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On a New Approach to Superposition Non-Poissonian Arrival 
Streams 
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A new method to merge several non-poissonian traffics is introduced. The short term (micro) and the long term 
(macro) behaviours of the merged traffics are identified and added separately and a new parcel having the micro and 
macro characteristics of the pooled processes is formed. When applied to rejection systems such as links in circuit 
switched networks, the model is capable of handling different access restrictions for different classes of customers 
in the composite parcel. The method seems to accurately capture dynamic performance, but may be slightly less 
accurate with respect to static aspects. 

1 Introduction 

Superposition is a widely used technique to analyse mul
tiple overflow traffics. There exists a number of meth
ods to compute the steady state probability of loss for 
a certain component of a merged parcel. Some rely on 
decomposing the carried traffic into individual charac
teristics with respect to each constituent, such as [5], 
while others directly compute the desired metric, e.g. 
[7], [9]. 

Overflow traffics are often characterised by the first, 
second and third central moments of the number of 
servers they would occupy if offered to an infinite group 
and a superpositioned traffic is simply a traffic the cor
responding moments of which equal the sums of the in
dividual moments. 

The method presented here takes a somewhat dif
ferent approach. Since our primary interest rather lies 
in dynamic performance metrics, such as the distribu
tions of bloking periods and the time dependent proba
bility of blocking, than in static ones, such as the steady 
state probability of blocking, superposition is performed 
on basis of dynamic characteristics (inter-arrival times) 
and not static ones (carried traffic in an infinite group). 
Contrasting to other methods, the present one is capa
ble of maintaining different access restrictions, such as 
different state protection levels, throughout the compu
tations. The general ideas may, also be adopted in other 
fields, e.g. to model ATM arrival processes. 

2 The Overflow Model 

Consider the system in figure 1 in which a link L1 con
sisting of N circuits carries K distinct traffics. A call 
of class k = 1, ... ,J( is accepted for service at random 
with a probability Ok,n if n = 0, ... , N circuits are en
gaged at its arrival instant. Rejected k-calls overflow 

to a secondary link L2. Similar to L1 , L2 accepts calls 
at random, depending on the class of the call and the 
current load. 

1 2 N 1 2 N' 
Af 
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Figure 1: A simple overflow system. 

Focusing on k-arrivals to L2 , the overflow process 
from Ll consists of interleaved off- and on-periods. Dur
ing the former periods, k-arrivals are accepted at Ll 
while at least a fraction of the arrivals are rejected dur
ing the latter ones. With respect to L1, we can identify a 
level I = 0, ... , N such that Ok,n = 1 for n = 0, ... , I - 1 
while Ok,n < 1 for n = I, ... ,N. 

Assuming Poissonian arrivals and negative exponen
tially distributed holding times, a Markov chain of N + 1 
states can be used to describe L1, the upper part of fig-
ure 2. Periods during which n < I are off-periods or, 
accepting pe1'iods (APs) with respect to Ll (white nodes 
in figure 2) and on-periods, n ;::: I, are blocking peri
ods (BPs) at Ll (black nodes in figure 2) during which 
k-calls may overflow to L2 • 

To reduce the number of states in our model of L 1 , 

BPs are approximated by a distribution consisting of 
two exponential stages and APs by three stages, the 
middle part of figure 2. Joining the two approximations 
and renumbering the nodes, a five state model of Ll is 
obtained, the lower part of figure 2. In the final model, 
arrivals to L2 take place while the state is ° or 1 and no 
arrivals will occur when in state 2, 3 or 4. The average 
arrival rate Af to L2 in states 0 and 1 is 

N 
As _ AP ~ Ok,n1l"n 
k- k~-N--

n=l En=l 11" n 
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Figure 2: Markov models of L 1 • 

where 1I"n is the steady state probability that n circuits 
will be engaged in Ll and Af is the k-arrival rate to L 1• 

The parameters UBI' UB2 and aB are selected so that 
the three first moments of the duration of the BPs are 
correctly reproduced by the model. (u:s denote rates at 
which states are left while a:s refer to transition prob
abilities.) UAo and aAo are determined to make the 
model match the lower end of the distribution of the 
APs (t ~ 0) while UAll UA2 and aA1 are chosen so that 
the three first moments of the APs will match. For com
putational details details refer to [1]-[4]. 

To summarise, our model of k-overflows from Ll is a 
five state MMPP (Markov modulated Poisson process) 
[8] with arrival rate A~ in states 0 and 1, and rate 0 in 
states 2, 3 and 4. The parameters of the modulating 
chain are UBll UB2' UAo, uAll UA2' aB, aAo and aAI. It 
is pointed out that, with respect to a possible, tertiary 
link L3 , k-arrivals from L2 could be modelled similarly, 
and so on. 

3 Superpositioning Overflows 

3.1 Overview 

Proceding to L2, we may build a two dimensional Mar
kov chain (n, s) to represent the number of busy circuits 
(n = 0, ... , N') and the state of the class k MMPP 
(s = 0, ... ,4). For a general case of ,.. non-poissonian 
classes, a state S : s = 0, ... , (5" - 1) will represent a 
certain combination of states in the K MMPPs. If, how
ever, ,.. is large, the size of the state space will make our 
model difficult to handle numerically but by analysing 
the performance of L2 with respect one class at a time 
and merging all other traffics into a single, compound 
parcel, the number of non-poissonian arrival streams in 
the model will always be two or less. 

To superposition overflow parcels, we compute the 

characteristics of the pooled parcel E and approximate 
it by a a five state MMPP, referred to as class Z. By 
using the same MMPP as for single traffics, all formulae 
developed for distinct classes [1]-[4] apply immediately. 

Moreover, the method separates the dynamic charac
teristics into "micro behaviour" and "macro behaviour" . 
Micro behaviour is the characteristics of the arrival pro
cess for small t : t ~ 0 and macro characteristics are 
the moments of the process measured over long inter
vals t : t -+ 00. Finally, the accept ion probabilities aZ,n 

are determined to match E. 

3.2 Micro Behaviour 

3.2.1 Scope of the Micro Behaviour 

Micro behaviour is the short term characteristics of the 
arrival process. To produce a short inter-arrival time, 
the MMPP must not leave the arrival state (0 or 1) in 
which the the previous arrival occured. We will therefore 
fit the parameters of the arrival states and the arrival 
rate of Z to the micro characteristics of E. 

3.2.2 Class E 

E consists of all non-poissonian arrivals except the one 
subject to analysis. Let the latter one be denoted by a 

and let KNP be the set of all classes in the joint process, 

KNP = {I, 2, ... , a-I, a + 1, ... , ,.. } 

Further, assume that all processes in KNP are indepen
dent renewal processes and that the composite process 
is a renewal process too (which is strictly true only if 
all constituents of the merged process are Poisson) and 
let E be a stochastic variable denoting the inter-arrival 
times of the concatenated arrival process with the cu
mulated density function (c.d.f.) 

Fdt) = Prob{E ~ t} 

Also let the inter-arrival times of its components be 
stochastic variables k for class k, k E KNP, 

and denote the corresponding survivor functions by 

Prob{E > t} 
= Prob{k> t} = 

Assume that a k : k E K NP arrival has occurred at 
time t = 0 and let k' 1= k be an arbitrary class in KNP • 

If no arrivals shall occur in E before t, no arrivals may 
occur in any if its components before t and we find 

Fdkj t) = 1 - FI;(kj t) = 1 - F,,(kj t) IT F~,(kj t) (1) 
/c' E KNP 

/c' 'I /c 



functions defined above with the additional condition 
that a class k arrival has occurred at t = o. 

To find :Fk(kj t) and :Ffc,(kj t), we consider the MMPP 
overflow model. Since a class . k arrival has occurred at 
time 0, the state of the class k MMPP is 0 or 1 at t = O. 
For small t" the c.d.f. of k is the c.d.f. of the residual time 
spent in the any of the arrival states 0 or 1. conditioned 

on that an arrival has occurred at t = 0 (ih)1 times the 
probability that the next event is an arrival. 

Approximating c.d.f. of ih as the ordinary BPs, i.e. 
by a hyperexponential-2 distribution, but with u~ = 
ut = U~1 = 1/ E {lie} from the renewal assumption, we 
find for t ~ 0 

:Fk(kj t) ~ 1 - (1 - e-(c7~l+A,,)t) Ak Ak (2) 
0'01 + Ak 

For a class k' customer, k' f. k, the survivor function 
is found similarly, though with the additional complica
tion that the state of the MMPP for class k' need not be 
o or 1 at t = 0, which calls for the unconditioned residual 

arrival period (~)2 to be used. Since we are concerned 
with small t, multiple events are again assumed not to 
occur in [0, t] and under identical renewal assumptions, 
it is found that 

:Fk,(kj t) ~ Prob{State is 2, 3 or 4 at t = O}+ 
+Prob{State is 0 or 1 at t = O} 

[
1- (1- e-(/l'~:+A",)t) vk,Ak

, 1 
0'01 + Ak , 

(3) 

The probability po(k') that the state of the class k' 
MMPP is 0 or 1 at t = 0 may be approximated by 
the fraction of time that the MMPP spends in the two 
arrival states, 

(4) 

where Ak' and B; are the means of the APs and BPs of 
class k'. 

Inserting (2), (3) and (4) into (1) yields 

FE(kj t) ~ 1 - [1- (1 - e-(c7~l+A,,)t)~] 
<701 +A,, 

IT [1 - Po(k')(l - e-(/l'~:+A",)t)~] (5) 
<701 +A,,, 

k' e KNP 
k':F k 

To uncondition on k in (5), the probability PA(k) 
that an arbitrary customer arrival is class k is required. 
This probability may be expressed as the fraction of 
overflows that belongs to class k 

Af 
PA(k) = " AP 

L..keKNP k 

and finally we obtain 

IThe residual blocking period conditioned on that an arrival 
has occured at t = O. Its moments are derived in [1]-[4]. 

2The residual blocking period given that a blocking period is 
present at t = O. Its moments are derived in [1]-[4]. 
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IT [1 - Po(k')(l - e-(/l'~:+A",)t)~] 
<701 +A,,, 

k' e KNP 
k':F k 

(6) 
in the vicinity of t = o. 

3.2.3 Class Z 

Applying the same arguments as those leading to (2) to 
the MMPP modelling the merged arrival process results 
in an identical equation for the short term characteristics 
of the modelling process 

Fz(t) ~ (1 - e-(<7cfl +Az)t) Z Az (7) 
0'01 + Az 

3.2.4 Matching Z and E 

Having derived the approximations (6) and (7) of the 
c.d.f. 's of the two processes E and Z respectively, we now 
wish to equal them. In other words, the parameters Az 
and O'!t of Z must be selected so that its performance 
for t ~ 0 resembles that of E. 

Expanding (6) and (7) at t = 0 and equating the 
first coefficients of the expansions gives 

Az 

were 

h:.(0) 
_/;;(0) _ Az 

Az 

IE(O) = - E PA(k) ( 
keKNP 

I~(O) = - E PA(k) 
keKNP 

( 
~ 4>(2) + ~ 4>(1) ~ 4>(1) ) 
L..J k,kl L..J k,kl L..J k,kl 

k. e KNP k. e KNP k,. e KNP 
k,. :F k. 

4>(r) _{ (-lYAk,po(k')(u~~+Ak,y-l kf.k' 
k,k' - (-lYAk'(u~~ + Ak, Y-l k = k' 

3.3 Macro Behaviour 

3.3.1 Scope of the Macro Behaviour 

Macro behaviour refers to the long term properties of 
the merged process, in our approach characterised by in
tervals between successive overflows measured over long 
periods. We will use the remaining MMPP parameters, 
the ones of states 2, 3 and 4, to match the long term 
characteristics of the pooled parcel. 

3.3.2 Class ~ 

From the moments of the distribution of the intervals 
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beteen k-overflows, Ok derrived in [1]-[2], the asymp
totic cumulants of the number of overflows are obtained 
by applying results of [10] and [11] 

Ok -1 (8) 

Ok -3 (Ot - Ok 2 
) 

- 5 - - -2 - ~ -=-4 
Ok - (- O~ Ok + 3 Ot - 3 Ot Ok + Ok ) 
0;-7 (0: 0;2 -10 O~ O~ 0; + 15 0~3 + 
6 m 0;3 - 18 0~2 0;:2 + 7 OI Ok 4 - 0;6) 

~9 (_ O~ Ok 3 + 15 O~ 0: Ok 2 + 
7\32-2 -2-- -4 

10 Ok Ok - 105 O~ O~ Ok + 105 Ot -
--4 ---3 -3-2 

100: Ok + 100 Ol O~ Ok - 150 Ol Ok -

25 O~ Ok 5 + 75 Ol2 Ok 4 _ 15 Ot Ok 6 + Ok 8) 

Due to the additivity of cumulants, the cumulants ,; of. 
the merged process are simply obtained by adding the 
cumulants of all classes 

The moments 0E of the merged process are obtained 
by reversing (8) 

Ot ,f -1 (9) 

O~ OI; 3 ,~ + OI; 2 

O~ -OI; 4,; + 30~ 2 OI; -1 _ 30~0I; + OI; 3 

O~ 0I;5 ,f + 10 O~ O~ OI; -1 - 15 O~ 3 OI; -2 -

6 O~ OI; + 18 O~ 2 - 7 O~ OI; 2 + OI; 4 

O~ - 0: ,f + 15 O~ O~ OI; -1 + 
10 O~ 2 OI; -1 _ 105 O~ 2 O~ OI; -2 + 
105 O~ 4 OI; - 3 -10 O~ OI; + 
100 O~ O~ - 150 O~ 3 OI; -1 -

25 O~ OI; 2 + 75 O~ 2 OI; _ 15 O~ OI; 3 + OI; 5 

3.3.3 Class Z 

The moments of the overflow intervals from the class Z 
MMPP are obtained via Laplace transforms as 

{Bz +PZ AZ}/(l-PZ) 

{B~ + pz (2B; Az + 2B; Oz + A~ 
+2Az Oz)} /(1 - pz) 

O~ {BI + pz (3B~ Az + 3B~ 0; 
---- ------ --n2 

+3Bz A~ + 6Bz Az Oz + 3Bz Oz 

+A~ + 3Ai 0; + 3Az Oi)} /(1 - pz) 

O~ {B~ + pz (12Bz Az OI + 4Az OI 
+6A~ O~ + A~ + 4A~ Oz + fEz O~ 
+l2B; AI 0; + 4B;~ + 6mOI 
+6BIAI + l2BIAz o; 

(10) 

+ 4B~ Az + 4B~ Oz)} /(1 - pz) 

O~ {B~ + pz (5B~ Oz + 5B~ Az 
--3 - - -"3 -2 -3 --2 

+20Bz Az Oz + 10Bz Az + lOBz Oz 

+10B~ A~ + 30Bi A~ Oz + lOBi O~ 

+20Bz A~ Oz + 5Bz A! + 5A! Oz 
+A~ + 10A~ 0i + 10Ai O~ + 5E; O! 

+5Az Ok + 30Bi Az 0i + 30Bz A~ 0i 

+20Bz Az O~)} /(1 - pz) 

where Az is the r:th moment of the accepting period (a 
stay in states 2, 3, and 4 of the class Z MMPP), Bz the 
r:th moment of a blocking period (a stay in states 0 and 
1 of the class Z MMPP) 

_ r! 
Br - ~:;----:--

Z - (U81 + Az)r 

and pz is the probability that a stay in state 0 or 1 will 
not result in an arrival 

pz = Z 
UOl + Az 

3.3.4 Matching Z and E 

To match' the moments Oz to Ob the moments (9) are 
inserted into (10) and Az is solved for 

Az 

Ai -

A~ 

{0I;(1 - pz) - Bz } / pz (11) 

{0~(1- pz) - Bi} / pz-

(2Bz Az + 2Bz OI; + 2Az OI;) 

{ OH 1 - pz) - B~ } / P z -

(3B} Az + 3B} OI; + 3Bz A~ + 6Bz Az OI; 

+3Bz O~ + 3A~ OI; + 3Az O~) 

A! { 0~(1 - pz) - B~} / pz -

(l2Bz Az O~ + 4Az O~ + 6A~ O~ 
+4A~ OI; + 4Bz O~ + 12Bz Ai OI; 

+4B; A~ + 6Bi O~ + 6Bi Ai 
+12Bi Az ~ + 4B~ Az + 4B~ ~) 

A~ {O~(1-pz)-B~}/pz-

(5B! ~ + 5B! Az + 20B~ Az OI; 
+10B~ A~ + 10B~ o~ + 10B~ A~ 

-2 -2 - -2 -3 ---3 -
+30Bz Az OE + 10Bz OE + 20Bz Az OI; 
+5Bz Ai + 5Ai 0;;- + 10A~ o~ 
+ 10Ai O~ + 5E; O~ + 5Az O~ 
+30Bi Az O~ + 30Bz AI O~ + 20Bz Az O~) 

Expressing Az, r = 1, ... ,5 in terms of its parame
ters ut, u;, u;, a~l and U~2 yields five equations for 
the parameters. Alas, the non-linear system of equa-



tions thus obtained has no explicit solution and numer
ical methods must be resorted to. Due to shortage of 
space, refer to [2] or [3] for further discussions on this 
and a numerical algorithm. 

3.4 Acceptance Probabilities 

The probability that a Z -call will be accepted is the 
acceptance probabilities for for its components weighted 
according to their intensities 

aZ,n = E Af ak,n/ E Af 
keKNP keKNP 

4 A Numerical Example 

4.1 The Example System 

We conclude by a numerical p.xarr:ple selected from [9] 
and depicted in figure 3. It comprises 8 links: links 1-
7, each of which consists of 60 circuits and is offered a 
pure chance traffic of 60 Erlangs, and link 8 which is a 
common overflow group having IS circuits. The mean 
holding time was taken as the unit of time. 
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Figure 3: The example system. 

The performance of the system was examined under 
four different conditions as listed in table 1. 

Method Traffic Superposition 
name description method 
Orig. Current Current 
IPP Moments Adding moments 
Red. Current simpl. Current simpl. 
Sim. 

Table 1: The four ways used to analyse the system. 

Orig. The method proposed herein. 
IPP Overflowing traffics were described by their mo

ments and superpositioned as suggested by [6], [7] 
and others. 

Red. Two state MMPPs, as for the IPP, but with pa
rameters computed according to our method. Due 
to the reduced number of states, no higher mo
ments but the mean could be fitted to and the 
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number of parameters used when superpositioning 
was reduced accordingly. . 

Sim. Simulation without any simplifications . . 

4.2 Results 

Four metrics of performance were evaluated: the steady 
state probability of blocking, the duration of the BPs, 
the time dependent loss probability and the length of 
the rejection intervals. 

The equilibirum loss probabilities 'irE are given in 
table 2. Agreement with the simulation is overall good, 
though the simplified version seems to perform the best 
and the full representation the largest error. 

Orig. IPP Red. Sim. 
'irE 6.480E-2 6.4S2E-2 6.232E-2 6.239E-2 

Table 2: Steady state blocking probabilities. 

The five first moments of the BPs are listed in table 
3. Since BPs are negative exponentially distributed as 
long as no access restrictions exist, both the complete 
version and the simplified one retains full information 
and the expected difference deviation from simulation is 
zero. The large errors obtained from the IPP-run are 
hardly surprising considering that IPP-parameters do 
not contain any information about states. 

Orig. IPP Red. Sim. 

B 1.333E-2 S.314E-2 1.333E-2 1.331E-2 
B2 
B3 
B4 
B5 

3.SS6E-4 
1.422E-S 
7.S8SE-7 
S.OS7E-8 

S.648E-3 3.SS6E-4 3.S39E-4 
9.00SE-4 1.422E-S 1.407E-S 
1.914E-4 7.37SE-7 7.S8SE-7 
S.086E-S S.OS7E-8 4.71SE-8 

Table 3: Moments of the blocking periods. 

The time dependent probability of blocking is the 
probability that a class k call attempt at t will be re
jected, given that a k attempt was rejected at time o. 
Figure 4 shows plots of 'lrf (t) for the four runs. The 
procedure to compute it [1]-[2] relies on BPs and APs, 
which explains the large deviations between the IPP
approach and the simulation. Only the full representa
tion follows the simulated curve satisfactory. 

The five first moments of the overflow intervals are 
shown in table 4. Bearing the wide confidence inter
vals of higher moments in mind, agreement between the 
IPP-approach and the simulation is very good and the 
five-state representation performs satisfactory. The sim
plified version, though, suffers from extremely large er
rors. 

Conclusions 

We have proposed a new method of superpositioning 
non-poissonian arrival streams. The basic idea is to fit 
both short term characteristics (micro behaviour) and 
long term characteristics (macro behaviour). Contrast-
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0.00 0040 0.80 . 1.20 1.60 2.00 t 

Figure 4: Time dependent probability of rejection. 

Orig. IPP Red. Sim. 

75 2.938E-l 3.036E-l 2.563E-l 2.676E-l 
0 2 7.155E-l 7.109E-l 2A15E-l 6.028E-l 
(53 3.010EO 2.797EO 3.486E-l 2.349EO 
0 4 1.713El 1.475El 6.716E-l 1.230El 
0 5 1.221E2 9.724El 1.618EO 8.087El 

Table 4: Moments of the overflow intervals. 

ing to other superposition methods, our method is ca
pable of representing different service restriction levels 
for different components of the joint process. 

The method is primarily intended for computing dy
namic performance characteristics and in this respect 
it seems superior to conventional methods. For static 
metrics of performance (e.g. the steady state probabil
ity of rejection), the numerical example indicates that 
the model works well, albeit conventional ways of su- . 
perpositioning traffics may be more accurate. Further 
investigations are necessary to fully evaluate the accu
racy of the model. 

The principle ideas may also be useful for other stud
ies of dynamic performance characteristics of systems 
subject to a multitude of arrival processes other than 
Poisson. 
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