are aware) has 
been to calculate the complete spectral factorization, 
which is usually very difficult. 

In this paper, an approximate formula for this coeffi
cient is proposed, and checked by reference to several 
example problems. The basic idea of the approxima
tion is to use a single dominant term from a prod
uct representation of the positive spectral factor in 
the spectral factorization. This term may be obtained 
without calculating the complete spectral factorization, 
and it is argued below that the weight of the exponen
tial tail obtained from this approximation is, in many 
situations, close to the correct value. 

In many cases, solution of the functional equation may 
be achieved for quite large values of the dimension of 
the state space. Once this is obtained, there is no nu
merical difficulty in computing the approximate solu
tion. 

This approximation is first tested for an M/Ea/1 queue
ing system and found to be very accurate for a per
centiles of the waiting time distribution for any a > 50. 
Then we show how this method can be applied to some 
well known queueing problems involving local instabil
ity, namely, a queue in a Markovian environment and 
a queue with an autoregressive Markov input process. 

The paper is organized as follows: First, a short de
scription of semi-Markov queueing models is presented 
in Section 2. Next, in Section 3, we briefly describe the 
general solution for the stationary waiting time distri
bution for semi-Markov queues based on spectral fac
torization. Then, in Section 4, our proposed approx
imation is presented. Finally, in Section 5, we apply 
this method to some known queueing problems, and 
discuss its accuracy. 
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2 The Model 

A process (Xn , Yn) is said to be a semi-Markov se
quence if 

for any event A defined in terms of (Xk , Yk) : k > n . 
Semi-Markov sequences are useful for modelling the in
terarrival sequences and service time sequences of queues. 
In many queues, the waiting time process, or the system 
workload process, satisfies the recurrence relation: 

n> 0, (1) 

where Yn denotes the net increase in workload (not 
taking into account the possibility that the server might 
become idle) between the n - 1 st and the n th epoch. 
The epochs in Eq. (1) should usually correspond to any 
sampling times that see time averages, such as arrival 
times of a Poissonian stream, or all time instants in a 
discrete-time queueing system. 

Models in which either the interarrival process, or the 
service time process form a semi-Markov sequence can 
be incorporated under the same heading of models in 
which the Yn process together with suitable Xn's is 
semi-Markov, and Wn satisfies Eq. (1). A general so
lution of such problems is given in §3. This solution 
is very often extremely difficult to compute; however it 
leads to a useful approximate asymptotic solution de
scribed in §4. 

3 An Exact Solution 

In this section we outline the method of spectral fac
torization as applied to continuous distributions such as 
for waiting times or the system workload. An equiva
lent technique can be applied using z-transforms to ob
tain discrete distributions such as for queue size. Lack 
of space prevents us from describing the details of the 
procedure in the case of z-transforms. An explicit treat
ment of spectral factorization of z transforms and its 
application in this context is given in [2]. In §5.3 be
low, z-transforms are used in deriving an approximate 
solution. 

Let H( s) denote the Laplace transform of the kernel of 
the semi-Markov process (Xn , Yn)n~O ; i.e., 

H(s) = (hii(S))i=l, ... ,M,i=l, ... ,M 

where 

i = 1, ... ,M, j = 1, ... ,M. Now suppose 

~(s) = 1- H(s) 

has the spectral factorization 

s E (-00,00), 

in which ~ + (s) (~_ (s) ) is analytic and bounded as 
a function of s in ~(s) > 0 (~(s) < 0). Denote the 
stationary distribution of the underlying Markov process 
by 7r; then the solution for the joint Laplace transform 
of the underlying state and the required distribution is 
[1,2]: 

(E{e-W". x l{x .. =i}}) ._ = 7r~+l(S)~+(O). 
I-l •...• M 

It is shown in [2] how if ~(s) is rational, both spectral 
factors ~+(s) and ~_(s) can be represented as a prod
uct of elementary factors. We shall refer to this product 
as the product representation of the function ~ + (s) or 
~ _ (s). An elementary factor is a matrix (or operator) 
valued function F( s) , say which has only one pole, at 
fJ say, and for which the space 

s = {v: wF(s) is bounded at fJ => (w, v) = O} 

is one-dimensional. An elementary factor can have at 
most one zero, where a zero is defined to be a complex 
number ( such that F( () is singular. Furthermore, in 
this case the dimension of the space 

T={v:vF(s)=O} 

must also be one. The space S is referred to as the 
characteristic space of the pole of F at fJ, and the 
space T is referred to as the characteristic space of the 
zero of F at (. 

An elementary factor which takes the value I at the 
origin and with 0 < IfJl, 1(1 < 00 takes the form: 

F( s) - I _ (fJ - Osv ® w 
- ((s - fJ)(w, v)' 

where v is any vector in Sand w is any vector in 
T. The symbol ® here denotes the tensor product. 
This type of representation may apply even if the space 
on which the operator values of F operates is infinite 
dimensional. 

The inverse of an elementary factor is also an elementary 
factor, and it is very useful to note that the inverse of 
a function such as F above can be obtained simply by 
interchanging fJ and (. 

4 The Approximation 

The basic idea of the approximation is to use just a sin
gle, dominant term from the product representation of 
the positive spectral factor, ~+(s), given in the last 
section. 1£ we choose the term corresponding to the pole 
and zero closest to 0 (this zero is referred to as the dom
inant zero), in the continuous time case, or closest to 1, 
in the discrete time case, it turns out, in many cases, 
that the resulting expression for the stationary solution 
has a tail quite close to the tail of the exact solution . 

. This approximation is particularly good when the dom
inant zero is very close to 0, which is the case when the 
load is high. 



Furthermore, it is possible to deduce the exact form of 
an elementary factor which has a pole and a zero of the 
appropriate forms from the characterization given in the 
previous section. All that is required is to find the pole 
and zero, and to calculate their characteristic spaces. 

The explanation for why one elementary factor might be 
sufficient to provide a good asymptotic approximation 
is as follows: 

It is well known that the asymptotic form of a distri
bution which is concentrated on [0, 00) is determined 
by the pole with greatest real part (when such a pole 
exists). The difficulty in the present case is not finding 
the pole (a numerical problem which can cause diffi
culty, but is not insurmountable), but determining its 
coefficient (in a partial fraction expansion). However, in 
the present case, assuming that we normalise the spec
tral factor ~ + (s) to take the value I at the origin, we 
have a representation 

~+l(S) = G(s)E(s), !R(s) >0, 

in which E and G both take the value I at the origin, 
and G is analytic and non-singular in a "large" region 
about the origin. What we need in order to obtain the 
exact coefficient of the pole at s· is the value of G at 
s· . But from what we have just said, this must be close 
to I. Obviously, the closeness of G(s·) to I will be 
related to the closeness of s· to the origin. 

The functional equation which needs to be solved to 
determine s· is: 

O"radCH(s)) = 1, (2) 

where O"rad(A) denotes the spectral radius (magnitude 
of largest eigenvalue) of A. It is known that if (Xn) 
is uniformly recurrent [11] (always true when its state 
space is finite), E(Yn ) < 0 , and E( e-~Yn IXn - 1 = x) < 
00 for some f > 0, uniformly in x, then (i) f(s) = 
O"rad(H(s)) is convex and analytic in a region (-K,O], 
for some K > 0, (ii) f(s) has positive slope at the 
origin (so f(s) < 1 , s < 0 near the origin), and (iii) K 

can be chosen so that f(s) = 1 for a value in (-K, 0] 
other than the origin (this is s·) [7, 2]. These facts 
imply that the function f( s) can be tracked from the 
origin to the value of s where the root s· lies. 

5 Applications 

As the approximation is only accurate for the tail of the 
distribution, it is very important to test its accuracy 
for different applications in order to gain insight into its 
effectiveness. Unfortunately, exact solutions (analytical 
or numerical) to many of the interesting problems for 
which we would like to apply our method do not exist 
and we must rely on simulation results or on numerical 
results involving some errors. 

We start this section by applying our method for an 
M/ Es /1 queueing system for which an exact solution 
is available and we demonstrate that our method is very 
accurate for 0: percentiles of the waiting time distribu
tion for any 0: > 50. Then we consider two queueing 
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Figure 1: Exact and approximate complementary dis
tribution functions for an M/ Es /1 Queue with average 
service time equal to 1. 

systems which are locally unstable; that is to say, these 
systems experience long periods during which the ar
rival rate is greater than the service rate. The first of 
these systems is a queue with an autoregressive Markov 
input process which has been found to be a good model 
for VBR video traffic. Because exact results are not 
available we compare our approximation with simula
tion results. The second of these systems is a queue in 
Markovian environment used as a model for a hybrid 
switching system. In this case, we compare the results 
with those obtained by the matrix-geometric solution 
method. 

5.1 The M/ Ea /1 Queue 

As a check on the approximation method it has been 
tried on the single server queue M/ Es /1. In Fig. 1, 
we present results obtained for the complementary wait
ing time distribution function, denoted P { W > t } , by 
an exact method, based on Wiener-Hopf factorization, 
versus our proposed approximation. We also computed 
delay percentiles, and we found that the approxima
tion is very accurate for any percentiles greater than 50. 
Clearly, the approximate method performs very well for 
this problem. 

5.2 A Video Traffic Model 

Let time be divided into fixed length intervals each cor
responding to a video frame. These will be referred to 
henceforth simply as frames. Let Xn be the amount of 
work entering the system within the nth frame. Strictly 
speaking Xn represents the number of cells entering the 
system during the n th frame. Since each cell is a fixed 
quantity of work and very small relative to the duration 
of a frame, we have chosen to model Xn as a continuous 
random variable. Using the model proposed (and justi
fied by experimental results) in Maglaris et al. [6] for a 
VBR video traffic stream generated by a single source of 
video telephony, the sequence of random variables Xn 
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is a first order 1 autoregressive process, namely, 

where Un is Gaussian with mean 17 and variance (72, 
and lal < 1. Recall that based on [6], if Xn is mea
sured in bits/pixel, the variance of Un would have been 
equal to 1. However, here Xn is measured in cells/frame, 
so the variance (72 must be equal to the squared con
version factor from bits/pixel to cells/frame. Assuming 
44 bytes/cell and 250,000 pixels/frame we obtain (72 = 
(250,000/( 44 x 8))2. Also, by [6] we have a = 0.8781 
and b = 0.1108 . If we also consider the conversion fac
tor, we have that the average number of cells arriving 
within a frame is given by E[X] = 0.52 x (7 = 369.3 . 

Let r denote the number of cells which are processed 
by the server per frame. As a specific model for cells 
generated within a frame is not available, we assume 
here for simplicity that the service takes place at the 
end of the frame. That is, if at the end of the frame the 
number of queued cells is larger than r, then r cells 
are served; otherwise, the entire queue in emptied. As 
usual, the utilization p is defined as p = E[X]/r . 

If we let Yn = Xn - r , n ~ 0 , the process (Xn, Yn)n>O 
is semi-Markovwith semi-Markovkernel H of the form: 

6-
H(x,A x B) = P{Xn E A, Yn E BIXn- 1 = x} 

= ')'((A n (B + r)) - ax), 

A ~ R, B ~ R , in which ')' denotes a normal mea
sure on R with mean b1] and variance b2 • Our queue
ing problem is to find the stationary distribution of 
(Xn , Wn ) where 

Wo =0, 
Wn = (Wn - 1 + Yn)+ 

The general theory of spectral factorization as presented 
in [2] does not apply in this example. This is because the 
Markov Chain (Xn) is not uniformly recurrent [2, 11]. 
However, it appears that the main results of the general 
theory concerning existence of spectral factorizations do 
apply. 

In any case, it is not unduly difficult to replace (Xn) 
by a Markov chain which is uniformly recurrent - for 
example the chain obtained by truncating (Xn) so that 
its values are concentrated on an interval. In reality, the 
number of cells entering a frame is bounded - never less 
than zero, and never more than the maximum capacity 
of the video source. In fact, by the experimental results 
presented in [6] for video telephony, the maximal video 
bit-rate is 1.4 bits/pixel or 1.4 x (7 = 994 cells/frame. 

The solution to this slightly modified problem may now 
be expressed in terms of a spectral factorization, al
though it seems extremely unlikely that such a factor
ization could be obtained explicitly. However, an ap
proximate solution may be obtained by using just one 
elementary factor, which has a pole and zero matching 

1 It has been demonstrated by simulations in [5] that the first 
order is sufficiently accurate and that an increase in the order of 
the process does not significantly increase its accuracy. 

those of the spectral factorization which lie closest to the 
origin. Unfortunately, the truncation of the state space 
increases the difficulty in solving Eq. (2). This equa
tion can be solved analytically for the unmodified H, 
whereas for the modified H , numerical solution will be 
necessary, and could be quite difficult. We have there
fore solved for the unmodified H in the expectation 
that the solutions of these two equations will not be too 
different. This supposition needs to be checked by fur
ther study of the solution of Eq. (2) for the modified 
H. 

Now, ~(s) = 1- Ji(s) has all its poles at 00; how
ever it will contain a rich collection of zeros (infinitely 
many on both sides of the imaginary axis). The Laplace 
transform of H (unmodified) takes the form: 

Ji(s)(x,dy) = ')'((y - ax,y - ax + dy))e-·(II-T
-

a :z:), 

x ER. In order to find the zero of I - Ji( s) with 
~(s) < 0 which is nearest to the origin, it is sufficient 
to find a solution of 

~Ji(s) = ~ (3) 

with s < 0 and of minimal magnitude (it is known that 
the zero we are seeking has zero imaginary component). 
Furthermore, ~ in this case is a vector in the charac
teristic space of this zero, which completely defines the 
characteristic space. 

In [3] (available from the authors upon request), it is 
shown that the solution of Eq. (3) which we seek is at 

• 4(1 - a)((p - l)r) 
s = , 

X2(1 + a) 
where 

p = (1 - a)r' 

and 

In the present case, the characteristic space of the pole 
of ~(s) at 00 is the space of all bounded functions 
concentrated on R, so our choice for the vector in this 
space to use in the elementary factor is somewhat arbi
trary. Let us choose the function lR. Then the Laplace 
transform of the resulting asymptotic approximation to 
the stationary measure for (Xn' Wn) is 

s4> 
71'----

(s - s·)' 

where 71' is the stationary measure of the process (Xn); 
i.e., the Gaussian measure with mean br,/(1 - a) and 
variance X2 ,and ~ is a normal measure with mean 

and variance X2 . 

_1_{S·X2 + b1]} 
1-a 2 



Table 1: Simulation and approximate 
theoretical 99th percentiles for VBR video 
queue sizes with a = 0.8781, b = 0.1108 , 
E{Xn } = 0.520" . 

Utilization Approximation Simulation 
0.4 870 0 
0.5 1,307 75 
0.6 1,966 1,179 
0.7 3,077 3,083 
0.8 5,332 8,102 
0.9 12,475 21,161 
0.98 88,151 154,021 
0.985 136,134 218,916 

Hence, our approximation for the pth percentile of the 
stationary distribution of the workload in the queue of 
waiting cells is: 

1 
tp = - In( 1 - p). 

s· 

We have tested the accuracy of this formula by simula
tion. In the simulation, values of Xn outside the range 
[0,1.40"] were truncated (in accordance with the data 
in [6] and the discussion above). Additional simulation 
results (which are not presented here) indicate that the 
truncation does not have a major impact on the results 
for the 99th percentile. 

A comparison of simulation results and approximate re
sults is given in Table 1. Except for low utilization val
ues, the results for the 99th percentile are of a similar 
order. The discrepancies between the simulation and 
the approximation results, evident in Table 1, are prob
ably due to the fact that the approximation is based on 
a single term from the product representation. The pos
sibility of using more than one term from the product 
representation to improve the accuracy of the approxi
mation is now being investigated. 

Notice also that based on the results in Table 1, if we 
wish to guarantee that the 99th percentile of the queue 
size is below the number served within a frame, then uti
lization within the range of 0.4 - 0.5 or service capacity 
within 738 - 922 cells/frame should be used. 

5.3 A Hybrid Switching Model 

Consider the example of a queueing model used in [13] 
to model the packet queueing performance in a hybrid 
(circuit/packet) switching system. In this model, time 
is divided into fixed length 125 "" sec frames (not to be 
confused l'Iith the video frames mentioned in the previ
ous subsection). Each frame is divided into slots each 
of which is further sub-divided into octets. Each octet 
may be used for a 64 Kbit circuit connection. A slot 
used by one or more circuits is designated isochronous 
and cannot be accessed by packets. The packets can 
access slots which are non-isochronous, so the packet 
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performa.nce is dependent on circuit loading and on the 
scheme used for circuit allocation. The arrival of circuit 
requests is assumed to follow a Poisson process with pa
rameter Ae and the circuit holding time is exponentially 
distributed with parameter ""e. In order to reduce the 
dimension of the state space, packet arrivals are also as
sumed to follow a Poisson process with parameter Ap. 
Several different circuit allocation schemes are analysed 
in [13]. The scheme for which it is easiest to obtain 
numerical results for the packet performance is called 
repacking, whereby circuits may be re-allocated follow
ing termination of circuit connection to minimize the 
wastage. (Note that queueing performance "results for 
this scheme may serve as a bound for other more imp le
mentable schemes in which the wastage is greater.) 

As describe in Section 5 of [13], this model (under repack
ing) is a queue in a Markovian environment (see Section 
6 in Neuts [10]) with state space {O, ... , K} . The state 
of the environment is denoted by X n , and its infinites
imal generator matrix Q = [qij] is given by 

qij = 0, li - jl > 1, 
qi,i+l = Ae, i = 0, ... , K - 1, 
qi,i-l = i""e, i = 1, . .. , K, 
qii = -(i""e + Ae), i = 1, ... , K - 1, 
qKK = -K""e 

The packet service rate in state i is given by 
/i = 64000 x L x (M - ri/ Ll)/ Pe , where Pe represents 
the average effective packet size in bits. 

It is convenient to analyse the queue process in the 
present case because comparative results are most read
ily available for the percentiles of the queue distribution. 
Let us start by adding pseudo-arrivals at the changes of 
state of the (Xn) process 2 j next define Yn to be the 
increment in queue size at the n th event. Thus, Yn 

will be 1 if a packet arrives, -1 if a packet is served, 
and 0 if the process Xn changes state. Hence, 

P{Yn = 0, Xn = jlXn - 1 = i} = qij/ri, i =I- j, 

E{zYnj Xn = ilXn - 1 = i} = z-l/i/ri + zAp/ri 
where 

ri = qi,i+1 + qi,i-l + /i + Ap 

This model has been analysed by the method outlined 
above and the results (for the 99th as well as for the 
99.9th percentile) compared to those obtained by matrix
geometric solution are displayed in Table 2. Note that 
only Ap values involving local instability have been con
sidered. Although there are some discrepancies between 
the results obtained by both methods (which may be 
due to numerical errors in either of the methods), we 
see that they both predict similar behaviour. The per
centile is, of course, a monotonically increasing function 

2 We are therefore observing the queue size at times other than 
packet arrivals and departures; this will lead to an error in our 
queue size distribution - however the error should be very small 
because the rate of circuit arrival and departure events is much 
less than the arrival rate of packet events, even at high circuit 
occupancies. 
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Table 2: Comparison of percentiles ob-
tained by the proposed approximation versus 
matrix-geometric solutions. 

Ap proposed matrix-
approximation geometric 

solution 
99th 99.9th 99th 99.9th 

50 820 1,231 469 879 
60 5,265 7,787 3,305 5,921 
70 11,661 17,491 8,175 14,033 

of Ap. However, it is interesting that the logarithm of 
the percentile as a function of Ap is not convex. This 
is probably due to the fact that there are more signifi
cant relative increases around Ap values for which the 
average total time of local instability (or equivalently 
~he number of states in which the system is unstable) 
mcreases. 

6 Concluding Remarks 

We have outlined a new method for approximate anal
ysis of semi-Markov queues. This method is applicable 
to a very wide range of telecommunication problems -
previous constraints on size of the state space of the un
derlying Markov Process have been relaxed so that even 
models with an infinite state space can be approximately 
analysed. Further work needs to be done to define more 
precisely the conditions under which this method pro
vides good approximations. 

Acknowledgement: The permission of the Ex
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