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The problem of finding an optimal tree structure to carry troffic between nodes using minimal channel capacity 
has previously been formulated by Hu as a constroined graph problem. A new practical solution is described which 
is suitable for large networks. 

The basis of the algorithm is a decomposition result which solves the problem of identifying nodes in disjoint tree 
structures which, when joined satisfy the above minimization criterion. 

The decomposition and optimal interconnection method proposed may be applied to other generalizations of the 
network synthesis problem. 

1 Introduction 

Trees are connected graphs without cycles. In this pa
per we will refer to the components of a graph G[N, L] as 
nodes and links where N = {I, 2, ... ,i, ... ,n} and L ~ 
{( i,j)li,j€N}. When a link exists between every pair of 
nodes the graph is said to be complete. We will be in
terested in associating with each node pair (i,j) a number 
t( i, j), the traffic value from node i to node j. In gen
eral, t(i,j) =f t(j,i) and (i,j) need not be a link of the 
graph. In an undirected connected graph, a sequence of 
links (il,i2),(i2,i3), ... ,(i6-i,i.,) is called a path, provided 
the nodes in the sequence are distinct. Clearly, the number 
of links in an n-node tree is n - 1. As indicated, we will be 
concerned with labelled trees. 

Tree structures play an important role in communications. 
For example, questions of the following kind are likely to 
involve trees: 

• given a set of nodes and their traffic demands t( i,j), 
what is the best way to interconnect them? The nodes 
themselves may represent subnetworks. 

• a group of nodes in a network wish to belong to a 
multi cast , how should the traffic routes be selected? 

• given a network G find a minimum traffic weighted 
spanning tree containing selected nodes in G, other 
nodes may also be included. 

In this paper we re-examine the optimum requirement span
ning tree problem discussed by Ru [1]. This problem is for
mulated in section 2 (see equation (1)). Ru showed that 
optimal trees are special 'cut-trees' for an undirected graph 
G, whose node set is N and (direct) links (i,j) have capacity 
t( i,j). 

In an earlier paper Gomory and Uu [2] gave algorithms for 
constructing a cut-tree in polynomial time. Thus the prob
lem is not NP-complete. It is worth pointing out that al
though the t(i,j) are directed, the problem is essentially 
one of an undirected network (see section 4 equation (9) for 
details). 
The motivation for considering this (solved, in principle) 
problem was two-fold. Firstly, the implementation of Ru's 
algorithm requires the solution of (n-l) maximal flow prob
lems, each taking at most OC n3 ) applications of the Ford
Fulkerson algorithm [3] (or an equivalent algorithm). Thus 
the algorithm is O(n4 ). Because of some technical problems 
Dinic's algorithm [4] was used instead of the Ford-Fulkerson 
algorithm in our implementation of this approach. Some in
consistent results were obtained, the 'optimal' value gener
ated being dependent on the declared origin and destination 
nodes used to start the algorithm. It seemed worthwhile to 
attempt to find a reliable fast approach, suitable for practi
cal application to large networks. Secondly, it was thought 
that methods developed for this problem may generalize to 
other constrained network problems of interest which are 
NP-complete. 

2 Description of the Optimum Com
munication Spanning Tree Problem 

Cayley [5] proved that, for an n-node complete graph, the 
total number of spanning trees is nn-2(n ~ 2). Therefore, 
starting with n nodes there are exactly nn-2 distinct trees 
that could be constructed to carry traffic between the node 
pairs. For each of these we may compute the sum of the 
link flows carried on the network. Our aim is to identify the 
subset of trees which minimize the sum of the link flows. 
This quantity is directly related to the total network channel 
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capacity required to carry the traffic. We now formulate the 
problem. 

Let d(i,j) denote the distance between nodes i and j. That 
is, the minimum number of links between nodes i and j. 
Given the traffic demands t(i,j) between nodes i and j 

That is, from the set of nn-2 trees T find T· which mini
mizes the sum of the link flows. In (1) we are simply form
ing a weighted sum of the traffics with weights that are the 
number of links separating node pairs. 

It is useful to give an alternative formulation. For each node 
i and a given tree T, we determine its contribution, Zi(T) 
to the link flows on the tree where 

Zi(T) = L t( i,j)d( i,j) 
j 

(2) 

For a given tree T, the total link flow Z(T) is calculated 
from 

n 

Z(T) = LZi (3) 
i=1 

Our problem is.to solve 

(4) 

We note that the solution to (4) may not be unique. Also, 
exhaustive enumeration is not a possibility for n much greater 
than about 10 (lOS trees to generate and compare), even 
though efficient algorithms exist for systematically generat
ing all spanning trees of a complete graph [6]. We call Zi 
the traffic weighted mass function for node i. For the case 
t( i,j) = 1 Vi,j, Zi gives the sum ofthe distances ofthe other 
n - 1 nodes from i and is referred to as the mass function 
for node i. 

Optimal communication spanning trees carry the traffic with 
minimal total link channel capacity requirements. Many 
variations on the main problem can be formulated. For ex
ample, restriction on maximum link capacity, inclusion of 
link costs or reliability considerations could be introduced. 

In the following sections we will begin with a simple heuristic 
and then examine ways to improve on our solution. 

3 A Greedy Algorithm Heuristic 

The example with traffic matrix A (below) is used to il
lustrate the approach. In order to obtain the total traffic 
demands between origin-destination pairs we form the ma
trix F = A + AT. 

fi+ 

A = [ I~ 10 4 '] 
19 

067 26 
(5) 

504 10 
14 870 29 

!i- 28 23 17 16 ~ 

F = [2~ 2~ 1~ 
5 11 0 

19 15 11 

19 ] 15 
11 
o 

(6) 

Heuristic 1: 

U sing the elements !ij as weights on the links (i, j) of a 
complete graph, G, we find the maximum spanning tree of 
G. 

For this example, we start by connecting nodes 1 and 2 
(max. weight of 23). We next connect node 4 to node 1 
(weight 19) then finally either node 3 to node 2 or node 3 to 
node 4 (cycles are avoided when forming the spanning tree). 
This process results in the trees illustrated in Fig 2. 

n2 

~ 
4 ~ 

Fig 2 Greedy heuristic solutions (Z = 126) 

The (non-optimal) solutions found by the greedy heuristic 
have a Z value less than 6% greater than the minimum 
value (Z· = 119). The motivation for the method is simply 
to place nodes with largest traffic interaction close to each 
other on the tree. For this example, the worst solution has 
Z = 160 (an increase of approximately 34% above that of 
the optimal value). 

We note that the heuristic is fast and applicable to very 
large networks. The principal issues to resolve are:1) how 
close is it to the optimal solution? and 2) can one improve 
on this method. 

In the following section we examine the problem of finding 
a lower bound for the optimal value, Z·. 

4 Lower Bounding Z· 

An obvious lower bound on Z· is obtained from (1) by not
ing that d(i,j) ~ 1 Vi,j. 

Thus 
n n 

z· ~ E E t(i,j) (7) 
i=1 j=1 

For the traffic matrix A this gives Z· ~ 84, whereas the 
value of Z· is 119. We now proceed to find a 'tighter' lower 
bound. It is convenient to introduce the upper triangular 
matrix U, consisting of the elements !ij, j > i and zero 
elsewhere. For the example discussed above 



(

0 23 5 19] 
U = 0 0 11 15 

o 0 0 11 
o 0 0 0 

(8) 

We observe that the optimal value Z· (and the optimal 
structure) only depends on the sums Uij(= t(ij)+tUi)),j > 
i and not the individual values t(i,j), tU, i). 

From (1) 

n n 

Z· = min L L t(i,j)d(i,j) 
T(T i=l j=l 

n n 

= minL L uiJd(i,j) (since d(i,j) = dU,i)). 
TfT i=l j=i+l 

That is, 
(9) 

Thus, we can assume uni-directional flows of magnitude 
Uij(j > i) from node i to node j, replacing the bi-directional 
traffic flows. We shall refer to the Uij as modified O-D traf
fic values. Next, we observe that for any tree T there are 
exactly n(n - 1)/2 modified O-D traffic values and exactly 
(n - 1) values of d( i,j) have the value 1; other distances are 

~ 2. 

Lower Bound for Arbitrary Trees 

Ordering the Uij in non-increasing order: 
Ul, U2, ... ,Un(n-l}/2 it is clear that 

n-l n(n-l}/2 
Z· ~ L Ui + 2 L Ui 

i=1 i=n 
(10) 

For the traffic matrix (5) we obtain the improved lower 
bound [u = (23, 19, 15, 11, 11, 5)] 

Z· ~ 1.(23 + 19 + 15) + 2(11 + 11 + 5) ::} Z· ~ 111 

Recall that the previous lower bound was 84 and Z· = 119. 

5 The Optimal Star Network 

The computational time required to apply heuristics similar 
to the greedy heuristic is negligible compared with exhaus
tive enumeration of the nn-2 trees (for n large). Therefore, 
we can afford to provide a number of heuristics and to ac
cept the best solution found. One class of spanning trees 
for which analytical results can be obtained are the star 
networks. These co~sist of a central 'hub' node to which 
the remaining n - 1 nodes are directly attached. 

Proposition 1: If the offered traffics are equal the solution 
to (1) is a star network with anyone of the n nodes selected 
as the hub node. Without loss of generality, let t( i,j) = 
1 Vi,j(i ~ j). 
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Proof: 

= min 2 L L d( i,j) 
TfT i j>i 
n-l n(n-l}/2 

=L2+2 L 2 (for a star network) 
i=l i=n 

= 2(n - 1)2 

which is equal to the lower bound (10) (t( i,j) = 1 Vi,j ::} 
Uij = 2,j > i). 

Proposition 2: If (for anhomogeneous traffics t( i,j)) a star 
network is optimal then the hub node p has the property 
that ft + f; = m~(fi+ + f i-). That is, node p has the 

• 
greatest sum of the traffics originating from and destined to 
it. 

Proof: Suppose node p is selected as the hub node. 

Z(p) = L[t(p, i) + t(i,p)].l + 2 L L[t(i,j) + tU, i)] 
i~p i~pj~p 

= 2 t t[t(i,j) + tU, i)] - L[t(p, i) + t(i,p)] 
i=1 ;=1 i~f) 

Since the first term on the RHS is constant Z(p) is mini
mized by selecting p such that L[t(p, i) + t( i,p)] has the 

i~p 

maximum possible value. The summation is equal to ft + 
fp· 
Since 

L[t(p,j) + tU,p)] = L lip = L fpj, 
j~p j~p ;~p 

n p-l (11) 
/,p+ + /,p- " + " = L.J up; L.J u;p 

;=p+l ;=1 

and the hub node may be obtained directly from inspection 
of the upper triangular matrix U. 

Heuristic 2: Apply proposition 2 to find optimal star net
works. 

For the example with traffic matrix A the optimal star net
work also happens to be the optimal solution. 

The motivation for including heuristic 2 in our set of heuris
tics is based on proposition 1. It is exact for homogeneous 
traffics and gives a compact structure. Nevertheless, it elim
inates only n possible trees from the total nn-2. 

6 Optimal Interconnection of Tree Net
works 

Consider interconnecting two arbitrary tree networks Gt[Nl; 
L1] and G2[N2; L 2] by joining one node of G1 to one node of 
G2 with an additional link. If INll = nl and IN21 = n2 then 
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there are nl n2 different ways of connecting the networks. 
Which two links should be selected in order to minimize the 
resultant total traffic carried on the links of the intercon
nected network, given additional O-D traffic requirements 
between nodes of G l and nodes of G2? 

Case 1: Homogeneous traffic 

Without loss of generality we may assume t(i,j) = 1 V(i,j). 

Proposition: Given two trees G I and G2 with mass func
tions Zl and Z2 respectively, which are to be interconnected 
by a single link joining one node of GI to one node of G2, the 
mass function of the interconnected network is minimized by 
connecting nodes with minimal mass functions. 

Proof: Let io and jo be arbitrary nodes in GI and G2 
respectively. Then the mass function Z(io,jo) for the inter
connected network G(io,jo) is given by 

Z( io,jo) = Zl + Z2 + 2 L: [d( i, io) + d(j,jo) + 1] 
ilG1 
jlG2 

(12) 

which is minimized when Zin and Z;n are least. 

Corollary: If Gl and G2 are both star networks the optimal 
connection is achieved by joining the two hub nodes. 

This ability to treat the two network with a degree of inde
pendence when seeking an optimal interconnection will form 
the basis of the method proposed in section 7, but first we 
examine the above problem for the case of anhomogeneous 
offered traffics. 

Case 2: Anhomogeneous traffics 

Suppose that the two disjoint networks GI[Nlj L l ] and G2 
[N2j L 2] have external traffic requirements t( i,j) where i€NI 
:::} j€N2 and i€N2 :::} j€NI. Let Zl and Z2 be the traffic 
weighted mass functions for GI and G2 respectively (these 
depend only on the internal traffics within G I and G2). We 
wish to identify two nodes io€NI and jo€N2 such that the 
traffic weighted mass functions for G[NjL], where N = 
NI U N2 and L = LI U L2 U {(io,jo)} is minimized. We 
shall see that it is only necessary to consider the external 
traffics. 

Proposition 4: For each node i in Gk(k = 1,2) compute 
ffk) the sum of the external traffic flows from i to nodes in 
G3-k and from nodes in G3-k to Gk. That is, the total 
external flows involving each node i. Then, the optimal 
interconnection is (io,jo) where 

L d(i,io)f?) = min L d(i,k)f?) 
ilNl klNl ilNl 

(14) 

Proof: 

Z(io,jo) = Zl + Z2 + L [d(i, io) + d(j,jo) + l]t(i,j) 
ilN1 
jlN2 

+ L: [d(j,jo) + d(i, io) + l]t(j, i) 
jlN2 
ilNl 

= Zl + Z2 + L: [d(i, io) + d(j,jo) + l]fij 
ilNl 
jlN2 

= Zl + Z2 + L: fij + L: d(i, io) L: fij 
ilN1 ilN1 jlN2 
jlN2 

+ L: d(j,jo) L: fij 
jlN2 ilNl 

It is required then to minimize 

L: d(i,io).fP) + L: d(j,jo).f?) 
ilNl jlN2 

where ll) is the sum of all external traffic from node i in 
Cl to all nodes in G2 plus the sum of all external traffic 
from nodes in G2 to node i in GI . Similarly f?) is the sum 
of all external traffics originating and terminating at node 
j in G2 • These sums can be called external incoming traffic 
weighted mass functions which we shall denote by Zio and 
Zjo respectively. The traffics weighting the distances from 
node io are, in this case, incoming to node io rather than 
outgoing. 

Since 

Z(io,jo) = Zl + Z2 + L: fij + Zio + Zjo (15) 
ilNl 
jlN2 

the minimisation is achieved by minimizing Zio and Zjo in
dependently. 

7 A Strategy for Improving a Network 

Proposition 4 shows us how to optimally join two tree net
works. We shall apply this result in a different way. Starting 
from a tree structure (perhaps obtained as the 'best so far' 
using heuristics 1 and 2) we will remove a link, thereby form
ing two subtrees, and check whether optimal reconnection 
provides a new tree. If it does, it will do so at a lower, or 
the same, Z value. 

To put the approach on a formal basis we first establish the 
following result 

Proposition 5: Denote by 6.Z(Po, ljoj io,jo) the change in 
the value of Z due to disconnecting link (Po, qo) in G[N j L] 
to form G1[N1jL1] and G2[N2jL2] and subsequently con
necting io€NI to jo€N2. 

Then 

(16) 



Proof: Applying (15) 

6.Z(Po,qoi io,jo) = (Zl + Z2 + L fij + Zio + Zjo) 
itN1 

jtN2 

-(Zl + Z2 + L fij + Zp + Zq) 
itNl 
j tN2 

= Zio + Zjo - Zpo - ZqO 

Decomposition and Optimal Interconnection Algo
rithm 

Step 0 Apply the heuristics 1 and 2 and select the best 
approximate solution (arbitrary choice in case of ties) 

Step 1 Consider deleting single links in turn. IT 6.Z com
puted from (16) is $ 0 delete the link and rejoin ac
cording to the optimal interconnection result (propo
sition 4). 

In case of ties multiple solutions may be found by fol
lowing alternative computational 'branches'. 

Step 2 Stop when 6.Z > 0 for all n - 1 links considered. 

We note that the algorithm guarantees monotonic non- in
creasing values of Z with changing tree structures. Since 
the heuristics in Step 0 eliminate a large section of the fea
sible search region (giving a value of Z often within 10% 
of the lower bound), the Decomposition and Optimal Inter
connection algorithm searches a relatively small section of 
the feasible region comprising the nn-2 tree structures. 

Implementation of the Decompositon and Optimal Intercon
nection Algorithm is straightforward requiring simple direct 
numerical calculations based on t( i,j) and d( i,j). Updating 
distance is also straightforward. 

Distance Updating 

Suppose the deletion of a link (p, q) results in two graphs 
G1 , G2 and nodes in G1 are io, il , i2, . .. and nodes in G2 are 
jo,jl,h, ... , The optimal interconnection is (io,jo). 

d(io,jo) = 1 
d(il,jm) = d(il,io) + d(jo,jm) + 1 

other distances remain unchanged. 

Does the algorithm always find Z*? 

This depends on whether it is possible to generate 'local 
minima'. That is, structures for which an intermediate 
change to a greater vlaue of Z subsequently leads to a 
lower value of Z than the current value. Trivially for n = 3 
this is not possible. In a limited number of applications, the 
algorithm has always identified all optimal structures. This 
question is being considered. 
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8 Extensions of the Decomposition and 
Optimal Interconnection Method to 
Generalizations of Hu's Problem 

Some useful generalizations to the optimum requirement 
spanning tree problem are given in [7]. Whilst algorithms 
are given for these generalizations these all rely on the so
lution of maximal flow problems and the method of [2]. We 
are seeking alternative methods which are computationally 
faster and applicable to large networks. 

The generalizations may be listed as follows: 

1. restricting certain nodes to be 'outer nodes' (end nodes) 
of branches of the tree 

2. specifying certain links as members of the final tree 

It is, for example, possible that there may be certain 
input or output devices which must be end nodes. It 
may also be necessary to retain some existing links in 
a communications network. 

3. generating all optimal trees when the value t( i,j) for 
a specified pair of nodes varies in the interval rO, 00). 

4. including link costs (Le. the distance between adjacent 
nodes is not necessarily 1). This gives an NP-complete 
problem. 

To illustrate the decomposition and optimal interconnection 
algorithm for case 2 consider the 6 node example with ma
trix U below (only the total flows fij + hi are relevant). 
Suppose links (2,5) and (4,5) must remain fixed. Starting 
with the network below we consider the effect of deleting 
links (2,6), (1,2) and (2,3). The current value of Z is 81. 

1 2 3 4 5 6 ft 

1 0 10 0 0 0 8 18 
2 0 4 0 2 3 9 

U= 
3 0 5 4 2 11 
4 0 7 2 9 
5 0 3 3 
6 0 0 

f i- 0 10 4 5 13 18 ~ 
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deleting (2,6) 
Zl = 19 
Z2 = 17 
Z3 = 31 
Zs = 25 
Z4 = 39 

deleting (1,2) 
Z2 = 8 
Z3 = 26 
Z4 = 44 
Zs = 26 
Z6 = 10 

deleting (2,3) 
Zl = 31 
Z2 = 16 
Z4 = 18 
Zs = 13 
Z6 = 27 

The only change which leads to a decrease in Z is to delete 
(2,3) and to connect (3,5). The new value of Z is 81 + (13 
- 16) = 78. 

Examining deletion of (1,2) and (2,6) shows that no further 
improvement is possible. This result is in fact optimal (in 
agreement with the more complex algorithm in r7l). 

9 Conclusions 

Useful heuristics and a lower bound have been given for 
the synthesis of optimal traffic weighted tree networks (Hu's 
problem). An optimal interconnection result has been used 
to develop a simple and fast strategy for improving on these 
heuristics. The decomposition and optimal interconnec
tion algorithm proposed has achieved optimal solution in 
most cases considered. It has been shown that the algo
rithm has applicability to generalizations of Hu's problem 
and potential for finding near optimal solutions to certain 
NP-complete problems. 

Future studies will consider generalizations of these prob
lems to other kinds of networks - in particular to network 
in which there are at least two disjoint paths between all 
nodes (or a specified subset). 

This research has potential for application to structural de
sign of future communications networks, for example MAN 
interconnection using virtual path network and ATM net
works. The algorithms produced may also be useful in in
telligent multi cast routing networks. 
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