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ABSTRACT: 
In this paper we consider multiqueue systems server by a single server 

with cyclic service. Non zero switch-over times between consecutive queues is 
supposed. Pseudoconservation laws for those systems are reviewed from an 
alternative point of view, but based on two important results. The methodology 
presented here allows the derivation of a new pseudoconservation law for cycle 
service systems with K decrementing service discipline: the server continues 
serving customers on a given queue until the number of customers is 
max(O,m-K), where m is the number of customers he finds in the queue at the 
polling instant. 

In relation to the mean waiting time analysis, and for symmetric 
mUltiqueue system, an upper bound of this parameter has been obtained. When 
the system is asymmetric we have obtained quite a good approximation formula 
-errors within 20% of the simulated results- borrowing old procedures already 
used in the analysis of cyclic service systems. 

1.-INTRODUCTION: 
Cyclic service systems have been considered 

to model and analyze many telecommunications and 
computer networks. The scanning process of 
subscribers in Telephone Switching Systems and 
the token passing mechanism in Local Area 
Networks are some illustrative examples. Those 
situations can be modeled as a single server 
that serves several queues, each one with 
infinite capacity and with a predetermined and 
fixed cyclic order. 

In the analysis of cyclic service queuing 
systems, the waiting time of customers in each 
queue is the most relevant concept that has been 
considered by many researchers. Basically, there 
are two techniques which have been used to that 
end. The M/G/1 queue with vacation, Cooper 
(1970), has been used to approach mean waiting 
times of a given queue by considering the 
influence of the others with a chosen vacation 
period. More recently the pseudoconservation 
laws discovered by Watson have been used by many 
researchers in order to provide some excellent 
approximations of the mean waiting time. 
Pscudoconservation laws are expressions of a 
weighted sum of the mean waiting times at 
various queues of the cyclic system, Boxrna 
(1986) . 

The first goal of this paper is to provide 
alternative derivations of the conservative laws 
for old service disciplines and for a new one: 
the decrementing service discipline. Our second 
goal is to provide some approximation formulas 
for the mean waiting time of this strategy. 

We have considered a model of N queues 01' 

1 This work has been supported in part by the 
Spanish Research Council C.I.C.Y.T under project 
TIC 718/90. 

Q2' ··QN' each one with infinite capacity. 

Customers arrive at their own queue according to 
independent Poisson processes of rates A

1
, A2 , 

. . A
N

. The total arrival rate is given by 

A=A
1

+A
2
+ .. +A

N
. Queues are attended cyclically 

by a single server: Q1' Q2' .. QN' Q1' Q2" The 

switch-over time of the server between the i-th 
and the (i+1)-th queue are independent, 
identically distributed stochastic variable with 
first and second ordinary moment denoted by Si 

and s~2), respectively. In addition, we will de-
~ 

note the first moment of the total switch-over 
time per cycle by s=sl +s2 + .. sN' and the second 

ordinary moment by s(2) h~(.), h. and h(~) 
~ ~ ~ 

denote the L. T. (Laplace Transform), the first 
and the second moment of the holding or service 
time of Qi' respectively. The utility factor of 

the system will be given by P=P1+P2+ .. . PN, where 

Pi=Aihi · 
For any strictly cyclic service system we 

can define the cycle time of Q
i 

as the time 

between two consecutive arrivals at the server 
located at Q .. It is not difficult to see that 

~ 

the mean cycle t~me c i ' is not dependent on i. 

It can be shown, Kuehn (1979), that it is given 
by: 
c

i
=c=s/(l-P) (1.1) 

Clearly, the mean number of customers that 
arrive to a given queue Q

i 
on a mean cycle time 

c is given by: 

gi- Ai c (1.2) 
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In addition we can define the visit time to 0i 

as the time elapsed between the arrival of the 
server to that queue and his subsequent 
departure from that queue. Obviously, the mean 
visit time vi is given by: 

vi-Pic (1.3) 

Consequently, the intervisit time defined as the 

time elapsed between the departure of the server 
from 0. until his next arrival to that queue has 

~ 

a mean value ii defined by: 

ii-ci-vi=(l-Pi)C (1.4) 

With regard to the stability of the cyclic 
service system, it is clear that p<l is a 
necessary condition. The sufficiency for 
stability is given by some additional condition. 

As to the service strategies at the queues, 
we will consider the following ones: Assuming 
that the server visits 0i' when 0i is empty the 

server immediately switches to the queue 0i+1' 

Otherwise the server does the following: 
I:Exhaustive service (E). The server serves 

customers of 0i until it is empty. Equivalently, 

if m. is the number of customers the server 
~ 

finds upon his arrival at 0i' the visit time 

will be m
i 

busy periods (Takacs (1962» 

corresponding to an ordinary M/G/1 system. 
II: Gated service (G). The server serves 

only customers of 0i present upon his arrival at 

0i' Equivalently, if m
i 

is the number of 

customers the server finds upon his arrival at 
0i' the visit time will be m

i 
holding times hi. 

Ill: Exhaustive Limited service (EL): The 
server serves customers of 0i up to a prefixed 

number K
i

, unless the queue is emptied before 

that event. If Ki=m this strategy coincides with 

I. 
IV: Gated Limited service (GL): The server 

serves a number of customers of 0i equal to 

min(mi,K
i

), where m
i 

equals the number of 

customers he finds upon his arrival at queue 0i' 

If Ki-m this strategy coincides with II 

V: NonExhaustive service (NE), or Ordinary 
service (0): The server serves a maximum of one 
customer. This is a particular case of III and 
IV, where K.=l 

~ 

VI: SemiExhaustive service 
serves customers of 0. until 

~ 

(SE): The server 
the number of 

customers on the queue is one less than that of 
the number of customers he finds upon his 
arrival. Equivalently, the visiting time for 
that queue will be one busy period corresponding 
to the ordinary M/G/1 system. This strategy is a 
particular case of the following one: 

VII: Decrementing service (D): The server 

serves customers of 0i until the number of 

customers in that queue is max(O,mi-K
i
), when m

i 
is the number of customers present upon his 
arrival. Equivalently, the visiting time for 
that queue will be min(mi,K

i
) busy periods 

corresponding to the ordinary M/G/1 system. 
Bearing in mind the above service strategy, 

some additional conditions can be noted about 
the stability of 0i' i=1,2, .. N. For E and G 

strategies the condition p<l is also sufficient, 
since . the number of customers served by the 
server on each visit is not limited. For EL, GL 
and NE (or 0) (K. =1), it is clear that the 

~ 

maximum number of customers served per visit is 
K., so the the sufficient condition is (Everitt 
~ 

(1989» gi<K
i

. Finally for D and SE (K
i
=l) 

strategies, and according to similar arguments, 
the number of customers that arrive during a 
mean cycle time c, must be less than the number 
of customers served during Ki busy periods of 

the queue 0i' i.e. gi<K
i
/(l-P

i
). 

The conservation law obtained by Kleinrock 
(1976) for an ordinary M/G/1 queue, was 
generalized by Watson (1984), to the case of E, 
G, and NE (or 0). Since then many researchers 
have derived conservation laws by using 
different analytic techniques. Ferguson and 
Aminetzath (1985) for E and G; Boxma (1986) for 
SE; Boxma and Groenendijk (1987) for a mixture 
of E, G, NE and SE; Everitt (1986a) for GL, and 
Everitt (1989) for EL. All of them are given by: 
I=E: (Watson (1984), Ferguson and Aminetzah 
(1985) ) 

N 

L p.W.=p 
i=l ~ ~ 

(1. 5) 

II=G: (Watson (1984), Ferguson and Aminetzah 
(1985) ) 

N s N 2 L P.W.=CE+------(l_ ) \ p , =CG i=l ~ ~ P i~l ~ 

V=NE (or 0): (Watson (1984)) 
N 

LP. (l-g.)W,-c
G i=l ~ ~ ~ 

VI-SE: (Boxma(1986» 

N N 

\ p. [l-g. (l-p.) lW.-C - L 
i~l ~ ~ ~ ~ E i-I 

(1. 6) 

(1. 9) 

(1.10) 



VII-D: (The result presented here is new
2

) 

N g. (1-p.) N ~.P.g.h~2) N P.b~2) 
\ ~ ~ \ ~ ~ ~ ~ - \ ~ ~ LP. (1- ) W . =C - L L 

i=1 ~ Ki ~ E i=1 2Ki i=1 2~iKi 

(1.11) 

Remark: In III and IV the second 

factorial 
served by 

VII, b~2) 
~ 

moment of the number of customers 
the server during a visit to Qi. In 

is (as we will see) the second 

factorial moment of the number of busy periods 
the server spends during a visit to Qi. 

2 . -ALTERNATIVE DERIVATION BASED ON TWO 
STOCHASTIC DECOMPOSITIONS: 

In this section we give an alternative 
derivation of the pseudoconservation laws 
already known, (from I to VI), by using the also 
two known stochastic decompositions of Boxma and 
Groenendijk (1987), and Fuhrmann and Cooper 
(1985). Boxma and Groenendijk (1987) proved the 
following result: 

N N L P.w.=CE+ L U. (2.1) 
i=1 ~ ~ i=1 ~ 

where U. is the unfinished work at Q. when the 
~ ~ 

server departs from that queue. Obviously U i 

will depend on the service strategy. The key of 
our work lies in the procedure to obtain U i . 

This is based on the second announced 
decomposition. The Proposition 3 of Fuhrmann and 
Cooper (1985) says that in any M/G/1 vacation 
system, the following decomposition applies 

(Assumption 1 through 5 alone): 

"'(Z)-~(Z)ll(Z) (2.2) 

with: 
",(z) :- The p.g.f. (probability generating 
function) for the stationary distribution of the 
number of customers that a random departing 
customer leaves behind in the vacation system. 
~(z):- Idem. for the number of customers in the 
system at a random point in time when (given 
that) the server is on vacation. 
ll(z):- Idem. in the corresponding standard M/G/1 
queue (i.e., the server is always available). 

In addition we define for next steps, the 
following p.d.f.: 
~(z):- Idem. for the number of customers left in 
the system when the server start a vacation 
period. 
ex (z) : - Idem for the number of customers who 
arrive during a vacation period. 

We can use the decomposition (2.2) on each 
Q

i 
of the cyclic system, by identifying the 

vacation period of Q
i 

with its intervisit time. 

In fact, taking the first derivative at z-1 on 
(2.2) we get for each 0i: 

2After the submission 
informed that 

of this paper, the author 

has been this conservation law has 

also been obtained by H. Takagi, but in a 

different way (see Takagi (1990). 
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"'i (1)=~i (1)+lli (1) (2.3) 

Since customers arrive and depart 
individually, and since Poisson arrivals see 
time averages (PASTA property from Wolff (1982» 
it follows that the mean number of customers at 
Qi' at an arbitrary departure epoch, is: 

"'i (1)=~i (Wi+hi ) (2.4) 

Also lli (1), is a well known quantity (Kleinrock 

(1976» : 

~~h~2) 
~ ~ 

lli (1) 2(1-p.) IPi 
~ 

(2.5) 

Finally, ~~ (1) is the mean number of 
~ 

customers in the system at random point in time 
when (given that) the server is on vacation. 
This factor can be considered as a sum of two 
terms: The first one is the mean number of 
customers that the server leaves in Q. when he 

~ 

departs from that queue and is denoted by ~i (1) . 

The second one is the number of customers that 
arrive to that queue during the backward 
recurrence time of the vacation period. Then we 
have: 

ex~' (1) 

~i (1)=<i (1)+2~~ (1) 
~ 

(2.6) 

Therefore the amount of work left by the 
when he departs from Q. is: 

~.h~2) 

server 

~ ~ 

Ui=<i (1)h i =Pi (Wi - 2 (1-P.) 
~ 

where we have taken into 
exi (1)=(1-Pi )gi 

ex~ , (1) 

)- ~ h. 
2(1-P

i
)gi ~ 

(2.7) 

account that 
(2.8) 

Now, the remaining factor exi' (1), i.e. the 

second factorial moment of the number of 
customers that arrive to Q. while the server is 

~ 

on vacation, will be given for each service 
strategy. If we define the p.g.f. of the number 
of customers that the server finds on Q

i 
upon 

his arrival to that queue by 4J
i 

(z), then for 

every strategy obviously: 
~i (1)=<i (1)+exi (1) (2.9) 

Concerning the second ordinary moment we 

conjecture
3 

that the random variables 
characterized by the p.d.f. ~(.) and ex(.) are 
uncorrelated. Then: 
~i' (1)=<i' (1)+2~i (1) exi (1)+exi' (1) (2.10) 

with (2.10) in mind, and for each service 
strategy we have: 
I-EXHAUSTIVE: 
<i(z)=1 (2.11) 

(2.11) is equivalent to Ui=O, so (1.5) follows. 

Now putting exi' (1)=4Ji' (1) into to (2.7) we 

3 
This conjecture of course is true for N-l, but 

mainly is reinforced by the fact that all well 
known conservation laws can be obtained accor-

ing to the procedure followed in the next lines. 
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obtain the mean waiting time for customers of Q. 
~ 

in terms of fJi' (1), which is the result given by 

Watson (1984, pag. 527) . 
II=GATED: 
It is straightforward to see that: 
<i (z)=fJi[hi (Ai-Aiz)] 

Combining (2.8), with 
derivative of (2.12) we 

(2.9) 
get 

and the 
<i (l)=Pi g i 

(2.12) 

first 
where 

(1. 6) follows . Similarly, combining <i (1) with 

(2.10) and the second derivatives of (2.12) we 
obtain from (2.7) an expression of the mean 
waiting time for customers of Q. in terms of 

~ 

the result given by Watson fJi'(l), which is 

(1984, pag 527) . 
III=EXHAUSTIVE LIMITED: 
The following relation was given by Everitt 

(1989) : 

(2.14» we obtain from (2.7) an expr.ession of 
the mean waiting time for customers of Q

i 
in 

terms of f
iO 

and fJi (1), which is the result 

given by Watson (1984, pag 527) . 
3.NBW RlI!SULTS 

In this section we provide the 
pseudoconservation law for the general 
decrementing service discipline described in 
section 1. This strategy can be viewed as a 
generalization of the semiexhaustive discipline 
originally introduced by Takagi (1984). The 
procedure we follow is based on the general 
outlines pointed out in section 2. To that end, 

the description of the service strategy is 
formulated in terms of the p . g . f. of the number 
of customers seen by the server when he arrives 
to Q., and the number of customers left in Q. 

~ ~ 

when the server abandons Qi. It is directly seen 

that: <i (z) = K. -1 

[ 

-1 * ]Ki Ki-1{ [-1 * ]Ki-j} <. (z)=fJ . (z)z-Ki + t [l-z
j

-
K
i]f .. (3.1) 

=fJ . (z) z h . (A . -A.Z) + L 1- z h. (A.-A . Z) p . . ~ ~ j=O ~J 
~ ~ ~ ~ j =O ~ ~ ~ ~JAS in (2.14), f .. is the probability to find j 

(2.13) ~J 
customers on Q. when the server arrives at that 

by zKi and combining 
the resulting equation 

where Pij is the probability that customers 

are served at Q
i 

in a cycle. Combining (2.10) 

wi th the second derivative of (2.13) we obtain 
an expression for (Xi' (1), and from (2.7) an 

expression for <i (1). Then (1.7) follows. 

IV=GATED LIMITED: 
As before, it is quite direct to find 
relation (equation 3.1 of Everitt (1986a»: 

[ 
-1 * ]Ki < . (z) =fJ . (z) z h . (A. -A. z) + 

~ ~ ~ ~ ~ 

the 

K.-1 . 

+ t ~l_[z-lh~(A._A.Z)]Ki-J}[h~(A._A.Z)]jf . . 
j=O ~ ~ ~ ~ ~ ~ ~J 

(2.14) 
Now f

ij 
is the probability to find customers 

at Q
i 

when the server arrives at that queue. 

Combining (2.10) with the second derivative of 
(2.14) we obtain an expression for (Xi' (1) and 

from (2.7) an expression for <i (1). Then (1.8) 

follows . Also in a similar way to the above 
situations, we can deduce an expression of the 
mean waiting time for each individual queue, 
(equation (3.3) of Everitt (1986a). 

V= NON EXHAUSTIVE (OR ORDINARY): 
This is a particular case of III and (or) IV for 
Ri - 1. In this case the second factorial moment 

(2) 
gi is zero, since the number of customers 

served on each visit to Q. is one at the most. 
~ 

So (1.9) follows directly from (1 . 7) or (1.8). 
In addition, and from normalization condit i ons 
to be satisfied in (2.13) and (or) (2.14), we 
get f

iO
- 1-g

i
. Then, combining <i (1) wi th (2.10) 

and with the second derivatives of (2.13) (or 

~ 

queue. Multiplying (3.1) 
the second derivative of 
with (2.10) we get: 
(Xi' (1)=2<i (1) [K i -(Xi (1)]+ 

K.-1 
~ CIO 

+ L j(j-1)f . . + r K.(K.-1)f .. 
j=O ~J j~. ~ ~ ~J 

~ 

(3.2) 

We notice that the second and third term in the 
right hand side of (3 . 2) is the second factorial 

moment of the number of busy periods b~2) that 
~ 

the server spends during a visit to 

Inserting (3.2) into (2.7) we obtain <i (1) 

the desired quantity U
i

. Then (1.11) follows. 

4.NBAN HAlTING TIMBS ANALYSIS . 

Q .• 
~ 

and 

In relation to the mean waiting time 
analysis, exact results for mean values in 
cyclic service mUltiqueues systems have been 
obtained in some service strategies like E, G, 
NE (or 0), and SE. In symmetric multiqueue 
systems, explicit expressions have been 
reported. Hashida (1972) and Fuhrmann (1985) for 
E discipline; Konheim (1974) and Fuhrmann (1985) 
for G discipline; Fuhrmann (1985) for NE (or 0) 
disciplines, and Takagi (1984) for SE strategy. 
In addition, for asymmetric multiqueue systems, 
exact results through numerical procedures have 
been reported in Watson (1984), and Ferguson and 
Arninetzah (1985) for E and G strategies. 

However, exact expressions, explicit or 
numerical to the mean waiting time are not know 
in general . In those cases, conservation laws 
have played important rules since they have been 
used quite often in order to obtain some good 
approximations to mean waiting times. In that 
sense, the first approximation for asymmetric 
mUltiqueue systems with E and G strategies was 
given by Everitt (1986b). Later on, another 



approach with the same philosophy has emerged in 
the literature. Boxma and Heister (1987) give 
approximation expression for NE (or 0) 
discipline and Furmann and Wang (1988) for the 
GL and EL discipline. 

with regard to decrementing discipline, and 
for symmetric systems in upper bound of the mean 
waiting time can be obtained fro~2)(1.11) by 
taking the second factorial moment b

i 
equal to 

zero. Similar upper bounds were obtained by 
Everitt (1986) and (1989) for the EL and GL 
strategies; bounds that were also deduced by 
Fuhrmann (1985) for EL strategy and by Fuhrmann 
(1987) for EL and GL disciplines, but using 
different procedures. The bound we derive here 
is so tight (see Tables I) that it can be used 
as a good approximation. Note that for the cases 
K=l (SE: semiexhaustive service) and k=CXI (E: 
exhaustive service), the bound is exactly the 
expression of the mean w~~ting time. 

P K=l K=2 K=5 K=CXI 
bound .36 .34 .33 .32 

N=3 
.3 

simul. .36 .33 .32 .32 
bound .88 .81 .77 .75 

A.""l/N . 5 simul. .88 .77 .75 .75 1. 

bound 5.75 4.53 4.02 3.75 
.8 

simu1. 5.75 4.31 3.77 3.75 

TABLE I: Bounds for the mean waiting times in 
symmetric decrementing service systems. 

Concerning to asymmetric systems, we 
propose an approach that is quite an extension 
of the developments of Boxma and Heister (1987) 
and Fuhrmann and Wang (1988). Using parallel 
arguments to (i), (ii), and (iii) of Fuhrmann 
and Wang (1988, pag. 44), we can express the 
mean waiting time of Q

i 
as: 

Wi~Ri+Nicb,i/Ki (4.1) 

where R. is the forward recurrence time of the 
1. 

cycle time at Q.; N. is the mean number of 
1. 1. 

customers waiting at Qiseen by an arbitrary job 

arriving at Qi; and cb,i is the 'busy i-cycle' 

seen by Q
i 

which, according to Kuehn's arguments 

(1979), is given by: 
cb .-[K.h./(l-p.)+s]/(l-p+p.) 

,1. 1. 1. 1. 1. 
(4.2) 

Using Little's law we have: 

Pi 
1+ l='P 

W.- R. (4.3) 
1. 1- A.i./K. 1. 

1. 1. 1. 

Recall that i. is the mean intervisit time given 
1. 

by (1.4). As Ki~CXI the above approximation should 

converge to a known result for the 

exhaustive service discipline, Everitt (1986b). 
Thus we suggest the following heuristical 
modification: 

p. 2 
1-Plo' + -=- (----=e....) Ki 1-p 

W.~-~------~------R. 
1. 1. 

1- Aiii/Ki 

(4.4) 
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exhaustive service discipline, Everitt (1986b). 
Thus we suggest the following heuristical 
modification: 

p. 2 -=- ( ----=e....) 1-Pi+ Ki 1-p 
Wi~-~---------------Ri 

1- A.i./K . 
1. 1. 1. 

(4.4) 

According to Everitt (1986) for E and G 
disciplines, to Boxma and Heister (1987) for NE 
(or 0) disciplines, and to Fuhrmann and Wang 
(1988) for GL and EL disciplines, we look for 
approximations that are consistent with the 
conservation law (1.11). The first approximation 
we propose is the PICV (Poisson Independent 
Cycle variances) approximation borrowed from 
Everitt (1986b) and Wang (1988), which assumes 
that Ri is independent of i. Thus, putting (4.4) 

into (1.11) we obtain the constant Ri =R that 

inserted again into (4.4) give us the 
approximated value WiPICV. However we have found 

a more reasonable approximation if we replace 
the numerator of (4.4) by 1-Pi. The second 

approximation is the PDCV (Poisson Dependent 
Cycle Variance) approximation, borrowed from 
Fuhrmann and Wang (1988) and assumes that the 
ratios of Ri are inversely proportional to cb,i' 

i.e.: Ri/Rj~Cb,j/cb,i. Finally the 'hybrid' 

approximation takes a convex combination of 
these two, with weighting factor Aicb,i/Ki for 

the PDCV approximation: 

WiHBR=(l-AiCb,i/Ki)WiPICV+(AiCb,i/Ki)WiPDCV (4.5) 

In the above procedures, the last factor of the 
right hand side of the conservation law has been 
assumed zero. 

Limited experience for N=3 (Table II) 
indicates a reasonable quality of the proposed 
approximation. We have considered three 
si t uations of low load (p=. 3 cases 1 to 4), 
moderate load (p=.6 cases 5 to 8) and heavy load 
(p=.8 cases 9 to 12). In each case all 
switch-over times are constant s.=.l. 

1. 

5.-CONCLUSIONS. 
In this paper we derive a conservation law for a 
cyclic service queuing system with decrementing 
service discipline. To that end we use two well 
known stochastic decomposition of Boxma and 
Groenendijk (1987) and Fuhrmann and Cooper 
(1985). The methodology is also used to review 
other already known conservation laws in cyclic 
service systems. The second part of the paper 
deals with simple approximations for the mean 
waiting time of customers at each queue in 
system with decrementing discipline. When the 
system is symmetric, a tight upper bound to the 
mean waiting time has been derived. When the 
system is asymmetric we have derived a rather 
heuristic approximation which shows very good 
accuracy in all tested cases. Additional efforts 
are needed in order to obtain pseudoconservation 
laws for other service strategies like Gated 
Time-Limited Service, Leung and Eisenberg 
(1990), and in general for polling system with 
general service order table, Boxma, Groenendijk 
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and Weststrate (1990), Levi and Sidi (1990). 

...--- Q. K . 
1/;\'. h. s. 

WiPICV l. l. l. WiPDCV W
HBR case l. l. 

det. expo exp 
1 1 3. .5 .1 .36 .29 .34 

1 
2,3 1 3. .2 .1 • 41 .51 .43 

1 2 3. .5 .1 .34 .24 .32 
2 

2,3 2 3. .2 .1 .39 .51 .40 

1 4 3. .5 .1 .34 .22 .31 
3 

2,3 4 3. .2 .1 .38 .52 .39 

1 OD 3. .5 .1 .33 + .19 .30 
4 

2,3 OD 3. .2 .1 .37 + .53 .38 

1 1 3. .8 .1 1. 38 1. 16 1. 26 
5 

2,3 1 3. .5 .1 1. 61 1. 79 1. 69 

1 2 3. .8 .1 1. 26 1. 04 1. 14 
6 

2,3 2 3. .5 .1 1. 45 1. 64 1. 52 

1 4 3. .8 .1 1. 20 • 94 1. 09 
7 

2,3 4 3. .5 .1 1. 37 1. 59 1. 45 

1 OD 3. .8 .1 1 . 16 + . 88 1. 05 
8 

2,3 OD 3. .5 .1 1. 32 + 1. 54 1. 38 

1 1 3. 1.2 .1 4 .87 3.85 4.09 
9 

2,3 1 3. .6 .1 7.57 8.75 8.40 

1 2 3. 1.2 .1 4.08 3.05 3.34 
10 

2,3 2 3. .6 .1 5. 79 6. 88 6.44 

1 4 3. 1.2 .1 3.79 2. 73 3.05 
11 

2,3 4 3. .6 .1 5.19 6.27 5.78 

1 OD 3. 1.2 .1 3.53 + 2. 44 2.81 
12 

2,3 OD 3. .6 .1 4.71 + 5.80 5.25 

W. * 
l. 

simul 
.35 

.43 

.31 

.36 

.31 

.36 

.31 

.36 

1. 21 

1. 70 

1.10 

1. 46 

1. 08 

1. 37 

1.10 

1. 34 

3.04 

9.45 

2.72 

6.80 

2.76 

5.72 

3.30 

4.80 

pp. 223-231, Mar. 1985. 
[12] . - S. W. Fuhrmann (1985) "Symmetric Queues 
Served in Cyclic Order". Oper. Res. Letters, 
Vol. 4, n. 3, pp. 139-144, Oct. 1985. 
[13].- S.W. Fuhrmann and R.B. Cooper (1985) 
Stochastic Decomposition in the M/G/1 Queue with 
Generalized Vacations", Oper. Res. Vol. 33, n. 
5, pp.1117-1129, Sep.-Oct. 1985. 
[14].- H. Takagi (1986) "Analysis of Polling 
System" (The M.I.T. Press, Cambridge, 
Massachusetts), 1986 
[15].- D. Everitt (1986a) "A Conservation-Type 
Law for Token Ring with Limited Service" British 
Telecom. Technology Journal, Vol.4 n. 2, pp . 
51-61, Apr. 1986. 
[16].- D. Everitt (1986b) "Simple Approximations 
for Token Ring", IEEE Trans. on Commun. vol. 34, 
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[17].- O.J. Boxma (1986) "Models of two Queues: 
a Few New views". Proceedings of the Teletraffic 
Analysis and Computer Performance Evaluation", 
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[18].- S.W. Fuhrmann (1987) "Inequalities for 
Cyclic Service Systems with Limited Service 
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"Waiting Time Approximations for Cyclic- Service 
Systems with Switch-over Times", Performance 

* For more than one queue, the results represent 
waiting times averaged over all queues of the 
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mean Evaluation Vol. 7 n. 4, pp. 299-308, Nov. 1987. 

TABLE II: Mean waiting times in asymmetric 
decrementing service systems. 
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