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Abstract 

In this paper an estimator, based on assumptions from the 
field of extreme value theory, is applied to the problem of 
determining the required buffer size in an ATM-switch. In 
order to investigate the accuracy of the estimator we have 
simulated some models, representing the ATM-switch, for 
which analytic solutions are known. 
Keyworch: ATM, buffer size, extrapolation, simulation, ex
treme value theory. 

1 Introduction 

The future Broadband ISDN has to support a wide 
range of services with strongly varying bit rates, e.g. 
voice, video and data, where all possible service types 
must be switched and multiplexed in a uniform and 
efficient manner. For this purpose CCITT has selected 
the Asynchronous Transfer Mode (ATM). In an ATM
network an information stream corresponding to a 
particular service is packetized into fixed-length cells. 
Each cell contains a header and an information field. 
Since ATM is a so-called connection oriented technique 
each header indicates the virtual connection. In 1989 
the cell-size is decided to be 48 bytes for the pay
load and 5 bytes for the header. For a brief descrip
tion of other aspects of ATM, see Littlewood [13] and 
Schoute [16]. 

Schoute [16] distinguishes three levels (connection, 
action and transmission) for analyzing an informa
tion stream, where an information stream is charac
terized by its bandwidth requirements and statisti
cal behaviour. Mixing of several information streams 
is restricted by the channel capacity, in particular by 
the requirement that the probability of cell-loss due to 
overflow of buffers must be lower than e.g. 10-'. This 
leads to two kinds of problems: 
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1. Determining the size ofthe buffers for temporary 
storage of cells; 

2. Defining decision rules for acceptance of infor-
mation streams (at connection level). 

In the literature several ways are presented for solving 
these problems by using appropriate queueing mod
els. Since the probability of overflow is very small one 
is especially interested in the tail of the queue length 
distribution (assuming infinite waiting rooms). Exam
ples of analytically solved queueing models applied to 
ATM can be found in e.g. Schoute [16], HefFes & Lucan
toni [12] and Rossiter [15]. An important disadvantage 
of these models is that they are ' not generally applica
ble. 

Tail estimates and high quantiles of distributions can
not be obtained by simulations since the necessary 
number of observations will be too high (see for ex
ample HefFes & Lucantoni [12]). Without additional 
assumptions nothing can be said about the required 
buffer size. Now, inst~ad of assuming that the stream 
of cells follows a particular queueing model, we have 
chosen for semi-parametric assumptions from the field 
of extreme value theory. One of the assumptions made 
is that there exists a relation between high quantiles 
and low quantiles. Given this relation, amongst oth
ers, a consistent estimator for a high quantile can be 
found. This estimator h~ originally been developed 
for the problem of estimating a safe dike-level in the 
Netherlands. 

In the literature high quantile estimation has been 
studied by e.g. Boos [2], Hall [11], Weissman [20], 
Dekkers & De Haan [6] and Dekkers, Einmahl & De 
Hun [7]. For the second problem (defining an ap
propriate call acceptance control mech~sm) we can 
make use o~ tail estimators again based on assump
tions from the field of extreme value theory (see e.g. 
Davis & Resnick [4], Beirlant & Teugels [1], Smith & 
Weismannn [18], Smith [17] and Dijk [8]). 
In this paper we confine ourselves to the problem of 
determining the buffer size in an ATM-8witch or -
multiplexer using a quantile-estimator. 

In the next section we will describe the quantile-
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estimator and the conditions under which the estima
tor can be applied. In Section 3 we describe the queue
ing models used to validate our method. Finally in 
Section 4 we shall use the quantile-estimator to obtain 
the buffer size for these queueing models. 

2 Introduction to Extreme Value 
Theory 

Suppose we have n i.i.d. Xl, X 2 , ••• ,Xn observations 
from an unknown distribution function F. The pro
blem to be solved is: find an estimator of z".. such that 

(1) 

with Pn the required probability. Defining U as the in
verse function of 1/( 1-F) equation (1) can be written 
as 

1 
zP .. = U(-). 

Pn 
(2) 

Since we have n . pn - 0 (n - 00), we cannot use the 
inverse empirical distribution function. 

In all the articles mentioned in the Introduction we 
have 

n(l - F(zn)) -+ C, 

as n - 00, with C some real constant but c > o. So 
in these papers there is no extrapolation outside the 
range of the sample and one could have used the em
pirical distribution function as well (see Einmahl [10]). 
But, in an ATM-network we are confronted with 

Recently however there have been some papers pre
senting estimators that actually extrapolate outside 
the sample-range. For quantile estimation we refer to 
De Haan & Rootzen [5] and for tail estimation with 
'Y > 0 to Rootzen, Leadbetter & De Haan [14] and for 
'Y > -0.5 to Dijk & De Haan [9]. Here the parameter 
'Y describes the different extreme value distributions 

G..,(z) = exp -(1 + "Yzr~, 

with z such that 1 +"Yz > 0 (read e-'-- in case "Y = 0). 

We say that a distribution function F is in the domain 
of attraction of one of the extreme-value distributions 
(notation FED..,) if for some sequences of constants 
«In > 0 and bn we have 

(n - 00) (3) . 

pointwise. The domain of attraction condition (equa

tion (3)) can he expressed as: there exists a positive 

function 4 such that 

. U(tz) - U(t) z.., -1 
lim =--, 
t-oo 4(t) "Y 

(4) 

for z > o. It is actually this relation which relates 
high quantiles (U( tz) with z > 1) with lower quantiles 
(U(t)). 

We now give the theorem from De Haan & Rootzen 
[5] that states the result we will use. But first, let us 
define: 

~ n 
b( k) := X(n-la,n), 

with X(n-lI,n) the (le + 1 )-st order statistic from above, 

~(~) .= X(n-lI,n) . M~l) 
4 le . (~)' P1 "Yn 

1 11-1 

M~") := k ~ (logX(n-i,n) -logX(n_lI,n»)" , 
i=O 

~ {1 "Y~o 
Plbn) := -L 'V < 0 

1-..,' , 

1ft := ~1) + 1 - ~ (1 - (( ;;;~n ) -1 • 

«In := Ie/(n· Pn) 

and (let F be three times differentiable) 

f(t) := et(l-"')U'(et). 

The quantile-estimator is now given by 

~ - (4n)-t .. - 1 ~(n) b{~ n) 
z".. := in . 4 k + k 

Theorem 1 (De Haan " Rootzen [5]) 
Suppo.e th~t 

lim I'! (t) - 0 
t_oo f'(t) -

(5) 

(6) 

(the quotient f" / I' u defined .zero when I' u .zero) 
Furthermore we suppo.e that le := Ie(n) - 00 (4 .e
quence of integers tending to infinity) with Ie(n)/n - 0 
(n _ 00), 

lim log(n. Pn) = 0 
n_oo.../k ' 

(7) 

lim ..;'k(1' (log: )) = 0 
n_oo f(log :) (8) 

and 

. I"('IJ) 
lim (log «In) sup /'() = 0, 

n-oo ,,~lot(f) 'IJ 
(9) 



then 

vi (z". - Z".) / (Q,(~) '1-- ".,-1 (log ,,)d,,) (10) 

u uymptotically normal with mean zero and variance 

{
I + 12 12: 0, 
!!=.!:If + v _ 4{2-a,)(1-21) "V < 0 (11) 

1-2., I-a, I , 

In case the extreme-value index 1 is known there are 
two additional theorems (for 1 = 0 and for 1 > 0) 
that can be used to obtain a more accurate confidence 
interval (see again De Haan & Rootzen [5]). As will be 
demonstrated in Section 4 the case 1 = 0 is of special 
interest to us. Therefore we shall also give the theorem 
for 1 = O. The quantile estimator is in this case given 
by 

(12) 

with 

Theorem 2 (De Haan " Rootzen [5]) 
1/ 1 = 0 and the condition.. 0/ Theorem 1 are fulfilled 
then 

vi (z:' - z".) / (N" . log CIn) 

u uymptotically .tandard normal. 

2.1 Application to ATM 

(13) 

We are interested in finding the buffer size in an ATM
switch, such that the probability of overflow is less than 
p. In the sequel we assume that this buffer size cor
responds to the p-quantile of the distribution of the 
queue length (i.e. waiting cells plus cells in service at 
an arrival epoch) for the same system but with infinite 
buffers. Now, as we shall see below, it is not possible 
to extrapolate the queue length distribution by using 
our method. However, for an ATM-model it is possible 
to derive the queue length distribution from the delay 
distribution since the service times are assumed to be 
deterministic. Therefore we shall try to extrapolate the 
delay distribution. 

Although we do not ulume that the Itream of cells . 
behaves like a particular queueing model, yet a num
ber of conditions must be fulfilled. To give an example: 
suppose that the distribution we want to extrapolate, 
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in our case the delay distribution, is standard expo
nential. Now j' = 0 so the conditions (6), (8) and (9) 
are fulfilled. Condition (7) gives a lower bound on the 
sequence k(n), where k(n) denotes the number of order 
statistics used to estimate z".. 

We now have to translate these conditions into ATM
model assumptions. Since the function j' depends on 
the unknown delay distribution function F, we can not 
verify wether the conditions hold, where / or its first 
or second order derivative are involved. However, one 
simple restriction can be found: the unknown distri
bution function must be three times differentiable and 
thus the arrival process in an ATM-switch must (at 
least) be continuous, because all the service-times are 
assumed to be deterministic. It is also the reason why 
we do not make use of the queue length distribution 
and instead use the delay distribution. 

A difficulty with the estimator is choosing k( n) prop
erly. Only if the distribution function is known, a for
mula for k(n) can be-derived. In Section 4 we shall 
discuss the problem of determining the number of or
der statistics (k( n )) that will be used to estimate Zp". 

3 The Queueing Models 

A queueing model based on superposition of sev
eral information streams, e.g. packetized voice sources 
and data, is studied by Heffes & Lucantoni [12] and 
Rossiter [15]. Heffes and Lucantoni consider a single 
server queue with general service times; arrivals occur 
according to a two-state Markov Modulated Poisson 
Process (MMPP), i.e. a Poisson Process where the rate 
is governed by an external continuous time two-state 
Markov chain. Via matrix-analytic methods and nu
merically inverted Laplace-Stieltjes transforms Heffes 
and Lucantoni [12] obtain delay and queue-length dis
tributions for the two-state MMPP/G/1 queue. 

To test the accuracy of our estimator we use analytic 
results for the two-state M M P P / D / 1 queue. The de
terministic service times model the constant transmis
sion times of the cells (of fixed length) in an ATM 
network. Cells are supposed to arrive according to a 
two-state M M P P with parameters (AI, A2, rh r2), i.e. 
the arrival rate alternately equals Al and A2 during 
periods of mean length r1 and r2 respectively. Obvi
ously, these parameters determine the "burstiness" of 
the cell arrival stream. In particular, minimal bursti
ness is obtained for the case Al = A2; in this case the 
M M P P / D /1 queue reduces to the M / D /1 queue. The 
analytical results for the latter model are well known 
and relatively simple, see e.g. Tijms [19]. To study the 
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influence of the burstiness on the accuracy of the esti.:. 
mator we shall use different values of the parameters 
'\1, .\" r1 and r2' 

4 Results 

We have simulated both the M / D /1 and the 
M M P P / D /1 queueing model. For both models we 
have obtained 105 (approximately) i.i.d. observations 
from the delay distribution. To get these (approxi
mately) i.i.d. observations we used a threshold. As soon 
as the delay exceeds the threshold we start record
ing the maximum delay. The first time the delay is 
lower than or equal to the threshold the maximum is 
recorded as an observation. For all simulations we have 
chosen a threshold of O. By using this approach the ob
servations for the M / D /1 queue are indeed i.i.d. We 
have repeated each run 50 times. The pseudo random 
numbers are generated using the G05CAF-routine of 
the NAG library. In both models we have used the ob
servations to find the buffer sizes corresponding to the 
probabilities 10-8 , 10-7 , ••• , 10-10• 

Most of the tables and figures referred to in the re
mainder of this section can be found in the appendix. 

4.1 Estimating 1: the extreme value index 

Let the extreme value index of the service time distri
bution be denoted by 1. and the extreme value index 
of the delay distribution by 1rl. For M/G/1 queueing 
models it is known from a theorem of J. W. Cohen (see 
[3]) that 1rl > 0 if and only if 1. > O. In our case 1. 
does not exist, hence it can be concluded that if 1rl 
exists then 1rl ~ O. Notice that if 1rl < 0 then there 
exists an upper bound on the delay. Therefore we may 
conjecture that for the M/Oil queue 1rl = 0 if 1rl ex
ists. 

Figure 1 shows the estimate of 1 against le (the num
ber of order statistics used) for the MID /1 queueing 
model, with load p = 0.4. This figure sustains our con
jecture that 1 = O. 

4.2 Estimating the queue length 

For both models and different values of the parame
ters the estimated 10-" -quantile of the delay distribu
tion is plotted in the Figures 2 to 7 as a function of 
the number of order statistics. These figures show the 
average of the quantile estimate together with a 95% 

confidence interval. We shall now deal with choosing le 
properly. For small values of le (the number of upper 

order statistics used) we expect that the estimate of 
z". will vary considerably. The reason for this is the 
large variation of the upper order statistics used to es
timate z".. On the other hand le can not be chosen 
too large because then the asymptotic theory used is 
no longer valid and a bias appears. 

Figure 2 shows the results for the M / D /1 queueing 
model with p = 0.4 and 1 unknown. Using the obser
vations made above about le we estimate z". = 13 for 
le E [1200,1600], since for le < 1200 the variance of 
the estimate is high and for le > 1600 the estimate has 
a bias. Figure 5 shows the results for the same model 
but now assuming that 1 = O. Two observations can 
be made. Firstly the estimate does not have a con
siderable bias (at least in the interval investigated). 
Secondly the confidence interval for 1 = 0 is smaller 
than for 1 unknown. 

In Table 1 and Table 2 the buffer sizes for the M / D 11 
and M M P PI D /1 queueing model are given respec
tively. In all the cases considered of the M M P PI D 11 
model the values of r1 and r2 are respectively 100 and 
1000 and p = 0.1. As can be seen from these tables 
the estimate is accurate, especially when the load or 
burstiness of the system is high. 

P 10-6 10-1 10-s 10-11 10-10 

0.1 1=0 5 5 6 6 7 
1 unknown 4 5 5 5 5 
analytical 5 6 6 7 8 

0.4 1=0 9 11 12 14 15 
1 unknown 9 10 12 13 15 
analytical 10 11 12 14 15 

0.6 1=0 15 18 20 22 25 
1 unknown 14 17 20 23 26 
analytical 15 18 20 22 25 

Table 1: buffer sizes for the MIDI 1 queue 

>'1/ >'2 10 6 10-1 10-s 10-11 10-10 

2.22 1=0 5 6 7 8 8 
1 unknown 5 6 7 8 10 
analytical 6 7 7 8 9 

8.33 1=0 11 13 15 17 18 
1 unknown 11 13 15 17 19 
analyti.cal 11 13 15 17 18 

45.0 1=0 48 56 64 73 81 
1 unknown 45 54 64 75 86 
analytical 45 54 62 71 79 

Table 2: buffer sizes for the MMPP/D/1 queue 

Table 1 and · 2 are derived from Table 3 to 6 in the 
appen~. Table 3 summarizes the quantile-estimates 

of the delay distribution for the M/D/I-model. In or
der to test the accuracy of our method, the (analytical) 



queue length distribution is given in Table 4. The same 
results for the M M P P / D /1 queueing model are given 
in Table 5 and 6 respectively. 

Taking into account the arguments made above about 
the choice of the number of order statistics necessary 
to estimate lI:",., we have chosen le = 1500, except for 
the M/D/1 model with p = 0.1 and the MMPP/D/1 
model with ).1/).2 = 2.22 (see the tables for the exact 
values of k). 

4.3 The empirical distribution function 

In the previous section it was noted that when the 
system has a low load or burstiness the estimate is not 
very accurate. For further analysis the empirical dis
tribution function (of the delay) for the M / D /1 queue 
is plotted on a logarithmic scale in the Figures 8 and 9 
for p = 0.1 and p = 0.6 respectively. In both figures 
there is a point z· such that the empirical distribution 
function for z > z· almost behaves like a straight line. 
A straight line corresponds with 'Y = 0, a convex func
tion with 'Y < 0 and a concave function with 'Y > o. So 
both figures again sustain our conjecture that 'Y = o. 
Clearly for p = 0.6 the number of observations greater 
than z· is larger than for p = 0.1. Observations smaller 
than z· can not be used to extrapolate the delay distri
bution, because apparently there are point's where the 
derivative is discontinuous, e.g. z = 1. This is also the 
reason why le = 1500 is not suitable for the M / D /1 
queue, with p = 0.1 and for the MMPP/Dll queue, 
with ).1/).2 = 2.22. 

5 Conclusions and Suggestions for 
Further Research 

In this paper an estimator, based on extreme value the
ory, is used to determine the appropriate buffer size in 
ATM-switches. In order to test the estimator we have 
simulated two queueing models for which analytical 
solutions are known, viz. the MMPP/D/l-model and 
the M / D / I-model (which is in fact a special case of 
the MMPP/D/1-model). 

The estimator has proved to be accurate for most 
queueing parameters. For the M / D /l-model the 
method performs l>etter for high values of the load 
(p = 0.4 and 0.6) than for lower values (p = 0.1). Re
garding the M M P PI D 11-model, our method proves 
better for higher values of the burstiness ().1 /).2 = 8.33 
and 45.0) than for lower values ().d).2 = 2.22). 
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The quality of the estimator improves by assuming 
that the extreme value index "y = o. For the M / D /1-
model this conjecture is motivated in section 4.1. 

As mentioned in the introduction extreme value the
ory can also be used to find a good call-acceptance 
mechanism. Further research continues in this field. 
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A Tables and Figures 

P '1 10-6 10-1 10-' 10-11 10-10 

0.1 O· 4.1 4.6 5.2 5.8 6.4 
unknown· 3.7 4.0 4.3 4.6 4.8 

0.4 0 8.8 10.2 11.2 13.1 14.5 
unknown 8.2 9.7 11.2 12.8 14.5 

0.6 0 14.6 17.0 19.4 21.9 24.3 
unknown 14.0 16.6 19.5 22.6 25.9 

Table 3: quantile-estimates of the delay, M / D /1 

o. le = 50 
b. le = 110 

p = 0.1 p= 0.4 p=0.6 
q.l. prob. q.1. prob. '1.1. prob. 

4 6.110-' 9 1.110 -ID 14 2.010-1D 

5 1.710-7 10 2.210-7 15 7.810-7 

6 4.610-' 11 4.410-' 17 1.2 10-7 

7 1.210-10 12 8.710-' 18 4.610-' 
8 3.310-12 13 1.710-' 19 1.8 10-' 

14 3.410-10 20 6.810-' 
16 6.810-11 22 1.010-' 

23 4.010-10 

24 1.6 10-10 

26 6.010-11 

Table 4: analytical queue length (q.l.) distribution for 
the M/D/1 queue 

A1/ A2 '1 10-6 10-1 10-1 10-11 10-10 

2.22 O· 4.8 6.6 6.4 7.2 7.9 
unknown· 4.8 6.7 6.6 7.8 9.0 

8.33 0 10.7 12.6 14.3 16.1 17.9 
unknown 10.2 12.2 14.3 16.6 18.9 

46.0 0 47.0 66.3 63.8 72.0 80.3 
unknown 44.4 63.6 63.6 74.2 86.9 

Table 5: quantile-e.timatea of the delay, MMPP/D/1 

o. le = 150 
b. le = 200 

A1/ A2 = 2.22 
'1.1. prob. 

6 1.8 10-' 
6 1.2 10-7 

7 8.310-' 
8 6.8 10-10 

9 4.010-11 

A1/ A2 = 8.33 
'1.1. prob. 
10 2.410 -ID 

11 6.610-7 

12 1.9 10-1 

13 6.210-' 
14 1.6 10-' 
15 4.110-' 
16 . 1.2 10-' 
17 3.310-10 

18 9.110-11 

A1/ A2 = 46.0 
'1.1. prob. 
44 1.210-1D 

46 9.810-7 

63 1.110-7 

64 8.2 10-' 
61 1.210-' 
62 9.110-' 
70 1.0 10-' 
71 7.610-10 

78 1.110-10 

79 8.410-11 

Table 6: analytical queue length (q.l.) distribution for 
the MMPP/D/1 queue 
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Figure 1: in as a function of le 
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Figure 2: IO-t -quantile as a function of le, 'Y unknown, 
M/D/I, p = 0.4 
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Figure 3: lo-t-quantile as a function of le, 'Y unknown, 
MMPP/D/I, )..1/)..2 = 45.0 
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Figure 4: IO-t -quantile as a function of le, 'Y unknown, 
M/D/l, p = 0.1 
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Figure 5: 10-' -quantile as a function of le, 'Y = 0, 
M/D/I, p = 0.4 
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Figure 6: 10-' -quantile as a function of le, 'Y = 0, 
MMPP/D/I, )..1/)..2 = 45.0 
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Figure 7: IO-'-quantile as a function of le, 'Y = 0, 
M/D/1, P = 0.1 
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Figure 8: the empirical distribution function of the de
lay for the M/D/1 queue with p = 0.1 
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Figure 9: the empirical distribution function of the de
lay for the M / D /1 queue with p = 0.6 


