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The paper deals with the problem of minimal blocking routing in 
circuit-switched networks. Using the dynamic programming the telephone traffic 
is analysed as a Markov decision process . The corresponding Hamiltonian 
functional is formulated and minimized by introducing various approximations 
which enable a reduction of the state-space. A solution is obtained in a form 
of state-dependent routing schemes. They give efficient routing strategies for 
a general network in contrast to the "classical" Markovian policies which are 
limited only to simple cases . A performance of the proposed strategies is 
evaluated by means of simulation. 

1. INTRODUCTION 

In modern telephone networks a considerable 
attention has been paid to sophisticated call 
routing schemes which minimize traffic blocking. 
Accessibility of information about the network 
s 'l..ate at the time of a call arrival has created 
interest in state-dependent routing rules which 
enable on-line selection of an optimal route for 
that call. 

The heuristic approach to that problem 
resulting in the residual capacity algorithm has 
been introduced in the well known BNR-Toronto 
experiment [1,11,12]. Krishnan and Ott from 
Bellcore were the first who based on the Markov 
decision approach made an attempt of the 
analytical treatment of state-dependent routing 
[9,10] . 

In this paper we present another much more 
rigorous analysis of the minimal blocking 
problem by applying Markov decision processes . 

In order to develop the routing scheme the 
metodology of dynamic programming is used. It 
appears to be a powerful optimization method 
when the separable approximation to the 
Hamiltonian functional is introduced. That 
relaxes the restrictions imposed by the the 
Markov decision approach which in its 
"classical" form is useful only for systems with 
seriously limited size of the state space. 
Minimizing the Hamiltonian by applying the 
approximation we can derive an explicit 
separable formula for the "cost 11 of Unk states. 
Its minimization leads to a state-dependent 
routing rule which can be implemented regardless 
of network complexity. 

Performance of the new routing strategy is 
evaluated by means of simulation and compared 
with grade of service of previously mentioned 
BNR- and Bellcore state-dependent routing. 

2. STATEMENT OF A PROBLEM 

In this paper we do not concentrate on a 
particular type of a network. We study a general 
mesh-structure network whose single mesh is 
presented in Fig. 2.1 . 

a ~------------------------~ c 

Fig.2.1. 

Traffic from the source a to the 
destination c can be routed over the direct 
link (a,c) or one of possible transit paths 
[Ca,bJ),CbJ,c)]. We assume that transit paths 

composed of two links at most are allowed. 
A new call entering the network tries a 

direct link at first . However, when all its 
trunks are busy the problem how to select a 
transit path for an overflowing call appears. 

The aim of this paper is to determine such 
overflow sequence so as to obtain minimal 
overall traffic blocking. 

3. NETWORK MODEL 

Let xCt) be the state of the network at 
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time t. It is uniquely determined by the 
occupancy of all paths between 
origin-destination pairs distinguished within 
the network 

where 

x(t) - the number of calls on the l-th path; 

L - the number of all paths within the network. 

Probabilities of transitions to the adjacent 
states are as follows 

P [x(t+dt) = x(t) + e
l 

/ x(t)] = Aldt (3.2a) 

P [x(t+dt) = x(t) - e l 
/ x(t)] = xl (t )ltdt (3.2b) 

P [x(t+dt) = x(t) / x(t) 

= 1 - dt 1:(A I + Xllt) (3.2c) 
I 

where 

e l = [ 0, 0, ... 0, 1, 0, ... 0] - the vector 
with all zero components except 1 at the 
l-th position; 

It - service rate; 

A
I
- arrival rate for the l-th 

determined according to the formula 
path 

(3.3) 

where 

A{pq} - intensity of the traffic flow {p,q} 
originating at p and destined to q; 

ex -I 
a traffic control variable for the 
l-th path. 

It is obvious that the traffic control variables 
ex

I 
related to each flow {p,q} must fulfil the 

normalizing condition 

(3.4) 

By applying the introduced notation the state 
equation of the network can be wr1tten as 

~ [x(t11 = 1: { Al n [x(t) - e
I

1 + 
I 

- [ It~l(t) + Al ] n [x(t)] + 

+ It [xl(t) + 1] n [x(t) + e l ] } 

where 

n [x(t)] - probability to be in state 
at time t 

(3.5) 

'" x 

or in a matrix form 

(3.6) 

where 

~(x) - the routing policy; 

!(x) - the line vector of state 
probability; 

Q [~(x)1 - the transition matrix depending on 

the routing policy ~(x). 

Let us assume that the system is in a stationary 
state. Then the following equations remain true 

! Q = 0 (3.7a) 

(3.7b) 
~ 

x 

(3.7c) 

4. PROBLEM FORMULATION 

In order to minimize the number of rejected 
calls we minimize carried traffic taken with the 
minus sign. The cost corresponding to the 

stationary policy ~(x) is given by 

(4.1) 

All elements of the column vector k are 
determined as 

k (x) - 1: x 
I I 

(4.2) 

The unknown optimal control vector which we look 
for 

can be obtained by solving the following 
functional equations [7] 

where 

. ~ ~ 

J [~ (1)] = min Hi[~(l),v] /\ (4.4a) 

<xci) 
1=1, ... ,n 

n 
k(l) + 1: QiJ [~(1)] vJ } 

J=l 

n - the size of the state space; 
v - the optimal dual vector; 
and 

(4.4b) 

H
i
- plays the role of the Hamiltonian. 



S. A MARKOVIAN ROUTING DECISION MODEL 

Suppose that we look for the optimal . "" 
routing decision ~(x) for a call belonging to 

the flow {a. c} (see Fig. 2.1). The 
correspopnding transition diagram depicted by 
assumption that all trunks of the direct link 
(a.c) are busy is presented in Fig.S.l. 

X{ac)' ~ - 1. ~ • . . . ~ , ... ~ 
1 2 s 

X{ac)' ~1' ~2' " · ~s··· · ~- 1 

Fig. 5.1. 

For the considered state 

(5.1) 

where 

"" X{ac} - the state of the link (a.c) 
corresponding to the flow {a.c} as 
distinct from the total state of (a.c) 

noted as x ac 

define the Hamiltonian 

Xb + 1 •... XL»)+···+ 
s 
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"" "" "" 
+ A{KM} ~ v(x{ac}' 1) 

xb • xb •... xb xL + 
1 2 s 

[x{ac} v(x{ac}- 1. "" "" "" xL) + f.l xb • xb xb 
1 2 s 

v(x{ac}' 
"" 1. "" "" xL) + xb x - xb ~ + ... + 

1 b1 2 s 

v(x{ac}' 
"" "" "" 1 •... xL) + xb xb • xb .... x - + ... + b s 1 2 s 

+ xL V(X{ac}' 
"" "" "" 1) ) xb .• xb ~ .... x - + L 1 2 s 

(5.2) 

. "" 
In order to find the optimal control ~(x) the 

Hamiltonian must be minimized. Observe. that 
all of the terms of the Hamiltonian (5.2) do not 
depend on ~. Thus. instead of (5.2) we can 
minimize 

hi=A{aC}{~~V(x{ac}' xb + 1. "" "" XL) xb •... xb 
1 2 s 

- V(X{ac}' 
"" "" "" XL) ) xb • xb •... xb + 

1 2 s 

+ ab [ v(x{ac}' 
"" 1 •... "" XL) xb • xb + xb 

2 1 2 s 

- V(X{ac}' 
"" "" 

..., 
XL) ] xb • xb xb + ... + 

1 2 s 

+~[ V(X{ac} • 
..., ..., 

Xb + 1 .... XL) xb • xb 
s 1 2 s 

- V(X{ac}' 
..., ..., ..., 

~)]} (5.3) xb • xb xb 
1 2 s 

The linear programming problem 

(5.4a) 

along with the normalizing condition 

(5.4b) 

is easily solved when the optimal dual vector 

vex) is given. 
Define the infimum 

~ = { v (x{ac}' ... 
"" 1 •... XL) + inf xb + 

Je<l. s> J 

(X{ac}' ... "" XL) } (5.5) - v xb 
J 
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• Then. the control 

• 

is found as 

XL) + 

xL) ?! ~ 

(5.6a) 

(5.6b) 
Notice. however. that the problem is much more 

complicated since the vector v (x) remains 
unknown. It can be found by applying the 
algorithm proposed in [13] which was 
successfully adopted to optimal traffic routing 
in [6]. Unfortunately. in the general case the 
scope of its application is seriously limited. 
That is due to the following reasons: 

- dimension of the state space which for large 
networks makes the problem computationally 
untractable; 

- full availability of an information on a 
network state which must be known at a time 
when a new call enters the system (note. that 
the telephone network constitutes a 
geographically dispersed object and despite 
technological innovations its on-line 
monitoring is till now impossible). 

Therefore we propose another approach. 

6. SEPARABLE PATH "LENGTH" MEASURE 

Assume. that given the load specification 
matrix we calculate traffic allocation 
minimizing stationary network blocking. Such 
optimal traffic split can be determined by 
solution of nonlineaer multicommodity flow 
problem [5.8] which yields the vector 

Y = [Yac' Yab • Yb c···· Yab Yb c •... yKL· YLM] 
1 1 s' s 

(6.1) 
of optimal fictitious traffic offered to each 
link of the network. 

A starting point to further considerations 
is the assumption that traffic assignment 
determined so is expected to provide a suitable 
approximation to the allocation that is realized 
under optimum dynamic routing [3.9]. 

Assume that traffic offered to the 
trunkgroup m is y = A/~ Erlangs. The 
corresponding transition diagram is depicted in 
Fig. 6.1. 

~o~ 
-k~. 

Flg.6.1. 

. >-~ 

-Define the Hamiltonian for the state x 
As in the case of Eq. (5.2) we get 

~_ = A v(x+1) + X ~ v(x-1) - (A + x ~) vex) - x 
x 

(6.2) 
or rewriting (6.2) 

~_ = A [v(x+1) - vex)] - x ~ [vex) - v(x-1)] -- x 
x 

Recall. that the Hamiltonian 
interpreted as carried traffic 
minus sign. 1. e 

(6.3) 
(6.2) can be 

taken with the 

where 

~_ = - y [ 1 - E(m.y) ] 
x 

E(o.o) - the Erlang B formula. 

By applying the formula 

1 n 
1 + 

E(n.A) A E(n-1.A) 

(6.4) 

(6.5) 

one can easily prove that the first term on the 
right hand side of (6.3) has the following 
simple expression 

A [ v(x+1) - v (x) ] = y [ E(m.y) / E(x.y) - 1 ] 
(6.6) 

Assume the separable approximation 

where 

-(i) 
x 

pq 

Hie! t ~ xli) 
(p. q) pq 

- state of 
corresponding 

the 
to 

state i (cf. (5.1) ). 

link 
the 

Given the optimal vector y • (6.1) and 
yield the following approximation to the 
on the right hand side of (5.3) 

A{ac} [ v ( - 1. XL) x{ac}' ... xb + + 
J 

- v ( x{ac}' ... xb XL) e! 
J 

9! A [v (x + 1 ) - v (x )] + 
abJ abJ abJ 

- -+ Ab [v (xb + 1 ) - v ( xb 
JC JC JC 

where 
Apq = ypq ~ 

(6.1) 

(P.q) 
network 

(6.3) 
terms 

(6.8) 

Using (6.8) in (5.3) 
additionally (6.6). we can 
unknown control ~ as 

and considering 
directly find the 
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~J 

0 for o ( 

• 
~J 

for o ( 

where 

o ( X b 'Xb a J JC 

Yab [ E (m b • Yab 
J a J J 

+ Yb [E (~ • 
JC JC Yb c 

J 

<f} = inf 0 
Je<l.s> 

,.., ,.., 

x b • x 
a J bJc 

l!: <f} (6.9a) 

,.., 

x b • x <f} (6.9b) 
a J bJc 

) / E (x b • Yab ) - 1 ] + 
a J J 

) / E (Xb • Yb c) - 1 ] 
JC J 

(6.10) 

x b • x 
a J bJc 

(6.11) 

Note. that the derived separable path "length" 
measure is similar to the path "cost" 

O' (x b • Xb ) 
a J JC 

E (m b • Yab ) / E (x b .Y b ) + 
a J J a J a J 

+ E (~ • Yb ) / E 
DJC l (6.12) 

obtained by Krishnan and Ott [9.10]. It is seen 
that we can get (6.12) taking the approximation 

v ( x{ac}.·.· xb + 1 •... XL ) + 
J 

~ vex b + 1) - vex b ) + v(xb + 1) - v(xb ) 
a J a J JC JC 

(6.13) 
instead of (6.8). Which of the approximations 
leads to better routing policy ? We evaluate 
that by means of simulation. 

7. ROUTI NG ALGORITHM 

The foregoing considerations enable to take 
an unique optimal routing decision only when 
states of all links constituting possible 
transit paths for a given call are known at the 
time of its arrival. Real-time network 
monitoring is however difficult to realize in 
the management practice. Therefore. we propose 
to pursue the idea of the residual capacity 
algorithm successfully implemented in the 
BNR-Toronto experiment [1.11]. The path 
"length" measure was then determined 

0"(XabJ ' XbJC } = min ( mabJ- xabJ ' ~Jc- X
bJC

) 

(7.1) 
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Consider the following routing scheme for the 
traffic flow {a.c} (see Fig.2.1): 

Step 1: Every update period T calculate the 
"lengths" 0" en or 0') of all possible transit 
paths [(a.b

J
). (byC)]. 

Step 2: Order them according to the decreasing 
(increasing) "length". 

Step 3: A call overflowing from the direct link 
(a.c) forward to the destination node c in 
succession determined in Steps 1-2 starting with 
the "longest" ("shortest") transit path. 

The order of the update cycle length T is 
assumed to be several seconds. 

8. SIMULATION EXPERIMENT 

The previously cited BNR-Toronto network 
operated under traffic load 30Y. higher than 
nominal has been investigated. 

Detailed trunk group sizes and load 
specification matrices are given in [1.2]. Each 
node is assumed to serve as a transit office for 
other destinations. The crankback signalling 
technique has been implemented. 

The vector y which is necessary for 
simulation implementations of the proposed 
algorithms was calculated in [4]. 

Performance of the network was evaluated as 
a function of the number of admissible overflows 
and update cycle length T. 

Simulated grade of service is visualized in 
Fig. 8.1 - 8.3. 

9. CONCLUDING REMARKS 

In this paper telephone traffic routing has 
been analyzed as a Markov decision process. The 
proposed approximation to the optimal dual 

variables vex) enables tremendous reduction of 
the state space. The developed routing scheme 
obtained in a systematic way by applying dynamic 
programming methods works for general networks 
independently of their configuration and links 
capacities. 

Observe. that the proposed rule is very 
efficient. It achieves a lower network blocking 
than the least loaded path routing whereas its 
performance is comparable to the Bellcore 
state-dependent routing. The latter remark is 
obvious because approximations corresponding to 
both these schemes are analogous. Note. however. 
that the presented approach is more rigorous and 
general. 

Simulation confirms that the shorter 
reconfiguration times of the overflow sequence 
and greater the number of admissible overflows. 
the better performance of the algorithms. That 
is consistent with intuition. 

We must stress that in order to implement 
our routing scheme and the Bel I core 
state-dependent routing policy the vector y of 
optimal fictitious offered traffic must be known 
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in advance. That states serious disadvantage of 
the final outcomes of our considerations because 
off-line calculations are required to obtain 
numerical values of the vector. That is the cost 
which we must pay for near-optimum real-time 
utilization of network resources. The problem 
how to overcome that weakness still remains 
unsolved. 

REFERENCES 

[1] Cameron W.H., Galloy P., Graham W.J.: 
Report on the Toronto advanced routing 
concept trial, Proc. of "Networks'80" 
Conf., Paris, 1980 

[2] Chemouil P., Filipiak J., Gauthier P.: 
Analysis and control of traffic routing in 
circuit-switched networks, Computer 
Networks and ISDN Systems, 11 (3), 1986, 
203-217 

[3] Chlebus E.: Adaptive traffic routing in 
telephone networks - performance evaluation 
of minimal blocking policies following from 
various information patterns, LAAS report 
no. 89086, Toulouse, 1989 

[4] Chlebus E.: Application of optimization 
techniques to the design of routing control 
systems in circuit-switched networks, Ph.D. 
dissertation, Telecommunications Dept., The 
University of Mining and Metallurgy, 
Cracow, 1990 

[5] Frank M., Wolfe P.: An algorithm for 
quadratic programming, Nav. Res. Log. 
Quart., 1956, 95-110 

[6] Garcia J.M.: Processus de decision 
markovien, application a l'acheminement 
d'appels telephoniques, LAAS report no. 
83007, Toulouse, 1983 

[7] Howard R.A.: Dynamic Programming and Markov 
Processes, The M.I.T. Press, Cambridge, 
Massachusetts, 1960 

[8] Klessig R.W.: An algorithm for nonlinear 
multicommodity flow problems, Networks, 
4 (4), 1974, 343-355 

[9] Krishnan K.R., Ott T.J.: State-dependent 
routing for telephone traffic: theory and 
results, Proc. of Conf . on Decision and 
Control, COC'25, Athens, 1986 

[10] Ott T.J., Krishnan K.R.: State-dependent 
routing of telephone traffic and the use of 
separable routing schemes, Proc. of Int. 
Teletraffic Congress, ITC'll, Kyoto, 1985 

[11] Szybicki E., Bean A.E.: Advanced routing in 
local telephone networks; performance of 
proposed call routing algorithms, Proc. 
of Int. Teletraffic Congress, ITC'S, 
Torremolinos, 1979 

[12] Szybicki E., Lavigne M.E.: The introduction 
of an advanced routing system into local 
digital networks and its impact on the 
network economy, reliability and grade of 
service, Proc. of Int. ' Switching Symposium, 
ISS '79, Paris, 1979 

[13] Varaiya P.: Optimal and suboptimal 
stationary controls for Markov chains, IEEE 
Trans. Aut. Contr., 23 (3), 1978, 388-394 

f""""'I 

~ 

"0 
V 
~ 
V 
o 

::0 

-0 
(1) 

~ 
v 
o 

::0 

-0 
V 
~ 
V 
o 

::0 
u 

:..= ..... 
c 
't-

4.00 
i 

3.50 ~ 
3.00 

2.50 

2.00 

1.50 

1.00 
0.0 30.0 

on" 

FIg.8.l. 1 overflow 

2 .50 

2.00 

1.50 

1.00 

0.50 
0 .0 30.0 

60.0 90.0 120.0 
T[s] 

on xn' 

60.0 90.0 120.0 
T[s] 

FIg.8.2. 2 overflows ( key as for FIg. 8. 1 ) 

2.00 

1.50 

1.00 

0 .50 
0 .0 30.0 60 .0 90.0 120.0 

T[s] 

FIg.8.3. 3 overflows ( key as for FIg.8.l ) 


